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ELECTRODYNAMIC ACCELERATION OF PLASMA BUNCHES 


L,. A. ARTSIMOVICH, S. IU. LUK’IANOV, I. M. PODGORNYI, S. A. CHUVATIN 
Institute of Atomic Energy 
Submitted to JETP editor March 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 3-8 (July 1957) 


An electrodynamic method of accelerating plasma bunches is proposed. The results of 
preliminary experiments are described. The data obtained are in qualitative agreement 
with the elementary theory of the phenomenon. 


Tue flow of an electric current is always accompanied by the formation of electrodynamic forces 
tending to deform the individual circuit elements. If one of the elements of a current circuit can be dis- 
placed freely, it acquires kinetic energy from the electromagnetic field energy. The force F acting on 
a mobile element is defined by the expression 


F = 0QU/0x = ¥/,J?dL/dx. 


The acceleration of an electrically neutral substance has a number of advantages over the usual method 
of obtaining high-speed charged particles. The acceleration of a quasi-neutral gas discharge plasma (or 
of metal formations) affords the possibility of bypassing the difficulties relating to beam defocusing un- 
der the action of the space-charge force and permits, in principle, a gigantic number of accelerated par- 
ticles per pulse to be obtained. The method proposed is especially suitable for production of heavy high- 
energy particles since the energy of the guided motion of each of the atoms is proportional to its atomic 
weight if a circuit element of fixed mass is to be accelerated. 

This article explains the principle of electrodynamic acceleration, analyzes the elementary theory, 
and describes the results of preliminary experiments. 


1, THEORY 


Let us consider a circuit (Fig. 1) consisting of a capacitor bank 
and two parallel rigid conductors along which a piece of metal wire 
(a —a), serving as the mobile circuit element, can be freely displaced 
without friction. Understandably, such a simplified circuit cannot be 
the design of a new kind of accelerator. For simplicity, however, we 
shall consider in this section the idealized problem of the motion of 
a mobile wire. 

The process of accelerating a mobile circuit element is described 
completely by the system of equations 

Tb Meee OPM ONE (oa, (1) 
J=— CAV jdt, (2) 


FIG. 1. Circuit diagram 
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coo Bl (es RP V =c%d (LJ)/dt, (3) 
as ey» (4) 
ee where m is the mass of the wire to be accelerated, J the cur- 

ay rent in the circuit, Cp the capacitance of the capacitor bank, V the 


capacitor voltage, Lo the initial circuit inductance, and b the in- 
crement in the system inductance as the wire moves 1 cm. 


79 1 2 J 4 5 ss The initial conditions at t = 0 are: 
V=Vo wre 0, ee 
Let us introduce the nondimensional variables 
f= OX | Les 0 = Vi Vo, B= Oo: 


where W = ( Tay After substituting L and J into (1) and 
(3), we obtain: 

y" = qe", (5) 
e = —(d/dt)[(1 + 9) 9'] (6) 


The initial conditions become 


y (0) =Oandy’(0)=0; (0) =1 ando’ (0) = 0. 


The part of the dimensionless parameter is played in these equa- 
tions by 
FIG. 2. Results of the nu- 


g = B°CBVG / 2 mc?Ly. 
merical solution of the equations 


of motion for various values of 
the parameter q. The upper 
graph shows the time dependence 
of the distance traversed by the 
wire. Shown below is the time 
dependence of the discharge cur- 
rent. The quantities are plotted 


Without solving the equation in general form, let us analyze two 
limiting cases. 
1. Initial stage of the process (y<1; T<1) 
¢ = — de’ / dz. (7) 


Integrating (7) and substituting the result in (5), it is easy to see 
that 


in nondimensional units. 


y =1/,q [x2 —1/. (1 —cos 22)], (8) 
from which, because T<1 
y= qr /12. 
2. The following asymptotic equation is obtained in the other limiting case (T—~ ~): 
@ = Br—lecos ((8/ q)'*V = 4+ a). (9) 


It follows from this expression that as the wire is accelerated the amplitude of the voltage oscillations 
gradually attenuates but the period of the oscillations is increased. However, such a variation of the 
period and amplitude could be predicted on the basis of simple qualitative reasoning (it is explained by 
the growth in circuit inductance as the wire moves). 

A numerical solution of (5) and (6) was obtained by G. A. Mikhailov and G. A. Bykov using the TsEM-1 
electronic computer. The solutions obtained for various values of the parameter q are plotted in Fig. 2. 


2, APPARATUS 


A gas discharge plasma generated by the electric explosion of a fine metal wire was the mobile cir- 
cuit element in all the experiments to be discussed. The electric circuit consisted of a 75 yp F capacitor 
bank connected through a spherical discharge gap to massive copper electrodes (“rails”). These latter 
were placed in a continuously evacuated glass cylindrical chamber. Figure 3 shows schematically the 
arrangement of the fundamental elements of the apparatus. 

An elementary analysis shows that in order to obtain high-speed plasma bunches the operation should 


be carried out with small values of the initial inductance. Hence, the capacitor-bank wiring described by 
Komel’ kov and Aretov! was used. 
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The vacuum in the discharge chamber at the moment preceding 
the explosion of the wire was 1— 2 x 107° mm Hg. 

High-speed photography was used to measure the speed of the 
plasma and the variation in the magnetic field intensity along the 
path of the plasma was recorded. The magnetic field was meas- 
ured by using small coils in which an electromotive force propor- 


; oH : g 
tional to at Was induced. The turns of the magnetic pick-off were 


oriented so that they recorded only the magnetic field intensity 
component parallel to the rails. This magnetic field intensity com- 
ponent should not change sign when the plasma bunch (current fila- 
ment) passes the pick-off. The pulses from the magnetic pick-offs 
K, and K, are integrated by an RC network and fed to a two-beam 
pulse oscillograph OK-17M. The second beam of the oscillograph 
recorded the current in the circuit or the pulse from another mag- 
netic pick-off placed at a definite distance from the first. The loop 
locations are shown in Fig. 3. 


3. MEASUREMENT RESULTS 


High-speed photographs of the glow of the gas discharge plas- 
ma which occurs in the explosion of a wire moving along rails are 
given on Fig. 4. The film speed was 2 x 10° frames per second 
with a 0.2 usec frame exposure. The capacitor bank was dis- 
charged in these experiments through copper wires of varying 
diameters. The initial capacitor voltage was 30 kv. By determin- 
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FIG. 3. Schematic diagram of 
the elements of the apparatus and 
the locations of the magnetic pick- 
offs K, and Ko. 


ing the position of the luminous front on each frame, the displacement of the plasma along the rails 
could be plotted as a function of time. Figure 5 shows a family of curves plotted by the method indicated 


(see the dashed curves). 


The oscillographs of the pulses from the magnetic loops are shown in Fig. 6. The upward swing 


FIG. 4. High-speed photography frames. Lower part of the discharge chamber is 
metallic, consequently, part of the rails near the original position of the wire is not 
seen on the photographs. Frames are obtained during burning of 0.02 mm copper 
wire (Cy = 75 uF, Vo = 30 kv). Rails enclosed between vitreous plates. 
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corresponds to that direction of the magnetic field compo- 
nent which must occur when a hypothetical current filament 
passes the pick-off. In reality, as is seen from the figure, 
the magnetic field intensity is seen to change sign during 
the first current half period. The reason for this change is 
analyzed below. The speed of the plasma along different 
sections of the path was determined by the relative time 
shift between the pulses from two pick-offs located in a 
suitable manner. The value of the velocity obtained by 
: processing sufficiently clear photographs is in satisfactory 
he at ene cacleeced Waa 5 agreement with the results obtained from magnetic meas- 
FIG. 5. Theoretical and experimental urements. Thus, for example, at 30 kv the maximum value 


cm 


(dashed) curves of the time-dependence of the velocity in experiments with a copper wire of 0.02 
of the distance traversed by the plasma mm diameter at a 30 cm distance from the initial position 
Pun eoc iter nceryes gon erone of the wire is 1.1x 10’ cm/sec by magnetic measurements 
ioihoyburning of copper wires of ditter- and 1.2 10’ em/sec by photographic measurements. 

out a (diameters indicatedin The set of experimental results obtained indicates the 
mm). 


FIG: 6. Oscillogram of a pulse from 
the magnetic pick-off in phase with the 
discharge current. 


obvious inadequacy of the elementary 
theory given in Sec. 1 in at least two 


respects. FIG. 7. Microphotograph of the deposit on a vitreous 
First, it is assumed in the theory that target obtained during the explosion of an 0.07 mm iron 
the mass m in the equation is the same wire. Amplification 130 x, 


as the mass of the evaporating wire. In 

reality, not all the material of the wire can be transformed into a cloud of ionized gas during an elec- 
tric explosion. On the other hand, the plasma bunch interacts with the surface of the rails and with the 
inner chamber walls as it moves. This interaction can lead to an increase in the number of ionized 
particles participating in the acceleration process. Hence, the real mass of the substance to be acceler- 
ated can be either greater or smaller than m. The second inadequacy of the theory developed is the as- 
sumption that the shape of the plasma formation is invariant during the acceleration. 

It follows from an analysis of the experimental results, that both assumptions of the theory do not 
correspond to reality. Actually, as is seen from Fig. 5, the experimental values of the transit time ap- 
pears to be larger than the theoretical for fine wires while the reverse picture holds for thicker wires. 
The slower motion of the plasma bunches than results from the theoretical formulas is apparently due 
to the change in the shape of the plasma bunches and, therefore, to the current distribution therein dur- 
ing acceleration. Analyzing the individual frames of Fig. 4, it is easy to be convinced that what moves 
along the rails is not a sharply delimited luminous cloud but a rapid increase in the longitudinal size of 
the luminous region. If it is assumed that the distribution of the current density is in agreement with 
the distribution of plasma luminescence then the electrodynamic forces accelerating the leading edge of 
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the plasma will be less than computed, resulting in slower motion. om 
Photographs obtained by burning thicker wires show that the broad- 
ening of the plasma bunch is retained when the wire diameter 
changes. However, the influence of another factor seems to be 
more essential in the explosion of a wire of relatively large diame- 
ter, namely the incomplete evaporation and the incomplete ionization 
of the wire material. A direct proof, confirming the validity of this 
assumption, has been obtained by a microscopic investigation of the 4% 
metallic deposit on vitreous targets situated at the end of the path 

of the plasma motion. The electric explosion of the wire is accom- 
panied by the appearance of metallic formations, occasionally of 

very startling shape (Fig. 7), on the surface of the vitreous targets, 
such formations could not result from condensation of the vaporized 
material on the cold target. 

Measurements of the magnetic field distribution during the plasma 
acceleration along the rails completely confirm the abovementioned 
assumption of the absence of any clear localization of the discharge 
current. At the very instant when the magnetic pick-off located at 
the end of the rails starts to indicate passage of current, the pick- 
off located at the beginning of the rails still continues to indicate a 
current flow in that region. 

The results obtained with magnetic pick-offs indicate also a lateral broadening of the region occupied 
by the discharge current. Actually, as has already been said, the direction of the magnetic field re- 
corded by the magnetic pick-offs changes sign while the discharge current direction remains invariant. 
A natural explanation of the character of the oscillograms obtained would be the assumption that the 
discharge current flows around the measuring coil (hence, the sign of the magnetic field at the coil loca- 
tion must become reversed). The similar character of the oscillograms of the pulses from the magnetic 
pick-offs located relative to the rails as shown in Fig. 3 indicates that an approximately symmetrical 
broadening of the region occupied by the dishcarge current occurs in a number of cases as the plasma 
bunch accelerates. In reality, as numerous investigations of the electric explosion of a wire in a vac- 
uum indicate,” the propagation velocity of the explosion products can reach 105— 10° cm/sec and, 
therefore, the plasma bunch broadens in all directions in addition to having its center of inertia accel- 
erate along the rails. The electromagnetic contraction appears to be inadequate to prevent broadening 
of the plasma cE < nkT). Moreover, it should be kept in mind that the presence of the pick-off can 


LE ee ae eee I TN Ce TS 

FIG. 8. Time-dependence of 
the distance traversed by the 
plasma bunch along the rails. 
Solid curves are obtained by 
processing photographs with ac- 
cessory glass. Dashed curve is 
obtained for the same parame- 
ters but without the accessory 
glass and is given for compari- 
son purposes, 


itself cause additional distortion of the shape of the plasma bunch. 

In order to confirm the assumption made about the lateral broadening of the bunch, the rails were 
enclosed between glass plates so that the discharge current could not flow around the magnetic pick- 
offs. An oscillographic investigation of the impulses of the magnetic field along the path traced by the 
plasma indeed disclosed that no negative excursions in this case. However, the plasma acceleration 
process appears to be a complicated, new, troublesome phenomenon. The discharge current is not a 
thin current filament moving along the rails but it occupies a sufficiently extended section of the rails. 
Consequently, the plasma reacts violently with the vitreous surface and heats it, which leads to a con- 
tinuous growth in the mass of the moving substance. Such a continuous increase in the mass of the gas 
is equivalent to friction in certain respects and it must lead to a decrease in the plasma velocity, as is 
observed in experiments both during oscillographic measurements and during processing of the given 
high-speed photographs (Fig. 8). 

Hence, on the basis of the preliminary experiments conducted, the conclusion can be made that the 
electrodynamic acceleration of a plasma is really observed, but that the acceleration process is char- 
acterized by considerably more complex laws than could be assumed a priori. 


1V. S, Komel’kov and G. N. Aretov, Dokl. Akad. Nauk SSSR 110, 559 (1956). 
2w. Conn, ZS. angew. Physik 7, 539 (1955); I. F. Kartskhava, V. V. Bondarenko, et al., J. Exptl. 
Theoret. Phys. (U.S.S.R.) 31, 737, 745 (1956), Soviet Phys. JETP 4, 623, 637 (1957). 
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MEASUREMENTS WITH A SLOWING-DOWN-TIME NEUTRON SPECTROMETER EMPLOY- 


AAS 


I. Measurements with the slowing-down-time-in-lead neutron spectrometer 


ING LEAD. EXCITED LEVEL OF THE He* NUCLEUS 


BERGMAN, A. I. ISAKOV, IU. P. POPOV, and F. L. SHAPIRO 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor January 22, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 9-16 (July, 1957) 


Results of measurement of the energy dependence of the cross sections are presented for 
the following reactions: (n, y ) in Fe, Pb and Cl; (n,p) in He’, N“ and Cl; (n,a@) in ic 
and B’®, Neutron energies up to 30 kev were employed. It is shown that the cross section 
for the B” (n,a@) reaction lies below the 1/v law, the deviation being smaller than 5 — 10%. 
The deviation of the Li® (n,a@ ) cross section from the 1/v law is even less. It is concluded 
that the B"! nucleus has an excited level with an angular momentum J = 5/2t or 7/2*, a 
neutron resonance energy Ey, ~ 250 kev, and widths Ty ~ 400 and I, ~ 200 kev. An appre- 
ciable deviation of the He® (n,p) cross section from the 1/v law has been detected which 
may indicate the existence in the He‘ nucleus of an excited level with one of the two sets of 
parameters: 1) J = 1*, —E, ~ 200 kev, proton width for an excitation energy equal to the 
neutron binding energy I'y9 ~ 200 kev and 2) J = 0+, —E; ~ 500 kev, Tyo ~ 1200 kev. 


1,2 were extended in the 


neutron energy region up to ~ 30 kev. To determine the resolving power and the dependence of the aver- - 
age neutron energy E on the slowing down time t, of the energy dependence of the capture cross sec- 


if 
- 12 
Exev |(Exev) f 


Oi5 +2 


FIG. 1. Curve of E-1/2 = f(t), where t is the slowing- 
down time corresponding to the maximum of the resonance 
peak and E is the energy corresponding to the resonant state. 


tion was measured for a number of 
elements with widely spaced levels. 

A scintillation counter with a stilbene 
crystal of small size was used to reg- 
ister y-rays from neutron capture in 
the samples. The duration of the neu- 
tron burst and the width of the channel 
of the time-of-flight analyzer were 
0.5 y sec each. The results of the 
measurements are presented in Figs. 
land 2. For E < 1000 ev the effec- 
tive flight path? of the spectrometer 

is constant to within +1.5% and is 


I—energy region E > 0.2 kev. II—E>5 ey. Data on the $ 


energies of the levels are taken from Ref. 4 for Cl, Ref. 5 for 
Al, and Ref. 3 for the other elements. Note added in proof: Nu 
The points for Al and Fe must be raised somewhat in accord- 
ance with the latest published data.® As a result the change in cs 


slope of curve I disappears and all points lie on one straight ne sie a B00 ti Use 
line given by E~ /2 = 0,074 (t + 0.3). FIG. 2 
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L = 600 cm. For E> 1kev, L keeps the same value within 3 — 
5%, which shows that the average scattering cross section of neu- 
trons in lead is constant within these limits. 

The half-widths of the resonance peaks satisfy the relation 
7? = at? + b, where the coefficient a is 40 —50% larger than the 
theoretical value for pure Pb: a =(161n2)(3M)~!, where M 
= 207, the atomic weight of lead.? The constant term b isa 
characteristic of the experimental spread and of the spread con- 


gay) arbitrary units 


nected with the width of the original neutron spectrum. From the (AL Aa SIZ a ij 
measurements of the half-widths of the resonance peaks it fol- Ba snk ata Be @ 6 
lows that the spread of the neutron energies around the average eh Ener ey. dependcnces 
value for the assigned analyzer channel is (AE?) !/ 27E = 15% for the eenee mre tes ad as A 
E <1 kev and (AE?) 1/2/58 = 35% for E = 10 kev. Such a spectrum pedcucus ae awe oe ete = 
width, while not favorable for the resolution of resonance peaks, Sor heat seve ech He) 3 
permits nevertheless a sufficiently precise measurement of cross pres meu aty cemmeneg tone NEN 


sections that vary smoothly on energy. In this work we investi- GARR cl GING, LUG 
gated principally light nuclei, where the smooth variation of the Whe Sait represented in differ- 
cross section in the interval E < 30 kev is connected with the ny GETS ae the Fe peak at 1.2 
large distances between levels. The second possible field of ap- KEVoaInG BaLiG of the effect to the 
plication of the slowing-down-time spectrometer is the measure- Be tones Sine Via 

ment of the cross sections of (n, y ) reactions in heavy nuclei in the energy region greater than several 
hundred electron volts, where because of the large number of levels the averaging of the cross sections 
over the resonances is of interest. 

Together with the known levels, used for calibration, three new levels were found in the course of the 
measurements (Fig. 3). In measurements with iron a level appeared at an energy Ej. = 1200 + 100 ev. 
The absence in this region of any peak in the total cross section curves for iron? indicates that this level 
is either narrow or belongs to one of the rare isotopes of iron. In measurements on lead (y -background 
of the spectrometer*) levels with energies E, = 1700 + 150 and Ey = 2800 + 200 ev appeared. 

2. With the help of proportional counters, filled with N, and CCl, vapors, measurements were carried 
out on the energy dependence of the ratios of the cross sections of the N(n; p) and C15(n, p) reactions 
to the Li®(n, a) reaction cross section. For nitrogen the ratio of the cross sections is constant to within 
3% up to an energy of ~ 5 kev, beyond which it increases. The rise reaches a magnitude of the order of 
10% for E = 25 kev. In the measurements with chlorine, which will be continued, the level at 405 ev‘ ap- 
peared both in the (n, p) and in the (n, y ) reactions (the latter was detected by the yield of y-rays meas- 
ured with a scintillation counter). In the region below this resonance and down to E = 40 ev the 
o(n, p)/o(n, y ) cross-section ratio decreases with decreasing neutron energy. This indicates that the 
odd-parity chlorine level,’ principally responsible for the (n, y ) cross section at low energies, has a 
substantially smaller proton width than the 405-ev level. 

3. Measurements of the ratios of the cross sections of the reactions Li®(n, ~@) and B(n, a) were 
continued (Fig. 4). For E > 25 kev the known resonance maximum of Li® at Ey = 250 kev appeared in the 
measurements. The area of the peak in Fig. 3 corresponds to the known parameters of the 250-kev level? 
if one assumes that in the spectrum, formed as the results of multiple inelastic scattering of the primary 
neutrons (E = 14 Mev) with lead nuclei, ~ 30% of the neutrons have an energy less than 250 kev. 

In the region E < 25 kev the ratio o1,;/ Op changes very little, varying by not more than 3% from its 
value for thermal neutrons. The constancy of the cross section ratio indicates the small magnitude of 
the deviation from the 1/v law in the course of the cross sections of both reactions. Indeed, if one were 
to assume appreciably larger deviations from the 1/v law, these must be almost previayy the aang for 
the Li®(n, a) and B!°(n, w) reactions [and also for N*(n, p) —see above]. But the Li’, B** and N”® nuclei 
differ sharply in the location and character of their excited states. Because of this any constancy in the 
deviations from the 1/v law for the above reactions is unlikely. 

4, Since the reactions B"(n, a) and Li®(n, a) are often used in measurements of the flux of neutrons 
of low and intermediate energies, it is essential to obtain a quantitative estimate of the deviation of the 


~ *Control experiments have shown that in the 1—5 kev region the background is connected with the 
ground state neutron capture in lead (grade SO, 99.99% Pb), and the contribution from capture in the 


materials of the amplifier and assembly is negligible. 
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cross sections of these reactions from the 1/v law. 

sue, arbitrary units With this goal we shall analyze the course of the 
30 cross sections of these reactions using the known 

facts® on the excited states of Li’ and B11, In these 
nuclei, at excitation energies on the order of the neu- 
tron binding energy, the distances between neighbor- 
ing levels of the same momentum and parity is large 
compared with the widths of the levels. Since for 
E —0 the cross section of a reaction is inversely 
proportional to the square of the energy of the level, 
one can assume that for low energies the cross sec- 
tion is determined to a large extent by a single level 
(or by two levels with different momenta). In that 
case the course of the cross section will be described 
by the Breit-Wigner formula for a single level. From 
05 this formula it is not difficult to obtain the following 
expression for the course of the cross section of the 
(n, x) reaction with s-neutrons for EX< Ee; where 


25 


20 


ci 25 0 1 Dina INE E, is the energy of the resonance state, and E is 
OS: 0 5 2 00-06tsec the neutron energy (in the laboratory system of co- 
ordinates): 


FIG. 4. a—ratio of the cross sections of the 
reactions Li®(n, a) and B”(n, a) vs. the slowing- (cE") /oE*# =1+aVE+8E, (1) 
down-time t or of the neutron energy E; b— 


the shape of the primary neutron burst (in arbi- WE | 
_ 2 Ue A 2 (cE >) 
trary units). a= a (ap i) : o (2) 
2— aE}! rd int 
=> cle Maree EE pe. *)y xX pr 
p po — (1a!) (—e*), + a (3) 


m is the neutron mass, A is the mass number of the target nucleus, g = (2J + 1)/2(2i+1),i and J are 
respectively the momenta of the target nucleus and of the compound nucleus, ry and Tr, are respectively 
the widths for emission of particles x and of a neutron by the compound nucleus, and E, is the neutron 
energy at which the neutron width ne proportional to E1/ 2 becomes equal to the width Ix). The index 0 
always indicates the value of the term at zero neutron energy. 

The term avVE in (1) is connected with the energy dependence of the neutron width which appears in 
the denominator of the Breit-Wigner formula. The values of the coefficients a, presented in Table I for 
several nuclei, are computed from formula (2) using the values of (cE!/ 2\5 from Ref. 3. In several 
non-interfering levels introduce a contribution in the cross section of the reactions for low neutron ener- 
gies, then the values of a will be less than those shown in Table I. For 


levels excited by p-neutrons for E< E, we get gE? ~ E, i.e., such levels Weert 
influence the value of the coefficient B in (1). a-10?, kev—s 
The energy dependence of the ratio of the cross sections of the two re- ne pie ee 
actions is also described by expression (1), but with coefficients a and B NERO ae [i i vieapeea 
equal to the difference between the corresponding coefficients for the two 
reactions. ye 0 40 0 80 
5. Combining by the method of least squares the ratio o Li/7B obtained ut 2.22 2.96 
in our measurements with the relation (1) gives the following values for the 
coefficients: 


%,—a,, = (1.5+ 0.7)-10* kev, 
8, —8,,= (—2+1)-10* kev”. 


Since ay; = 0.8x 10-*kev~ 1/ 2 it follows from the results of the measurements it follows that a 
< (2.3 + 0.7)x10~* kev” 1/2 which is in agreement with the theoretical estimate (Table I). 

In estimating the constant @ it is necessary to use information on the location and character of the 
levels of Li’ and B'! closest to the binding energies.® The large cross section of lithium for thermal 


B 
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neutrons may be due to the wide level at E, = — 750 kev. In that case, taking also into account the level 
with E, = 250 kev, excited by p-neutrons, the calculated value becomes By = 0.6 107? kev4, If distant 
levels contribute appreciably to the thermal cross section of lithium, then B,. s—1.7X10 *? kev, With 
oe help of these Se paice we Hind, from the experimental value of BR —B,,; that (—1.4 + 1)x 1057 = BB 

(aod +) i) X05" key The B*'(n; @) cross section for E > 400 kev is appreciably below the values 
extrapolated from the 1/v law.’ This indicates that the main contribution to the cross section at low en- 
ergies is due to levels with Ey < 400 kev. On the other hand, the levels of B‘! located below the binding 
energy cannot lead to a negative value for Bp. The course of the B”(n, a) cross section for E< 1 Mev 
(in particular the non-linear decrease of the cross section for E > 400 kev) and the course of the total 
cross section of B™ in the same energy interval® can be satisfactorily explained by the existence in B"! 
of a wide level with momentum 5/2” or 7/2*, with Ey ~ 250 kev, with alpha width Tg ~ 400 kev, and with 
neutron width Ty ~ 200 kev. Such a level leads to a value BR ~ —5x10% kev~!, This value can be 
brought into agreement with the estimate, which follows from our measurements, if some contribution 
(of the order of 30%) to the thermal cross section of B” is introduced by odd-parity levels of B14. 

The wide level of B!! which we discussed above may coincide with the level at E,. ~ 370 kev noticed in 
the study of the N'4(n, a) reaction’ and with the possible level at E, ~ 200 kev being discussed in the lit- 
erature.> The downward deviation of the B!( n, @) cross section from the 1/v law, connected with the 
aVE term, is compensated to an appreciable extent by the BE term to the extent that for boron B< 0. As 
follows from the estimates of ap and fp introduced earlier, the B?( n, @) cross section in the interval E 
< 25 kev goes below the 1/v law with a deviation not exceeding 5— 10%. For the Li®(n, a) reaction the 
deviation from the 1/v law in the same energy interval is even less. 

6. The slowing-down-time-in-lead neutron spectrometer was also used to measure the energy depend- 
ence of the ratio of the effective cross sections of the He*(n, p) reaction and the Li®(n, a) and B"(n, a) 
reactions. Proportional counters filled with a mixture of He? + Ar + methylal or Cog, and proportional 
counters or ionization chambers with a thin layer of boron of Li®F were used to detect the corresponding 
reactions. 

It turned out that the ratios OHe3/ Cr BOL, OH.3/ oR decrease with increasing energy, with the decrease 
exceeding 15% for E = 27 kev (Fig. 5). It was shown above that the cross sections of boron and lithium in 
this energy region are somewhat lower than given by 1/v. Therefore, the cross section of the He*(n, p) 
reaction decreases with energy appreciably faster than by the 1/v law. This result is confirmed by the 
measurements carried out at Harwell’ at E = 120 kev (Fig. 5). 

One can attempt to attribute the large cross section of the He*(n, p) reaction (o = 5400 + 300 bn for 
thermal neutrons’) and the energy dependence of the cross section to the existence in the He! nucleus of 
an excited state with momentum 0+ or 1* located not far from the binding energy of a neutron in He’, 

The values of the coefficient a in formula (1) expected in this case are indicated in Table I. Combining 
by the method of least squares the results of the measurements with expression (1) gives the following 
value of the coefficient of the term VE: 


— a, = (1.9+0.6)-10% kev"; 
— a, = (0.4 + 0.6)-10° kev". 


The errors shown are root-mean-square statistical errors; the true uncertainty in the result is 
greater because of the possible systematic errors. To the extent that ayj = 0.8x10~ kev~?/2 and ap 
= 2.3x10-* kev~!/”, the experimental results are not in disagreement (taking into account the experimen- 
tal stor) with the value aye = 1.55 1072 kev~!/? and agree less well with the value ayy, = 4.65 10 a 
key 1/?. 

The Bye Coefficient related to the level energy was determined from measurements of o1;/Oy@; BL i 
was taken equal to 0.6 107? kev-', aye — api = 0.95 10-2 kev ~!/2 for J = 1 and He = ou = 4,05 107 
kev 1/2 for J = 0. BHe was found equal to 7.61078 kev"! if J 7: and equal to 1X10 “kev ifJ =0. AB- 
suming that the introduced proton and neutron widths of the He” level are equal to each other, we obtain 
the estimate E, = 630 kev. With the help of (3), introducing a small correction for the contribution of 
p-neutrons in the He*(n, p) cross section (see below), we obtain for the level energy ine value presented 
in Table II. Values of Ipp, the proton width at an excitation energy equal to the binding eDCERY of a neu- 
tron in He’, are also given in Table II. ho is determined from relation (4) which is derived from the 


Breit-Wigner formula: 
Do (Bol = (228 12 — oF; )I (4) 
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re N The negative sign of E, shows that the level 
Sika is located below the binding energy of a neu- 
tron in He’, 

The solid curve of Fig. 5 represents cE!/2 
= {(E) calculated for a level with parameters 
J =1*, Ey = — 250 kev, [pp = 250 kev. For 
E = 120 kev the experimental points lie above 
this curve while the difference (exp. — 
TAs) E'1/2 is approximately equal to E 
which would be expected if the reaction were 
cause by p-neutrons. 

7, The investigated level of He* must 
manifest itself in the scattering of protons 
by tritium, at a proton resonance energy of 
Ey ~ 800 kev if J = 1 and Ey ~ 500 kev if J 
= 0. In the only work in this energy region, 


; h measurements carried out at E = 700, 990, 
FIG. 5. Energy dependence of the cross-section of the 1100 kev (etc) showed a sharp rise in the 


He*(n, P) Beerou. e —values of 0 ye/o Li Se mad scattering cross section from the point at 
the eu epeadowr Hime eRecepmgey (normalized to 990 kev to that at 700 kev. In light of the ar- 
(OpeE’ “)o). O—values of o yeE’’* calculated from®@, as- 
suming that the variation of the cross section of the 

Li®(n, a) reaction in this region is due only to the level 
with Ey = — 750 kev. 0 —values of o He!” from the 
Harwell? measurements. A — differences between points 
0D and the solid curve. The solid curve represents the 
values of o HeE!/? calculated for levels with parameters 
J =1, E = —250 kev, Ippo = 250 kev (contribution of 
s-neutrons). The dashed curve represents the dependence 
of const X E (which can be interpreted as the contribution 
of p-neutrons). 


800 


10 
oe ae 1 0 7, 10” Exe 


guments presented above, we consider this 
result as the manifestation of resonance 
scattering although the authors of Ref. 10 ad- 
here to another explanation. Frank and Gam- 
mel'! have carried out a phase analysis of 
the data on the p — H?® scattering in the en- 
ergy region of 1 to 3.5 Mev and obtained an 
indication of the existence of a 0* level with 
a proton resonance energy E, ~ 800 kev and 
a width of a few Mev. To explain the mag- 
Rgxtet yates Se 8 sie ee poe ee 2)  eitdesot hese nt np) cross section for slow 
neutrons, the reduced neutron width of such a level must be several times less than the reduced proton 
width, which is difficult to reconcile with the charge independence of nuclear forces. 


ies be level, unlike a 0+ level, could appear in principle in the H°(p, vy) reaction. The experiment dis- 
cussed in Ref. 12 gives no indications of a resonance in the yield of y-rays. However, this fact cannot be 
used as evidence for J = 0* since, as follows from the angular distribution of the y-rays, s-protons gen- 
erally do not make any appreciably noticeable contribution to the 


H°(p, y) reaction.” References 13 and 14 report on a study of TABLE II. Parameters of the He! 
the energy spectrum of protons scattered from He! and Ref. 15 level derived from the course of 
reports on the spectrum of the products of the He?(d, p)He! reac- the cross section of the He*(n, p) 
tion. No excited state of He’ with excitation energy less than 28 reaction. 
Mev was observed and an upper limit of 0.1—1 mb/sterad was * | Reso- | Excitation 
established for the cross sections for scattering or for the exci- eend | Rance [energy of the|Proton width 
tation to such an excited state. This result indicates that the parity eee whe sty es 
a (0*) level of He! considered in that work either does not 
exist or for some reason the transition probability to it is ex- 1+ —200 20.3 200 

O+ —500 20 1200 


tremely small (the same situation is also true of the 27 state of 
Hel, evidence for which is contained in the work of Refs. 16 and 
17). 

To clarify this question, and to get more accurate data on the behavior of the He*(n, Pp) cross section, 
it is proposed to carry out in the first place a detailed measurement of p—H? scattering in the proton en-: 
ergy region E < 1 Mev. 

This work was carried out with the participation of A. N. Volkov, A. M. Klabukov, and I. V. Shtranikh 
who developed and adjusted the electronic equipment of the slowing-down-time spectrometer. A descrip— 
tion of this equipment will published elsewhere. 
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The authors thank I. M. Frank for his interest in this work and L. M. Gorbunov and G. A. Sokolin for 
preparing the counters and for participating in the measurements with nitrogen and chlorine. 

Note added in proof (June 26, 1957). The measurements of the ratio of the cross sections for Li®(n, a) 
and He*(n, Pp) were repeated with better statistics and under conditions which made systematic errors 
less likely. The results are in agreement, within the limits of errors, with the data presented in Fig. 5; 


the more accurate values of the parameters a and B are the same: Qiems- Chie (s.s cal Te kev 1/2, 


ales a ae 
Bue — BI; = (2. ses | x 10-3 kev"! These limits shown include the root mean square statistical error 
and an estimate of the limits of systematic errors. The course of the cross section is described satisfac- 
torily by ne Breit-Wigner formula with the following parameters for the resonant state: the contribution 
of a J = 0" state in the He*(n, p) cross section for thermal neutrons is x = (94 + 6)%; if x is taken to be 
94% then —E,, © 250 kev, while for x = 100%, —Ey = 500 — 1000 kev; Ip) |Ey| © 2.1. 


1 Lazareva, Feinberg, and Shapiro, J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 381 (1955), Soviet Phys. 2, 
351 (1956). 

2 Bergman, Isakov, Murin, Shapiro, Shtranikh, and Kazarnovskii, Paper P-642 at the Geneva Interna- 
tional Conference on the Peaceful Ultilization of Atomic Energy, 1955. 

2D: Hughes and J. A. Harvey, Neutron Cross Sections, BNL 325 (1955). 

4 Brugger, Evans, Joki, and Shankland, Bull. Amer. Phys. Soc. 1, 176 (1956). 

5 Rohrer, Newson, Gibbons, and Cap, Phys. Rev. 95, 302 (1954). 

or Ajzenberg and T. Lauritsen, Revs. Mod. Phys. 27, 77 (1955). 

T Petree, Johnson, and Miller, Phys. Rev. 83, 1148 (1951). 

8 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 (1951). 

9A. B. Lillie, Phys. Rev. 87, 716 (1952). 

10 Hemmendinger, Jarvis, and Taschek, Phys. Rev. 76, 1137 (1949). 

11R. M. Frank and J. L. Gammel, Phys. Rev. 99, 1406 (1955). 

123. Perry, Jr. andS. J. Bame, Jr., Phys. Rev. 99, 1368 (1955). 

13, Benveniste and B. Cork, Phys. Rev. 89, 422 (1953). 

14k. M. Eisberg, Phys. Rev. 102, 1104 (1956). 

15. C. Allred, Phys. Rev. 84, 694 (1951). 

164 1, Baz’ and Ia. A. Smorodinskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 27, 382 (1954). 

'TVlasov, Kalinin, Oglobin, Samoilov, Sidorov, and Chuev, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 639 
(1955), Soviet Phys. JETP 1, 500 (1955). 

18D, J. Hughes and R. B. Schwartz, BNL 325, Supplement 1 (1957). 


Translated by Fay Ajzenberg Selove 
2 


SOVIET PHYSICS JETP VOLUME 6, NUMBER 1 JANUARY, 1958 
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OF COSMIC-RAY PARTICLES OF ENERGIES GREATER THAN ign EV WITH BERYL- 


LIUM NUCLEI 
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Four events of electron-nuclear showers produced by cosmic-ray particles of energy exceed- 
ing 10!! ey interacting with beryllium nuclei in a cloud chamber are discussed. The energy 
transferred to 7’-mesons in the interactions is determined. Large fluctuations in the n° -meson 
energy were observed. One of the photographs is an example of an interaction in which 
n°-mesons are apparently not generated. 


Resutrs of experiments carried out with a Wilson cloud chamber in a magnetic field! are described in 
this article. The chamber operated for 52 hours at an altitude of 9000 m. A block of beryllium of thick- 
ness 26.5 g/cm? was placed above the chamber. Inside was a lead plate of thickness 17.5 g/cm? (3.3 ra- 
diation lengths). Photographs were taken upon generation of electron-nuclear showers in the absorbers. 
In all, 1490 photographs were obtained. On 86 of these electron-nuclear showers from the beryllium 
block were registered. Among these, 5 cases were found of electron-nuclear showers in which the ob- 
served number of particles was greater than 10. The plate shows photographs of four interactions, in 
which the position in the chamber 
made it possible to draw definite 
> conclusions about the character of 
a 8550 | 1403 | 3183 | 3402 the interaction. 
The main data characterizing 


Number of shower 


1.]Number of particles above the lead plate ie 15 c A 
2.| Number of electrons among them 1 1 the showers considered are given 
3.| Number of penetrating particles in the shower Mere Ages in the table. Row 1 of the table 
4.| Range of the second articles in g/cm? in : : 

a agi eng pee mene aa gives the number of particles ob- 
-|Magnitude of the angle 0¥, 35° 4° served above the lead plate. The 


5 
6.|Energy of the primary particles, in nucleon 


dc aes energy of the secondary particles in >30 52 chamber was such that the propor- 
ev é acumen: : 4 

8.|Number of electrons of energy greater than 6 Mev | 62—68 21 tion of ionizing particles not Fegiss 

9.|Number of electrons of energy greater than 30 Mev| 30 15 tered on the photographs constituted 


Bev of electrons coming from conversio 
12.|Ratio of the energy of the electron-photon com-  |y 449 2-6 é : 0 

ponent to the energy of the incident particle, in ‘ 1m beryllium of photons from m -de- 

% cays could have been icle: 
13.)Number of secondary interactions in the lead 4 4E=9 ss reagent pare 

RigcE observed above the plate. In row 2 


masses 


-|Energy definitely belonging to electrons, in Bev ul 
2|Energy of the electron-photon component, in 


In row 3 the first number indicates the number of particles going through the lead plate without cascade 
multiplication and which are therefore not electrons. Part of the tracks could not, because of their un- 
favorable position, be observed under the lead plate, and the question as to whether these tracks belonged 
to penetrating particles could not be directly answered. The second number in row 3, does include the 
tracks not traced, and gives therefore the maximum number of penetrating particles in the interaction. 
However, if among the tracks not traced the proportion of electrons is the same as among those traced, 


position of the particle tracks in the 


several per cent. A certain number 


the number of particles identified as; 
electrons is given. 


the main part of the tracks not seen should belong to penetrating particles. Thus, the true number of pen-— 
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etrating particles should be close to the maximum, given in row 3. The place at which the shower has 
been produced is indicated in row 4. ; 

The angular distribution of the secondary particles can be characterized by the value of the angle 6; /2, 
inside of which half the particles are emitted. The magnitude of the angle 6, /» given in row 5, was deter- 
mined for both the particles known to be penetrating and for the maximum number of penetrating particles, 
given in row 3. In all cases the difference did not exceed 05°, 

The angles of the emitted particles were measured from the axis of the shower, the direction of which 
was determined such that in two mutually perpendicular projections there were the same number of par- 
ticles on both sides of the axis. The error in the determination of the axis constituted, on the average, 1°. 
However, because the angular distribution of the penetrating particles was strongly peaked forward, the 
error in the determination of 6, /2 connected with the inaccuracy in the determination of the axis of the 
shower was about 0.5°, 

Assuming that the observed interactions are nucleon-nucleon ones, the energy of the incident nucleon 
can be determined by the angular distribution of particles in the shower. In row 6 values are given for 
Yo» calculated according to the formula of Dilworth et al.” 

Ns 
N,/20* = S\ 1/(0? + cot 01), 
Uist 
where I? = (yo +1)/2. The errors given take into account a possible asymmetry in the emission of the 
particles in the center-of-mass system by the technique, proposed in the same article, for the upper limit 
of the number of particles in the shower. 

The assumption that the incident nucleon interacts with several nucleons leads to an increase in the value 
of the energy of the incident particle. The detection of four showers in the conditions of the experiment de- 
scribed corresponds to a current of shower-producing particles (1.7 + 0.8) x 10° particles per cm? per 
sec per sterad, if the interaction cross section in beryllium is geometrical. Assuming, according to the 
data of Refs. 3 and 4, that the absorption of particles in the atmosphere takes place with a range of 120 
g-cm ~~, one obtains a value of the current at the limit of the atmosphere equal to (2 + 1) X 10-4 particles 
per cm? per sec per sterad. According to the data given in the review of Fradkin,® this quantity corre- 
sponds to a beam of particles with energy in excess of 250 Bev. 

The presence of a magnetic field in the chamber makes it possible to evaluate the energy of the shower 
particles. Because more than half the shower particles have momenta larger than that measurable, which 
is 3 Bev/c, the quantity given in row 7 is the lower limit of the total energy of the penetrating particles. 

The number of electrons below the lead plate with energies in excess of 6 and 30 Mev are given, re- 
spectively, in rows 8 and 9. Row 10 gives the total electron energy obtained by measuring the electron 
momenta under the plate. In showers 8550 and 3402, these measurements gave the lower limit of the total 
electron energy because, the electron momenta could not be measured if they did not exceed 500 Mev/c, 
owing to the high electron density. The quantities given made it possible to determine the energy of the 
electron-photon component generated in the interaction (row 11). The lower limit of the energy of the 
electron-photon component was obtained from the data in row 10 on the assumption that the photon com- 
ponent of the shower has the same energy as the electron component. An upper limit on the energy can 
be obtained from the number of electrons under the lead plate on the assumption that they are produced 
in one cascade shower caused by the photon. The calculation was carred out with the formula of cascade 
theory in approximation A of Ref. 6 for the number of electrons with energy greater than 30 Mev. 

The ratio of the energy of the electron-photon component to the energy of the incident particle is given 
in row 12. The two quantities in the row give, respectively, the minimum possible proportion of the en- 
ergy in the electron-photon component, calculated as the ratio of the minimum possible value of the en- 
ergy of the electron-photon component to the maximum value of the energy of the incident particle, and the 
maximum value obtained under the opposite assumptions. The data given indicate the existence of large 
fluctuations in the proportion of the energy transferred to the electron-photon component in the interac - 
ieiscee No. 3183, where the proportion of energy in the electron-photon component does not exceed 
several tenths of a percent, is of particular interest. In this case the existence of processes other than 
the decay of m°-mesons leading to production of an electron-photon component should be considered such 
as 6-electrons, bremsstrahlung of mesons in the lead plate, and ees of photons in the accloration of 
charges in the nuclear interaction process. Besides these, low-energy 7 -mesons can be generated in 
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secondary interactions in the beryllium block. 

Estimates show that the contribution of 
the first two processes does not exceed 10% 
of the measured energy. The radiation of 
photons in the acceleration of charges in nu- 
clear interactions, according to an estimate 
from formulae given by Feinberg’ and Schiff,® 
gives a contribution of several hundred Mev 
to the energy of the electron-photon compo- 
nent if the generating particles are m-mesons. 
If, together with m-mesons, mesons of spin 1 
are generated, then the photon energy in- 
creases, 

If a Poisson law is taken for the fluctua- 
tions in the number of particles, the mean 
value of the ratio N,o/N,+ is 0.5, and the en- 


ergy distribution of the m-mesons is taken to 
coincide with the energy distribution of 
charged t-mesons, then the probability of 
production of one 7’-meson of energy less 
than 108 ey is 7x1074, The production of 
more 7’-mesons is still less probable. Con- 
sequently, it is improbable that the electron- 
photon component observed in this shower was 
brought about by 7°-mesons. 1403 

In shower No. 1403 one cascade pencil of 
electrons was observed, which means that the 
number of generating 7° -mesons was small. 
At the same time, the number of electron 
pencils in shower No. 8550 was not less than 
4, and in shower No. 3402 it was not less than 
10. 

It should be noted that penetrating particles 
generated in the showers interact with lead 
nuclei with a cross section equal to the geo- 
metrical one. Row 13 of the table indicates 
the number of secondary interactions ob- 
served in the lead plate. Their total number 
is 4—6, which coincides with the expected 
number of secondary interactions if the inter- 
action cross section in lead is geometrical. 

Thus, the data given indicate that in the 
interaction of charged cosmic-ray particles 
of energy 101! — 10” ev with light nuclei, the 
proportion of energy transferred to the elec- 
tron-photon component is subject to consider- 
able fluctuations and can drop to several 
tenths of a per cent. Shower No. 3183 is, ap- 
parently, an example of such interactions in 
which 1°-mesons are not generated, whereas 
the number of charged particles generated in 
the shower is about 15. 

In conclusion, the authors use this oppor- 
tunity to express deep gratitude to Professor 
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3183 


Photographs of electron-nuclear showers, 
produced by 10!!-ey cosmic-ray protons in- 
teracting with beryllium. The shower num- 


ber is printed below the photograph 


S. N. Vernov for discussion of the results 
given here. 
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The photodisintegration of helium was studied with a cloud chamber located in a magnetic 
field and synchronized with a 170 Mev bremsstrahlung beam. The yields of the different 
photonuclear reactions on helium were determined. The energy dependence of the cross 
section and the angular distributions of the protons and the tritons were measured for the 
reaction He4( vy, p)H®. The results are compared with data obtained in other investigations 
and with theoretical predictions. 


1. INTRODUCTION 


Tue investigations of high energy photoprotons and photoneutrons emitted from different nuclei! —* 


have demonstrated many characteristics of these processes (asymmetry of angular distributions, for- 
ward shift of the maximum in the angular distribution with increasing photon energy, large size of the 
isotropic component, the presence of distinct peaks in the energy spectrum of the photoprotons, etc.). 
Many different models of photon-nucleon interaction have been proposed to explain the different phe- 
nomena. In particular, for photon energies > 100 Mev the experiments are satisfactorily described by 
the pseudo-deuteron model.®»? At lower energies the angular distributions of protons according to 
Yoshida" are better in agreement with absorption in a-subunits of nuclei. 

The a-particle model of nuclear y-absorption has earlier also been suggested by Levinger and 
Bethe’! to explain the characteristics of the giant resonance of the photonuclear reactions. In order to 
develop this model further it is useful to study the photodisintegration of free a-particles. 

The photodisintegration of helium is of interest also from other considerations. Contrary to the case 
of more complicated nuclei, it is possible in the case of helium to analyze fully the angular distributions 
and consequently to draw conclusions on the character of the photon absorption. This is due to the fact 
that the final state in the (y, p) and (y, n) processes (the fundamental photonuclear reactions in He) is 
a two-body system [p + H® in the (y, P) process and n + He? in the (y,n) process J, and both H? and He? 
do not have excited states. 

Furthermore, by studying the energy dependence of the (y, p) and (y, n) reactions (which is also 
considerably simplified by the above mentioned circumstances ) one can obtain the energy dependence of 
the photon absorption cross section. This allows one then to determine the integrated cross section as 
well as the mean and the harmonic mean energy of photon absorption. Comparing these with the theoret- 
ical expressions derived in several papers by use of the sum rule !!— '8 one can estimate the contribution 
of exchange forces to the integrated absorption cross section. By comparing the experimental curves of 
the cross sections of the (y, p) and (y, n) reactions with theoretical predictions found for example in 
Ref, 14 one can obtain information on the wave functions of the a-particle, H3, and He’, 

Finally, He4( y, p)H® and He4( y,n)He? are mirror reactions in iso-space. Therefore a comparison 
of these reactions will allow one to draw conclusions on the interaction operator between the electromag- 
netic field and the nucleus. 

Up to now only very few experiments on the disintegration of helium have been performed despite the 
considerable importance of this reaction. Fuller® investigated the ( Y» P) reaction by observing proton 
tracks in nuclear emulsions. In his experiment the plates were placed inside a target chamber contain- 
ing helium gass which was irradiated with x-rays of 40 Mev maximum energy. With the same method 
De Saussure and Osborne® sutided the (y, n) reaction observing the He® recoils; their maximum photon 
energy was 150 Mev. Gaerttner and Yeater!™ studied the photodisintegration of helium with a cloud cham- 
ber (without a magnetic field) with a bremsstrahlung spectrum of E, max ~ 100 Mev. At an energy of 
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eg oe Benedict and Woodward!® studied high energy photoprotons with scintillation counters while 
Kikuchi” used nuclear emulsions under similar conditions. Goldwasser and Nicolai” published a short 
communication on an experiment of the photodisintegration of helium above the meson threshold. 

The above experiments were performed at different energies and in different experimental arrange- 
ments, and usually in a way which allowed only one of the reactions occurring in the photodisintegration of 
helium to be observed. Their results on the angular distributions and energy dependence of the (y, p) 
and (y,n) reactions cannot therefore be reliably compared, Furthermore, they do not give information 
on the other possible reactions. We therefore undertook the investigation of the photodisintegration of 
helium with a cloud chamber in a magnetic field, The x-ray spectrum had a maximum energy of 170 Mev. 
We chose a cloud chamber since this was the only method available allowing simultaneous observation of 
all the reactions occurring in the photodisintegration of helium. In the present paper we shall give the 
results of the (y, p) reaction and some results concerning the other reactions, Detailed results on the 
reactions He*(y, pn)H? and He4(y, n)He? will be presented later. 


2. EXPERIMENTAL ARRANGEMENT 


The special considerations connected with the use of a cloud chamber in an x-ray beam from a syn- 
chrotron and the apparatus connected with such a work were discussed earlier.?!*22_ We shall therefore 
limit ourselves to a short description of the experimental 
arrangement (see Fig. 1). 

The collimated bremsstrahlung beam of the synchrotron 
of the Physics Institute of the Academy of Sciences was 
first cleaned from electron contamination with a sweeping 
magnet. It entered the sensitive region of the cloud cham- 
ber through a thin window made of cellulose triacetate. 
The cloud chamber had a diameter of 30 cm and a depth 
of 8 cm. In order to decrease the electron background the 
beam travelled between the sweeping magnet and the cloud 
chamber through an evacuated pipe. The expansion of the 
cloud chamber was synchronized with the yield pulse of 
the synchrotron in an appropriate way. Pictures were 


taken at 55 sec intervals. The applied magnetic field had FIG. 1. Diagram of the experimental 
a strength of 5500 gauss. The inhomogeneity of the field setup. 1—lead collimator, 2 — sweeping 
did not exceed 2% over the sensitive region of the cloud magnet, 3 — evacuated tube, 4 — beam en- 
chamber. trance arrangement into the cloud cham- 
To monitor the yield of only those x-ray bursts which ber, 5—cloud chamber, 6 — pulsed ioniza- 
resulted in a picture, the ionization chamber placed in the tion chamber, 7 — magnet, 8 — stereoscopic 
x-ray beam was pulsed at the appropriate burst. The camera, 9 — concrete wall, 10 —lead ab- 
chamber was calibrated in terms of intensity in an abso- sorber. 


lute way utilizing the Bt activity induced in a carbon sam- 

ple by the reaction Gy vi, n)C'!; the absolute value of this cross section was taken from Ref. 23. The pro- 
cedure of calibration of an ionization chamber has been described in Ref. 22. The calibration of our 
chamber was performed twice during the experiments and the results of the calibration agreed within the 


experimental accuracy of 2%. 


3. ANALYSIS OF THE PICTURES 


The obtained cloud chamber pictures where treated in the following sequence: (a) the pictures were 
scanned; (b) all nuclear reactions due to y-quanta were identified; (c) the events to be analyzed were se- 
lected and the lengths of the projection of the tracks, the radius of curvature, and the angle of emission 
with respect to the direction of the x-ray beam were determined. All films were scanned twice. Ordi- 
nary stereoscopes were used for this purpose. Furthermore, all unclear or spoiled events were scru- 
tinized on a 30X microscope (type UIM-21). This scanning procedure practically eliminated the possi- 


bility that any reaction has been overlooked. ; 
One can classify all near reactions observed in a gas cloud chamber according to the number of emit- 
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ted visible tracks, i. e., according to the number of charged particles in the final state. Since the maxi- 
mum energy of the x-rays used in this experiment (170 Mev) was insufficient to create a charged meson 
in addition to disintegrating helium, all reactions with three or more tracks had to be due to the oxygen 
and carbon impurities. 

The following reactions lead to two charged particles: 


Het + ~>p + H3, (1) 
Het + > d+, (2) 
Net? eer (3) 
Hef + y>p+p+n+n, (4) 
I1+y7—p-+ recoil nucleus (5) 
I+7y+p+n4 recoil nucleus (6) 


Here I stands for an impurity nucleus present in the chamber other than helium (C or O). 

In the reactions (1), (2) and (5) the final state is a two body state. Therefore the particles in the 
center of mass system go in opposite directions, and the tracks are complanar with the incoming pho- 
tons. In the laboratory system the angle between the tracks is not smaller than 160°. With these char- 
acteristics one can distinguish between the reactions (1), (2), (5) on the one hand and (3), (4), (6) on 
the other. The (vy, p) (see Fig. 2) and the (vy, 2d) reactions give tracks with different relative ioniza- 
tion density. In reaction (1) the ionization due to the H® is considerably greater than that due to the pro- 
ton (5 —9 times depending on the angle of emission), while the ionization density of both tracks is 
roughly the same for reaction (2). The reactions of the I(y, p) type are distinguished by the very great 
difference between the ionization density of the two tracks (see Figs. 2 and 3); the track of the recoil nu- 
cleus always ends inside the chamber. This way it is possible uniquely to distinguish between (y, p) re- 
actions in helium and in the impurity nuclei. In the reactions (3), (4) and (6) (see Fig. 3) the outgoing - 
particles may leave with arbitrary angles with respect to each other and the direction of the incoming 
x-rays. The reaction I(y, np) can be distinguished from the reaction He4(y, pn )H? in the same way as 
I(y, p) from He4(y, p)H, 

One charged particle is emitted in the following reaction: 


Het + yn + He," (TH 
I +17—~2+4 recoil nucleus (8), 


Furthermore, the elastic production of 7’-mesons, He4(y, n° ) He, is energetically possible. However,, 
one can neglect contributions from this reaction, in accordance with the estimated small probability of 
this event. 

The yields from the reaction I(y, p), I(y, pn) andI(y, n) were determined under similar operating 
conditions with a filling of the cloud chamber with hydrogen instead of helium. The following ratio for 
the yields was obtained: I(y, n)/[I(y, p) + I(y, pn)] = 0.57. When the chamber is filled with helium 
one can obtain from the number of the observed reactions I(y, p) andI(y, pn) the number of the reac- 
tions I(y,n). Subtracting this number from the total number of observed reactions with one charged 
particle one obtains the number of (vy, n) reactions in helium. 

To obtain the angular distributions and the energy dependences one has to know the momenta of the 
particles and the angles of emission with respect to the direction of the incoming y-quantum. For the 
determination of these quantities tracks were used whose projection on the bottom of the cloud chamber 
had a length = 53 mm. It was not possible to measure with sufficient accuracy the radius of curvature 
for shorter tracks, When restricting oneself to still longer tracks some accuracy is gained, on the one 
hand, in the determination of the curvature, but on the other hand the statistical accuracy is then re- 
duced and a low y-ray energy region in the yield curves is cut off. 

The projections of the angles between the tracks and the incoming y-rays were determined with a mi-. 
croscope of the UIM-21 type. The error in this determination was less than 0.5°. The actual angles 
were obtained from the projected angles by the relation 


6 = are cos {cosa / V1 + (h/1)?}, 
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where @ is the angle of emission of the par- 
ticle, a its projection on the plane of the cam- 
era, 2h the height of the illuminated region, 
and £ the length of the projection of the track. 
Under the conditions of the present experiment 
the difference between @ and a is significant 
only for small angles with the beam direction 
and for small 2. 

The radii of curvature were determined by 
comparing the tracks with standard circles. 
This method is very fast and sufficiently accu- 
rate up to radii of curvature of 200 — 300 cm. 
The radii of curvature were independently de- 
termined twice. The average deviations of the 
measurements were 3 — 5%. In the final re- 
sults a correction was added to take into ac- 
count the momentum parallel to the magnetic 
field. 

Since in the reaction He(y, p) H® the final 
state has only two particles it is possible to 
determine the energy of the y-quantum from 
the emission angle and momentum for only one 
of the outgoing particles. By measuring both 
tracks one can therefore check the correctness 
of the measurement, The calculations were 
performed by means of nomograms, one for 
protons and one for tritons. For known mo- 
mentum and emission angle in the laboratory 
system they gave the energy of the photon and 
the angle of emission in the center-of-mass 
system. The construction of such nomograms 
is straightforward. For a given photon energy 
E., one finds the momentum of the particle due 
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to the c.m.s. momentum pp, and the momentum FIG. 2, A—reaction He"(y, p)H". The prctes 
P; in the c.m.s. Then the momentum in the travels forward, the triton backward (the direction of 
= oratory system is Pjah =Po + Po: Pc depends the incoming photon beam is indicated by the arrow). 
only on E., and not on the kind of particle, B—(y, p) reaction with impurity nucleus; the heavy 


while py depends both on E,, and on the mass of short track belongs to the recoil nucleus. 
the particle. Such nomograms are shown in Fig. 4. Each half circle corresponds to a given photon en- 
ergy, and the radial curves correspond to given angles in the c.m.s. 

The above method was used to measure 742 proton tracks and 709 triton tracks. All these data were 
entered on nomograms, protons and tritons separately, to obtain the angular and energy distributions in 
the c.m.s. The number of points falling into each interval are given in Fig. 4. Since only tracks with length 
=> 5.3 em were measured there are no points in the nomograms for Ey< 21 Mev for protons and Ey < 30 
Mev for tritons. The nomogram is drawn only for E, = 70 Mev. 

Owing to the limited height of the illuminated region, only a certain fraction of the particles emued at 
an angle @ with respect to the direction of the y-quantum beam have been measured. This fraction de- 
pends on 9. To obtain the actual number of particles emitted at an angle 6 from the number of tracks 
having projections = 5.3 cm it is therefore necessary to apply the correction factor 


Te 
k (6) = 2 arc sin (sin 9)/sin ®) ’” 


where tan 0) = (h/5.3) and 2h is the height of the illuminated region. The coefficients k (@) vary act 
linearly with 0 in different 6 intervals even for large changes a h. Therefore a change oO the ee 
region will have a very small influence on the angular distributions and an even smaller ene ee eC 
energy distributions. To obtain the angular distributions the measured quantities have to be related to 
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unit solid angle. The experimental numbers 
therefore were multiplied by «(0) = k(0) /Q(0). 

To check the correctness of the assumed 
depth of the illuminated region and conse- 
quently the correctness of k(#) and k(@) the 
total number of observed (y, p) events was 
compared with the total number of protons, 
determined from the nomogram and corrected 
with k(@). Further, in this comparison it had 
to be taken into account that the events due to 
photons of energy between the reaction 
threshold (19.8 Mev) and 21 Mev were not 
included in the nomogram. 


4, RESULTS OF THE MEASUREMENTS 


The total numbers of photonuclear reac- 
tions on helium are given in Table I. They 
were obtained from 9000 cloud chamber pic- 
tures. 

The analyzed events due to (vy, p) reac- 
tions and falling within the indicated ranges of 
photon energy and center-of-mass emission 
angles are shown in the nomogram, Fig. 4. 
Only tracks whose projection of the track 


TABLE I 
Number of] Yield relative 
Reaction observed | to the (y, p) 
curves reaction 
He*(yp) H8 2839 4 
He4(yn) He 2685 0.95--0 .04 
He* (ypn) d+ 547 0.49-+-0.04 
. He4(y2p2 
FIG. 3. A— reaction He4( y, pn )H?. The proton trav- Het (yaa) a <59 <0.02 
els forward, the deuteron backward (the direction of the 


incoming photon beam is indicated by the arrow). B— 
(y, p) reaction with impurity nucleus; the heavy short 
track belongs to the recoil nucleus. 


lengths was = 5.3 cm were utilized. This was 
done both for protons and for tritons. These 
numbers together with the known number of 
helium nuclei per unit volume in the cloud chamber and the known integrated photon flux through the cham— 
ber, along with the correction factors k(@) and k(@) respectively, yield the energy dependence of the 
(y,P) cross section (Fig. 5) and the angular distributions for photon energies 21— 30 Mev and 30 — 170 
Mev (Fig. 6). These two energy ranges for the angular distribution were chosen using the ratios 

Np(0 - 90°) /Np(90 — 180°), given in Table II. Here N.(0 — 90°) and Np(90 — 180°) are the number of 
protons emitted in the c.m.s. in the forward and the backward hemispheres respectively. 

As can be seen from Table II, a sharp change occurs in the angular distributions of the protons at a 
photon energy 30 — 35 Mev. The angular distributions obtained independently from proton and from tri- 
ton tracks are plotted separately. They agree within the statistical accuracy. This indicates the cor- 
rectness of the measurements. 


5. ERRORS OF MEASUREMENT 


(a) The error in the true spatial angle is due to the inaccuracy with which the correction for the dip 
angle has been performed, and due to the neglect of the fact that the photographic picture is the result of 
a conical projection and not a parallel projection. One can show that the rms errors introduced this way 
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FIG. 4. Nomogram for the determination of the 
energy and angular dependence of the He4(y,p)H® 
cross section: from proton tracks (upper half) and 
from H? tracks (lower half ). 


do not exceed +3.5° for each track. Since this 
error is statistical in character it practically does 
not show up in the numbers of tracks falling into a 
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particular angular interval (each interval was cho- 
sen to be 15° ). FIG. 5. Energy dependence of the cross sec- 
(b) The error in the determination of the energy tion for the reaction He‘(y, p)H® as determined 
of the photon responsible for a (y, p) reaction is from proton tracks. Only the statistical uncer- 
compounded of the following parts: errors in the de-___ tainties are indicated. The threshold (19.8 Mev) 
termination of the magnetic field strength, errors is indicated by the arrow. The cross sections 
due to the nonuniformity of the magnetic field and obtained from triton tracks are indicated by the 
due to the fluctuations in the magnetizing current, full circles. 


and, finally, errors in the curvatures of the 

emerging particles and in the angles with respect to the beam and to a plane perpendicular to the mag- 
netic field. The magnetic field was measured with a fluxmeter which was calibrated at two field values 
in a standard field determined by nuclear magnetic resonance. The total error in the field measure- 


ments was + 0.5%. 


The rms error associated with the measurement of curvatures and TABLE II 
angles was determined by obtaining the energy of the photon from the patio Np (0 —90°) /No (90 — 180°) 
two emitted tracks separately. The magnitude of these errors lot protons 
changes between 2.5 and 4% depending on the energy of the photon 
(this error obviously includes the influence of the inhomogeneity of Photon energy | From proton| From triton 
the magnetic field). a tracks tracks 
(c) The error in the absolute value for the intensity of the radia- “25 4.40 es 
tion is compounded of the following parts: (1) errors in the calibra- om a = 
tion of the ionization chamber in terms of the activity of the carbon gee 1. 26 2.04 
sample and errors due to apparative instabilities; (2) errors in the 40170 2°48 370 
determination of the absolute activity of the carbon sample, and (3) ere, EE 
errors inthe quantity J 0,(W)1(W)dW where (W) is the brems- eanetee 2930.96 2.23-40,30 


strahlung spectrum. Error (1) was determined by performing the 
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calibration twice. It was found to be + 2.0%. Error (2) does not exceed 5% according to Ref, 24. Our 
measurement of the yields of the (y,n) and (y,p) reactions in C and O which entered the working mix- 
ture of our cloud chamber confirmed in a qualitative manner the absolute activity determination of the 
carbon sample. According to Ref. 23 error (3) has a magnitude + 2%. The total rms error in the determi- 
nation of the absolute intensity of the radiation is 6%. 


6, DISCUSSION OF THE RESULTS 
Yields of Photonuclear Reactions in Helium 


The yields of the different possible photonuclear reactions in helium relative to the (y, p) reaction are 
given in Table I. It can be seen that within experimental accuracy the yields for the (y, p) and (y, n) re- 
actions are the same while the yield for the (y, 2d) reaction does not exceed 2% of the yield of the (vy, p) 
reaction. These results are as expected since both (y, n) and (y, p) reactions are allowed in a dipole 
transition and have practically equal cross sections (neglecting 
the slight difference in the thresholds and in the Coulomb barrier). 
On the other hand, a dipole transition is forbidded for the (y, 2d) 
reaction because of isotopic spin selection rules. 

The experiments in Refs. 17, 20 were also performed with cloud 
chambers. They yielded for the (y, n)/(y, Pp) yield ratio the val- 
ues 1.3 and 1.8 respectively. (In Ref. 17 this ratio is based on 59 
single tracks which were assumed to belong to the (vy, n) reaction, 
and on 45 tracks from the (y, p) reaction; in Ref. 20 the number 
of events was not given.) This large (y, n)/(y, Pp) ratio, besides 
being based on a small statistical sample, could possibly be con- 
nected with operation of the cloud chamber at lower sensitivity in 
order to decrease the electron background. As a result of this 
there may have been lost some proton tracks from the (vy, p) reac- 
tion which then would be counted as a (y, n) reaction. 

The yield of the (y, pnd) reaction comprises about 9% of the 
reaction leading to two particles in the final state, for photon en- 
ergies 20 to 170 Mev. From the preliminary results of this exper- 
iment it seems that this reaction has the character of the pseudo- 
deuteron effect. 
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FIG. 6. Angular distributions 
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He4(y, p)H? in the c.m.s. (a) pro- As can be seen from Fig. 7, the cross section for the (y, p) re- 
ton energy 21— 30 Mev; (b) 30— action in helium has a resonance-like shape with a maximum cross 
170 Mev. In (b) the full circles section ~ 1.8 x 10727 em? at a photon energy 27 —28 Mev. The 
indicate the proton angular distri- halfwidth is around 15 Mev. For a photon energy E,, = 35 Mev the 
bution inferred from the measure- energy dependence of the cross section is well represented by a 
ments on triton tracks. The full function of the form E., /(E, —€)**. On Fig. 7 there are also 
curves represent Eq. (9). shown the cross sections for the (y, p) reaction obtained by Ful- 


ler with a photon spectrum of maximum energy of 40 Mev. In 
this experiment there had to be made large corrections due to the fact that triton and He® tracks could 
sometimes not be distinguished from proton tracks. The results for photon energies between thresh- 
old and 26 Mev therefore are not too reliable. Fuller’s cross section shows a maximum at the energy 26 
Mev and has there a magnitude in agreement with the present experiment. However, his halfwidth is ~ 10 
Mev, i. e., somewhat smaller than our halfwidth. 

In Fig. 7 there further are given points obtained from the cross section of the inverse reaction 

H*(p, OY )He4 from Ref, 25. This experiment covers proton energies up to 6.5 Mev. These points are in 
good agreement with the present experiment. The dashed curve of Fig. 7 is a theoretical curve for the 
absorption cross section for dipole radiation given by Gunn and Irving.'4 In this paper the nuclei He* and 
H® were described by exponential wave functions with the parameters 1/1, =1.7 x 1073 em and 1/u 
= 215 «10>? om. They were determined to give the correct binding energy for He‘ and the correct Goue 
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lomb energy for He®. The motion of the proton and triton in the final state were described by plane waves. 
In this calculation noncentral forces were not taken into account. 

One sees from Fig. 7 that the experimental cross sections decrease with increasing energy much 
faster than the theoretical cross section of Gunn and Irving. 

The integrated cross sections for the reaction He4(y, p)H® obtained from our curve are given in Table 
Ill together with those found by the other workers. One sees from this Table that the energy interval 40 — 
170 Mev (i.e., the region far removed from the 


resonance ) contributes a considerable fraction 6 10°" cm? 
(~ 34%) to the integrated cross section. 5 
Taking into account that the yield and also the po- 
sition of the maximum for the reaction He4(y, n )He?® 4 
are approximately the same as in the (y, p) reac- 
tion one can expect* that the integrated cross sec- ta 
tion for the (vy, n) reaction will be close to that of 
the (y, p) reaction. For the integrated cross sec- oy 
tion of the reaction He4(y, pn )H? we have obtained 
the value 10.0 + 1.4 Mev.mb. With these data one sd 
can make a preliminary discussion of the integrated 
photon absorption cross section of the helium nu- 2 30 ne) 60 70 0 = 
Saar FIG. 7. Comparison of the cross section of the 
a reaction He4(, p)H® with the data of other inves- 
Sint = \ o(W) dW = 2oin (1?) + Sint (pnd) + tigations. Open circles and solid curve drawn 


through these — results of the present work; 
crosses — Fuller’s"® points; full circles — inferred 
from the inverse reaction H3( Dp, Y )He4 as per 
Perry and Bame;”* dotted curve — theoretical 
curve for the cross section calculated by Gunn and 
Irving" employing an exponential wave function 

for He‘ and H? with 1/y g = 1.7 x 107'3 cm and 


| o(W) dW = 0.015-A (1 + 0.8x) Mev. bn 1/up= 2.5 X 10-1? om, 


0 
+ Sint (7 2p 2n) + oint (72d) = 88 +7 Mev. mb 


This value can be compared with the sum rule 
calculation of Levinger and Bethe! of the inte- 
grated electric dipole absorption cross section 
which included the effects of exchange forces: 


where x is the fractional strength of the exchange forces. This expression yields for helium with x= 0.5 
the value {o(W) dW = 84 Mev. mb which agrees well with the experimental value 88 + 7 Mev. mb. 
In a similar way one can evaluate a different moment of the photodisintegration cross section of helium 


Ww 
op = (ae aw, 


For this quantity we obtain from our experiment the value 0}, = 2.40 + 0.15 mb. This quantity is con- 
nected with the rms radius of the nucleus. It was shown in Ref. 26 that for electric dipole transitions 


holds 


(Sy aw =(s) tai (1 — A) \(r) rdt, 


where r is the distance from the center of mass of the nucleus, and p(r) is the charge density of the nu- 
cleus normalized to [p(r)dt =1. The value of A takes the inequality of the nucleons into account. This 
inequality can be due only to the Coulomb energy or the Pauli principle. In He! the Coulomb forces are 
small and there are no restrictions from the Pauli principle. Therefore for He! we have A =0. If p(r) 


is constant we have 
\e (r) Pde = 2 RY, 


where R= ryA!/ 3. This yields for helium 


* Our results on the (y, n) reaction are being at present analyzed. The results will be reported at a 
later date. 
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With the experimentally obtained value o} = 2.4 + 0.15 mb we have rp = (1.12 + 0.04) x 10° cm. This 
agrees with the value (1.01 + 0.06) x 10-13 cm obtained from high energy electron scattering experiments 
on helium?” and with rp = (1.1 + 0.1) X 10-'3 cm obtained similarly for heavier elements.2® As shown by 
Khokhlov” and Levinger,® taking rp = 1.1 to 1.2 X 10-13 em also gives for heavy nuclei a value of op that 
agrees with the experiments. 
The experimentally determined moments of the photodisintegration cross section thus agree well with 
theoretical values calculated for electric dipole transitions by means of 
TABLE Il phenomenological sum rules including the effect of exchange forces. 
This indicates that electric quadrupole absorption plays a minor role 
in the photodisintegration of helium. 
a Fron om Wbeontheldata Levinger™ and Khokhlov’! also have calculated o;,;4 and Th for the 
data | of other authors photodisintegration of deuterium and found good agreement with the ex- 
perimental values. 


1 
oint= [ow aw (Mev. mb) 
Photon 19.8 
energy 


40 25.041.8 | 1645 [2°] 

400 35.842.6] 34 [27] 

135 === 15 [20] ; : ’ 

170 37.84+2.8 pas Angular Distributions 


The angular distributions of protons from the reaction He4(y, Pp) H? 
have been derived by Daragan (private communication ) for different multipolarities of photon absorption. 
In accordance with his results we tried to fit our angular distributions to the expression 


A {sin? 6 + 8 sin? 6cos 8 + ysin? 4 cos? 9], (9) 


where the term with sin?@ corresponds to E, absorption (no spin change of the system), the term with 
sin? @ cos?@ corresponds to E, absorption, and the term with sin? @ cos @ is due to Ey, E, interference. 
The coefficients A, 8, y obtained by least squares fitting are given in Table IV. 
One sees from Table IV that for photon energies below 30 Mev the (y, p) reaction goes almost com- 
pletely via electric dipole transitions. The absence of an isotropic component indicates that the particles 
leave with antiparallel spins. As mentioned earlier there oc- 


TABLE IV curs a sharp change in the angular distributions at E,, = 30 —35 
Mev. For Ey = 30—170 Mev the maximum of the angular dis- 
Fa sgy aor =) 8 | ¥ tribution has moved forward to an angle 65— 70°. An isotropic 
component is absent also in this energy range. This change in 
21—30 7,640.7 0.440.413] —0.2+0.3 the angular distribution shows that from E., ~ 30 Mev on elec- 
30-170 6.10.6 1,050.16) 0.53.0.25 tric quadrupole absorption sets in and produces the interference 


term sin’ @cos 6. The analysis of the angular distribution indi- 
cates that the contribution of electric quadrupole absorption to the (y, p) cross section in the energy in- _ 
terval 30 — 170 Mev is around 10%. Assuming that the electric quadrupole absorption contributes with the | 
same strength to the other processes one finds that the contribution of electric quadrupole absorption to 
the integrated cross section does not exceed 6%. This agrees with the above findings on the smallness of 
the contributions of electric quadrupole absorption obtained from the agreement of the experimental and 
theoretical moments of the absorption cross section. 

It is of interest to compare the angular distributions of the protons from the (y, p) reaction on helium 
with those obtained in a (y, p) reaction from deuterium (see Refs. 32, 33) and also from the light nu- 
clei." The angular distributions for deuterium are already unsymmetrical at photon energy 20 Mev. 

They also contain an isotropic component the magnitude of which increases with increasing photon energy. 

As has been shown by Shevchenko! the angular distributions of fast photoprotons from light nuclei also 
consist of a large anisotropic and a strong isotropic component. The analysis carried out by Shevchenko 
shows that they agree well with the angular distributions of photoprotons from deuterium (at the equiva- 
lent proton energies), This has been interpreted as a confirmation of the pseudodeuteron effect. The ab- 
sence of an isotropic component in the angular distribution of the process He4( Y; p )H', perhaps, is an in- 
dication that in helium in (y, p) and (y, n) processes the pseudodeuteron effect is unimportant even for 
high photon energies. ae 

In conclusion, the authors wish to express their gratitude to Professor P. A. Cerenkov for his continu- 
ing interest in this work, to Iu. K. Khokhlov and V. Daragan for the communication of their results, to S. 
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I. Shornikov, A. G. Gerasimov, V. S. Silaeva, N. N. Novikova, and K. V. Chekhova who participated in tak- 
ing and processing the pictures, and to the synchrotron crew. | 


SS 
D 


. Walker, Phys. Rev. 81, 634 (1951). 
2C. Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951). 
3J.S. Keck, Phys. Rev. 85, 410 (1952). 
‘J. W. Rosengreen and J. M. Dudley, Phys. Rev. 89, 603 (1953). 
°J. W. Weil and B. D. McDaniel, Phys. Rev. 92, 391 (1953). 
8S, A. E. Johansson, Phys. Rev. 97, 434 (1955). 


TT. V. Chivilo and V. Shevchenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 1335 (1957), Soviet Phys. 


JETP 5, 1090 (1957). 


83. S. Levinger, Phys. Rev. 84, 43 (1951). 

*Tu. K. Khokhlov, J. Exptl. Theoret. Phys. (U.S.S.R.) 23, 241 (1952). 

0S. Yoshida, Progr. Theoret. Phys. 6, 1032 (1951). 

‘13. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950), 

24. B. Migdal, J. Exptl. Theoret. Phys. (U.S.S.R.) 15, 81 (1945). 

33.S, Levinger, Phys. Rev. 97, 122 (1955). 

“43. C. Gunn and J. Irving, Phil. Magi 42, 1353 (1951). 

18K. G. Fuller, Phys. Rev. 96, 106 (1954). 

6G. DeSaussure and L. S. Osborne, Phys. Rev. 99, 843 (1955). 

1TE, R. Gaerttner and M. L. Yeater, Phys. Rev. 83, 146 (1951). 

18T.S, Benedict and W. M. Woodward, Phys. Rev. 83, 1269 (1951). 

9S. Kikuchi, Phys. Rev. 86, 126 (1952). 

20 VO. Nicolai and E. L. Goldwasser, Bull. Am. Phys. Soc. 29, 18 (1954); Phys. Rev. 94, 755 (1954). 
21 Gorbunov, Spiridonov, and Cerenkov, [IpuOopbl u TeXHHKa 9KCMepHMeHTa (Instr. and Exptl. 


Tech.) 2, 29 (1957). 


22 Gerasimov, Gorobunov, Ivanov, Kutsenko, V. M. Spiridonov [Ipu6oppl u TexHHKa 9KCMepHMeHTa 


(Instr. and Exptl. Tech.) 3, 10 (1957). 


23 Barber, George, and Reagan, Phys. Rev. 98, 73 (1955). 
a Roganov, Baranov, and Gol’ danskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1123 (1957), Soviet Phys. 


JETP (in press) (1958). 


255. E. Perry and S. Bame, Phys. Rev. 99, 1368 (1955). 

2614. K. Khokhlov, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 124 (1957), Soviet Phys. JETP 5, 88 (1957). 
2™R_W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 (1956). 

28 Hofstadter, Hahn, Kundsen, and McIntyre, Phys. Rev. 95, 512 (1954). 

Tu. K. Khokhlov, Dokl. Akad, Nauk SSSR 97, 239 (1954). 

307.S. Levinger, Phys. Rev. 97, 970 (1955). 

317y, K. Khokhlov, Thesis, Physics Institute, Academy of Sciences, U.S.S.R. (1957). 

327, Allen, Phys. Rev. 98, 705 (1955). 

33 Aleksandrov, Delone, Slovokhotov, Sokolov, and Shtarkov, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 614 


(1957), Soviet Phys. JETP (in press) (1958). 


Translated by M. Danos 


4 


SOVIET PHYSICS JETP VOLUME 6, NUMBER 1 JANUARY, 1958 


CHANGE IN THE ELASTICITY CONSTANTS OF SODIUM NITRATE DURING A PHASE 
TRANSITION OF THE SECOND KIND 
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The temperature dependence of the elasticity coefficient of NaNO; crystals has been investi- 
gated in the temperature interval from 20 to 300° C. The change in these coefficients at 
275.5° C, the point of a second-kind phase transition, has been noted. 


In theory of second-kind phase transitions usually only the change in the scalar quantities at the transi- 
tion point is considered.’ Yet in studying effects in crystals, tensor quantities are actually of the great- 
est interest. The purpose of the present investigation was vo stimulate the development of theory in this 
direction. 

For the specific subject of our investigation we chose crystals of NaNO 3, which according to Kracek? 
undergoes a transition of the second kind at 275.5° C and the quantity investigated was the set of elastic 
coefficients. 

Sodium nitrate crystals belong to the rhombohedral system and six coefficients are necessary for a 
complete description of its elastic properties. These coefficients are commonly referred to a carte- 
sian system of coordinates oriented in the crystal so that the z axis coincides with the third order sym- 
metry axis, while the x axis is aligned with the second-order symmetry axis. The x and z axes to- 
gether with the third coordinate axis (y) form a right-handed coordinate system in which the elasticity of 
the crystal is characterized by the coefficients S41, S33, S44, Sy2, S43, and S44. 

As is known, application of a torque to a cylindrical single crystal specimen produces torsion in addi- 
tion to bending, while the application of a tensile force produces shear in addition to elongation. These 
effects are absent only in specimens oriented along the crystallographic symmetry axes, i.e., in our case 
along the x and z axes. Having measured the speed of sound in such specimens with longitudinal and 
torsional oscillations one can directly find the four elasticity coefficients 


2, Op 9, Pe 2 
Sy = 1/0Cx; S33 = 1 /ocz; Sag = 1/07; Syg = 1/9844 + 811 — I /ocy , 


where cx and cz are the velocities of sound in longitudinal oscillations, cy, and c} are the velocities of 
sound in torsional oscillations, and p is the density.* 
To find the other coefficients one must work with samples whose axes do not coincide with the sym- 
. g metry axes. In this case, in view of the above-mentioned ef- 
i apmaa. fects, calculations become very complicated and the accuracyy 
seven] emptor] 3 of determination is greatly impaired. Hence we decided to 
forego determination of the coefficients sy3 and sy, for the 
time being. 
The samples were prepared in the following manner. Rec- 
FIG. 1. Diagram of setup tangular bars of the requisite length and orientation were cut: 
from large single crystals of chemically pure sodium nitrate | 
grown from a melt by the method of Stober. The bars were ground down to a diameter of 5 mm (tolerance: 
0.01 —0.04 mm) while held in a parabolic-section groove. The final determination of the orientation was 
made on a goniometer by measuring the angles between the axis of the rod and the cleavage planes. Only 


samples whose axes deviated less than 3° from the requisite crystallographic direction were accepted forr 
further experimentation; the ends of these rods were ground off in a special holder. 


*The density of sodium nitrate at 20° C is 2.261.’ The variation of the density with temperature can 
be found with the data given by Kracek.? 
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The speed of sound was measured by the “composite rod” method® following the procedure developed 
by one of the present writers. The method consists of measuring the natural frequency of oscillation of 


a composite rod consisting of a cylindrical quartz piezocrystal and a sample of the same diameter ce- 
mented to its end. The velocity of 


sound in the sample (both with long- 
itudinal and with torsional oscilla- 
tions ) is calculated by means of the 
formula C = 2rff/z, where z isa _ 
root of the equation 


(5, 10 " cm? /dyne 


5 1')-cr /dyne 
i) (Gy 
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G52 
tanz — Ptan((n +- 1) rf/fo) 
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Here P is the weight of the quartz nus 
crystal, p the weight of the sample, 
£ the length of the sample, fy) the nat- 2” 
ural frequency of oscillation of the 
quartz rod, f the natural frequency 

of the composite rod, and n the FiG, 2 FIG, 3 

order of the harmonic. 

We used cylindrical quartz rods 16 and 19 mm in length and 5.00 mm in diameter cut along the electric 
axis. The contact electrodes were applied chemically. Location of the electrodes was varied according 
to the mode it was required to excite. The samples were cemented to the quartz by means of an adhesive 
of water glass and talcum. The cement was allowed to set for a period of 2 hours at a temperature of 
180° C and a pressure of 0.5 kg on the ends. 

A holder of special design (located in a thermostatic chamber ) clamped the quartz rod at the node and 
at the same time served to apply the voltage to the electrodes. The leads from the quartz-rod holder were 
connected to an oscillating tank circuit. The last was inductively coupled with a coil which was fed through 
an amplifier from a GSS-6 type standard signal generator. The current in the tank circuit was measured 
by a sensitive vacuum-thermocouple galvanometer connected between the capacitance and the inductance 
(Fig. 1). 

The frequency of the tank circuit could be matched to the natural frequency of the composite rod by ap- 
propriate adjustment of the variable capacitor. Then as the frequency 
of oscillation of the generator is gradually changed the resonance 
curve of the circuit current exhibits a deep dip due to the sharp de- 
crease in the impedance of 
the quartz rod at resonance. Qe 
Measuring the frequency cor- 
ay responding to the center of 008 

the dip with an accurate wave- 
20 meter, we obtain the natural 
frequency of the composite 
46 rod. The natural frequency of 
the quartz rod alone is deter- you 
mined in an analogous manner. ee ORR ERE EET. 

FIG. 4 Preliminary tests showed 

that the absorption of sound in FIG, 5 
the sodium nitrate is very small for the entire range of investigated temperatures, which makes it possi- 
ble to use specimens having a length of about half the wavelength of sound (or close to the full wavelength). 
This does away with the necessity of taking into account the mass of the electrodes and of the layer of ce- 
ment; there is also no need to allow for the effect of transverse compression of the sample incident to 
longitudinal oscillations. The corresponding corrections proved to be smaller than the random experi- 
mental error$S. Moreover, the fact that the absorption is very small indicates the absence of any notice- 
able dispersion of sound, Hence one can disregard the fact that the frequency of the longitudinal oscilla- 
tions (~ 170 cps) differed somewhat from the frequency of the torsional oscillations ve 120 cps). 

The final results of the measurements are shown in the accompanying table and Rige: 2 through 5. The 
table lists the values of the elasticity coefficients obtained by smoothing and interpolation oF the experi- 
mental curves in the temperature interval from 20 to 300° C. The figures show the variation of the coef- 
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ficients in the temperature interval from 200 to 300° C, i.e., the vicinity of the phase transition point. 
As can be seen from the figures the elasticity coefficients of an NaNO; crystal change in different 

manners at the phase transition point: the constant s33 exhibits a jump, while in the case of the coeffi- 

cients S44, S44, and S42 only the derivatives with respect to the 


(s-104) cm? /dyne temperature show a true jump. As Dzialoshinskii and Lifshitz’ 
a showed, this fact is in agreement with the theory of one phase 
2 ue 2 ds transition of the second kind. 
—0.05 SS A “ E 
160 O34 048 134 ay 17, D. Landau and E, M. Lifshitz, CrarucTHueckan u3HKa 
mo Bree oe ee ee (Statistical Physics ) Moscow, 1951. 
0.39 0.50 1.65 | —0.02 DUOC ee , 
oD 0.41; 0154 1186 “00 2. C, Kracek, J. Amer. Chem. Soc. 53, 2609 (1931); Kracek, 
250 Daze) 0.57 2.07 0,0! ; : } 
560 0.46, | 0.60 2.20 Le Posnjak, and Hendricks, J. Amer. ur Soc. 53, 3339 (1931) 
270 Oe aa Lad ea 3 Handbook of Chemistry and Physics, 34 ed., 1952-1953. 
nde y Y 
o3p | 0:55° | 0°65, | 2.82 40.10 4R. F.S. Hearmon, Revs. Mod. Phys. 18, 409 (1946). 
oe CeO | pep Oa lteee OS ea neta 5 J, Stefan, Wiener Berichte 57, 697 (1868). 
0,59 0.68 2.95 0.14 : ’ 
; a 6M. I. Kornfel’d, J. Exptl. Theoret. Phys. (U.S.S.R.) 13, 116 


(1943); M. I. Kornfel’d and E. M. Zhurkhovitskii, J. Tech. Phys. 
(U.S.S.R.) 25, 1998 (1955). 
TT, E. Dzialoshinskii and E. M. Lifshitz, this issue, 233. 
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The angular distribution of polarization arising in (p—p) scattering was studied in the range 
11.6 = 6 =90.3° (cms) by means of single and paired telescopes of scintillation counters. A 
proton beam of 635 Mev energy and polarization of 0.58 + 0.03 was employed. An analysis of 
the results of measurement of the differential cross-sections 0)(@) for elastic scattering of 
657 Mev unpolarized protons, was performed on basis of the optical model of (p—p) scatter- 
ing with the aim of establishing the nature of interference between the Coulomb and nuclear 
scattering amplitudes. The polarization data can be satisfactorily approximated by a func- 
tion of the form (9). The presence of the term sin 6 cos 6 P,4(cos 6) in this formula indicates 
that triplet F-states play an important role in the scattering. It is found that at 635 Mev the 
polarization in quasi-elastic (p—p)-scattering by beryllium comprises about 85% of the po- 
larization of protons scattered by hydrogen. 


I. INTRODUCTION 


Ir is well known that the empirical facts examined by nuclear shell theory as well as the observations 
on the polarization of fast nucleons resulting from elastic scattering by nuclei are in general agreement 
with predictions based on the assumption that nuclear forces have a non-central character connected in 
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some way with a spin-orbit interaction. The source of such interactions between nuclei, in the final anal- 
ysis, must be a tensor force between pairs of nucleons. As a result of such forces, nucleon-nucleon inter- 
action in the triplet state gives rise to a polarization of the secondary nucleons. This was first observed 
by Oxley et al.! 

The use of high energy polarized nucleons in nucleon-nucleon scattering experiments gives information 
on the two-nucleon interaction in various spin states. The number of independent experiments needed to 
analyze uniquely the data from these experiments depends, in the last analysis, on the structure of the 
scattering matrix. According to Wolfenstein? the general form of this matrix in (p—p) scattering is: 


M = BS + € (6, + 42) m+ 2G [(ask) (gk) ++ (o,p) (oxp)] T + 4a ((axk) (eak) — (orp) (2p) 7 +N (ayn) (sn) T, (1) 


where 0, and 0» are the Pauli spin operators for the incoming and struck protons, S and T are the sing- 
let and triplet projection operators, n, k, and p are unit vectors directed along kj X ke, ke — k; and k; + ky, 
respectively; here k; and ky are the initial and final momenta in the center of mass system (c.m.s.). 
Thus the scattering of protons by protons is described by five complex amplitudes, B, C, G, H, and N, 
which depend on the energy and on the angle of scattering 9. Of these, B, C/sin@, and H are even func- 
tions and G and N are odd functions of cos @. 

Independent experiments on single, double, and triple scattering of protons are needed to establish the 
amplitudes of the scattering matrix [ Eq. (1) ].2°3 The first step in this direction is the measurement of 
the differential cross-section of scattering for an unpolarized beam impinging on an unpolarized hydrogen 
target, %)(0); the next step is a measurement of the polarization P (6) in the scattering of an initially po- 
larized beam by an unpolarized hydrogen target. Triple scattering in one plane and triple scattering 
under conditions where the planes of the successive scatterings are perpendicular to each other determine 
the magnitude of the parameters D(@) and R(@). These represent the changes in magnitude and direction 
of the polarization vector upon second scattering. 0)(@), P (6), D(@), and R(@) can be expressed as 
functions of the amplitudes of the scattering matrix in the following way: 


SoA /a Dy f-2)CP 4 1G—N? + tN Ps tle, (2) 
Sp (4)-P (0) = 2Re(C*N), (2a) 
24 (0) {1 —D (0)] = 446 —N —BP +] H® ie 


which become in the non-relativistic approximation 
39 (0) R (6) = Yp Re[(G—N)* (NM + H) + B*(N —H)| cos > Aim C? (G=SNESR) sin = (2c) 


Further experiments can be directed either toward the observation of triple scattering under condi- 
tions where a magnetic field is introduced between the first and second scattering perpendicular to the 
momentum of the singly scattered proton and the vector n, as was done by Segre’s group,® or toward 
measurement of the components of the correlation tensor of polarization Dips fae 

In principle, the execution of five of the described experiments determines uniquely the scattering ma- 
trix at energies less than or close to the threshold of ™-meson production.’ However, at higher energies, 
where inelastic processes begin to play a significant role, the determination of the elements of the scat- 
tering matrix and the unique determination of the phases from experimental data becomes very difficult. 
The study of polarization effects in inelastic collisions can give significant additional evidence on the 
character of the (p—p) interaction." 

The work described below, a part of the program of studying elastic and inelastic (p—p) collisions on 
the six meter synchrocyclotron of the Joint Institute for Nuclear Research, was undertaken with the pur- 
pose of getting evidence on the angular distribution of the polarization in (p—p) scattering at 635 Mev. 
The results of measurements of the differential scattering cross-section of unpolarized protons by pro- 
tons in the same energy region have been reported earlier.8~ 


2. EXPERIMENTAL PROCEDURE 
The object of the experiment was the measurement of the asymmetry of the scattering of a polarized 


: ; L-R 
proton beam by protons. This asymmetry is defined by the relationship « = fier? where L and R are 


30 M. G. MESCHERIAKOV, S. B. NURUSHEV, and G. D. STOLETOV 


the normalized counts of protons scattered to the left and to the right (seen by an observer looking along 
the beam) at the same angle relative to the beam and in the plane of the original scattering producing the 
polarization. The technique of obtaining a polarized proton beam at the six meter synchrocyclotron Aotie 
the determination of the energy of the protons in such beams has been described in our previous paper. 
In this work we used the beam B (in the nomenclature indicated in Fig. 1 of Ref. 11) containing polarized 
protons with an energy of 635 + 15 Mev. This beam had an intensity of about 10° protons/cm? sec at the 
position of the second scatterer. The beam intensity was monitored by an ionization chamber filled with 
argon using an integrating dc amplifier. The degree of polarization of the beam was 0.58 + 0.03, as de- 
termined by experiments involving double scatter- 


Wy 

yy Y 3 e A 
l// M 5 a ing of the protons by beryllium. 
Yy Yy, 


SS a ee In the measurements of the asymmetry in the 

yy fo Ip . ° Om. 

Uy : Y angular region 5° < © = 12° in the laboratory sys 
W, Vi tem, the scatterer consisted of a thin metallic con- 


tainer filled with liquid hydrogen and placed in vac- 
uum. This is shown in Fig. la. The thickness of 
the hydrogen was 2.1 g/cm?, The measurements 
were carried out with the chamber first filled with 
liquid hydrogen and then empty. The protons came 
through a 2 cm diameter opening in the shield. The 
scattered protons were detected by two telescopes 
T, and T, standing in back of each other, connected 
in coincidence, and consisting of scintillation coun- 
ters which could be locked into the coincidence circuit separately in various combinations. This detector 
subtended a solid angle of 1.3 X 10-4 sterad for the scattered protons. Since in this angular region the . 
range of the protons from elastic p—p scattering is greater than the range of the 7-mesons from the reas- 
tionsp+p—-d+r7', the elastically scattered protons could be separated from the m-mesons by a 21 cm | 
copper absorber placed between the counters. Taking into account the increased path in the copper due 
to multiple scattering the threshold for registering the protons was about 560 Mev. One of the deficien- 
cies of this method of distinguishing scattered protons from 7-mesons is the large loss in counting rate 
due to nuclear absorption and scattering of the protons in the absorber. 

In the angular region 12° = © <= 41°, the elastic p—p scattering was measured, as is shown in Fig. 
lb, by using a pair of telescopes placed in positions corresponding to the kinematics of the elastic p—p 
scattering to the right and to the left of the beam. In this case a 3 cm diameter opening in the shield was 
used. The solid angles subtended by telescopes T, and T, were 1 x 1073 and 4.3 x 10 sterad respec- 
tively. The yield of protons from the elastic p—p scattering was determined by the difference in countin 
rates of polyethylene and graphite scatterers. These contained the same number of carbon atoms per uni 
surface area. A control experiment, in which the counting rate was measured when the telescopes were 
placed in positions not corresponding to the kinematics of the elastic p—p scattering, showed that the 
contribution of inelastic p—p scatterings was less than 1% of the counting rate. 

The same scintillation counters and electronics were used as in our previous work.!! The number of 
accidental events was determined, for all angles at which « was measured, by introducing delays for the | 
signals from the counters; ordinarily these accidental events contributed not more than 1% to the countin: 
rate. Before the start of each series of measurements it was established that the counters were operat-- 
ing on the plateaus of the photomultiplier voltages. ; 

The position of the central trajectory of the beam was determined photographically and also by meas-- 
uring the counting rates of telescopes placed at angles small enough to detect the protons that had suf- 
fered multiple scattering. The center of the beam was used to center the scintillators, the angle-meas- 
uring circle, and the zero point of the scale on this circle. Special attention was paid to balancing the aypx 
paratus in the measurements at small angles. Several checks showed that the shift in the zero point of tha 
angle-measuring device relative to the central trajectory to the beam was less than 0.03°. The error in) 
the asymmetry as influenced by the errors in the measurements of angles and inaccuracies in defining 
the center of the beam could amount to 5% at © = 5° but fell to 0.5% at @=41°. The angular resolution, 
+ A6, was established from the corresponding geometrical factors, the beam size, and the multiple scat-- 
tering of the protons in the scatterers. 


The averaged final results of four series of measurements of the asymmetry, together with the stand! 


FIG. 1. Experimental setup. M-— Monitor, S — 
Scatterer, T,, T, —telescopes, F — copper absorber. 
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ard measurement errors as well as data on the angular resolution, are presented in Table I. It should be 
mentioned that the main source of errors in these measurements was the statistical error of the measure- 
ments; the errors in the determination of the angles, the errors connected with the measurement of the 
beam intensity over the profile of the beam, and the errors arising from the shape of the scatterers and 


dimensions of the scintillators were relatively less im- 


portant. 


3. ANGULAR DISTRIBUTION OF THE POLARIZATION | 


TABLE I. Values of the Asymmetry and Po- 
larization in (p—p) Scattering at 635 Mev 


Nature of the 
IN (p—p) SCATTERING @° | 6° | #A6°| etAe% | PytARy % | Second 
Scatterer | 
The polarization arising from the p—p scattering in ede ares 
; d Bae —1.3-45,6 | —2.2+9,5 : 
our experiment was calculated from the relation ¢ 7 116.2] 1.2 11 4E9'6 19° 7E4 6 He 
=pp where P is the polarizati : Whe I) ADRS lp aa 16.04+2,.1 | 27.6+3,9 » 
H polarization of the beam being 12° \'27'6 | 4.6, | 29:342.6 | -38.4¢4.9 ; 
used, taken as equal to 0.58 + 0.03. The values of Py OG elas |) PR ese Gy | aoeetey BY CREE 
‘ : 15 04 4146 1928228135) 40, 0-e0.0 
Bbrained are presented, together with the standard er- 18 | 41.2/ 2.5 | 24.644.1 | 42.402.9 ; 
rors, in Table I and in Fig. 2 as a function of the scat- a ae ie ae. lige er q » 
: : De | 54, 140.8 | "35.772 > 
tering angle in the c.m.s. 27, | 64.0 | 2.5 | 417.840.8 | 30.7-2.4 » 
The Sata Brits eye ss GO" 167.5) e286 leG <2 teah | moo7 Oueoee > 
angular distribution of the polarization, Py has 33 | 73.81 2.6 | 141.3415 | 19.542.8 : 
the following features: 360) | 80st 206 9.741,4| 16.742:6 » 
Sere 89 | 86.3) 2.6 4,942.3 | 8.44+4.0 
. (a) The polarization goes through zero at a scatter- Zi 90:81NS'6 } <0. 91d aeneered 5 : 
ing angle of 90° as it should in view of the identity of the 
of the colliding particles; ee : 
(b) The maximum value of the polarization is 0.42 + 0.03 at 6 = 41°; 
(c) At smaller angles the polarization falls rapidly and reaches —0.02 + 0.09 at 6=11.6°. In view of 


the possibility of systematic errors and the large errors associated with the measurements at small an- 
gles, one cannot vouch for the validity of this change in sign of the polarization. 

Earlier studies of the angular distribution of the polarization in p—p scattering have been carried out 
in the energy regions 130 — 439 Mev.” —1™* Figure 2 shows, for comparison, the results obtained at 170, 
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315, and 415 Mev. It is seen that increasing the energy from 415 to 635 
Mev does not lead to any further increase in polarization outside of ex- 
perimental errors. 

The fact that the angular distribution of the polarization in p—p scat- 
tering does not change significantly as the energy is increased by 200 
Mev appears to be a very significant point concerning the p—p interac- 
tion, especially if it is kept in mind that in the same energy interval the 
angular distribution of the p—p scattering changes from an isotropic one 
to a distribution concentrated at small angles. 


4, ELASTIC SCATTERING OF UNPOLARIZED PROTONS 
BY PROTONS AT 657 MEV 


The differential cross-section 09(6) of the elastic p—p scattering con- 
sists of three terms 
Sy (0) = c4,(9) Ge 


Jira (0); (3) 


corresponding to the cross-section for nuclear scattering, for Coulomb 


scattering, and for interference between the two, respectively. In the 
same way one can write for 0)(9) P(@): 


20 (4) P(¥) ron oP y is GcP¢ a9 (OP )int* (4) 


In order to examine the question of the angular dependence of o)(@) P(@), it is necessary to know the 
ower limit of the angular range in which only nuclear processes play an important role. In the present 


| *We are indebted to Prof. A. Roberts (Univ. of Rochester ) for sending to our laboratory a manuscript 
d results of experiments on polarization in p—p scattering at 130, 170, and 210 Mev. 
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study, use was made of data on the differential cross-section of scattering of unpolarized protons by pro- 
tons obtained in our laboratory at 657 Mev. These data are presented in Table II and Fig. 3, together with 
their statistical errors. The total elastic p—p scattering cross-section at 657 Mev is (24.7 + 1.0) x 10 at 
em?.1 

In the case of isotropic nuclear (p—p) scattering in the c.m.s., evidence concerning the character of 
the interference of the amplitudes of the Coulomb and nuclear scattering is obtained from a comparison 
re eee of observations at small angles of p—p scattering with the sum of the 
ai aaraacter ad Coulomb and isotropic nuclear scattering. In this way it has been estab- 
20 lished that at 170 and 260 Mev,’® and likewise at 330 Mev,” the interfer- 

| ence between Coulomb and nuclear scattering has a destructive character 
For protons having an energy of 330 Mev, Coulomb scattering produces 
effects at angles of scattering less than 20°. 

In view of the strong anisotropy of the p—p scattering at 657 Mev, we 
had to extrapolate the measurements of 0y(@) to sufficiently small an- 
gles in the forward direction in order to evaluate the Coulomb effects. _ 
This extrapolation was made using the optical model of p—p scatter- | 


ing,2? — 22 according to which: 


oy (0) ~ | Ji (RR sin 8) /kRsin 6 ?, (5), 


where J, is the Bessel function of the first order, R= (o,/2n 1/2, k 
= (ME/2h? 1/2, and M and E are the mass of the proton and its energy 
in the laboratory system. At 657 Mev the total cross-section o; is abou: | 
0 0 20 0 0 530 60 0 0 9 41 x 102” cm?,?3 so that KR = 2.28. The determination of the proportion- 
0°(c.ms.) ality constant in Eq. (5) was carried out by a least squares fit to the ex~. 
FIG. 3. Dependence of the perimental data in the range 20 < 6=90°. The solid curve of Fig.3 
cross-section for elastic p—p _ shows the angular distribution given by Eq. (5). The extent to which the 
scattering at 657 Mev on the calculated curve represents the experimental data in the angular region 
angle of scattering from the considered is shown by the fact that the Gaussian mean square relative 
following sources: @—Ref. deviation of the calculated points from the experimental ones comes out 
10, O—Ref. 8, M—average of to be ~ 0.05. The dashed curve in Fig. 3 gives the sum of the nuclear 
results from (8) and (9); the scattering, given by Eq. (5), and the cross-section for purely Coulomb 


solid curve corresponds to scattering, 0¢(@). The latter was calculated by Mott’s formula: 
formula (5); the dashed curve 
gives the sum dy(0) + o¢(8); ea oyeas Hele sin? © 4 cost © — sine? © cos? 2 cos (24 In tan ©), 6 
the dot-dashed curve has been ? (3) 3 - 4 P , 7)| (% 
drawn through the points vis- where, following Breit,”4 
ually. 

pote uae e? E 16. E jz 

1=(ae)('+ me) lmer 2+ oe) (7) 


From Fig. 3 it is seen that the total cross-section obtained in this way oy (9) + o¢(@) is somewhat 
less than the corresponding experimental values, o9(6), in the interval 5 <6@=15°. This would mean, if! 
the method used to determine the nuclear p—p scattering in the region of small angles is valid,* that the | 
interference term in Eq. (3) is positive at 657 Mev. The accuracy of this procedure for determining 
Gint(@) is not large, and for this reasion it is impossible to exclude the possibility that Tint (9) = 02 To 
the extent that the real part of the amplitude of the Coulomb scattering is repulsive and significantly 
greater than the imaginary part, then if int (9) > 0, the real part of the amplitude of the nuclear scatter: 
ing in the forward direction must also be repulsive. The imaginary part of the amplitude of the forward 
nuclear scattering must be positive and equal to ko; /4n. 


| 
| 


5. ANGULAR DEPENDENCE OF o)(6)P(@) 


From the analysis of the angular dependence of the asymmetric part of the p—p scattering cross-sec— 
tion, 0)(9)P(@), it is possible to get some evidence concerning the highest orbital angular momentum 


*Recently Rarita”® has brought forth arguments against the use of the optical model of p—p scattering: 
at an energy of about one Bev. 
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contributing #0 the scattering. We start from the statement of Wolfenstein”® that if the scattering is de- 
termined by interactions in states of angular momentum up to Lyjax, then 


N 
7o(4)P (!)=sin 0 cos 6 Dyas, cos?” 4, (8) 
n=0 
where N = Lmax — 1 for odd L, and N= Lmax — 2 for even L. In the calculation of a9(6)P(@), the 
values of 09(@) for angles for which the measurements of had been carried out were taken from a smooth 
curve drawn visually through the experimental points taking account the probable errors and the angular 
resoltuion (see Fig. 3). On the assumption that the angular distribution of polarization in p—p scattering 
does not change if the energy is raised from 635 to 657 Mev, the values of 
TABLE II. Summary of 09(9)P(@) obtained in this work can be ascribed to an energy of 657 Mev. 


Data on the Differential p—p Figure 4 shows the dependence of 09(6)P(6)/sin@cos@ on cos*6 in 
Scattering Cross-Section at the interval 16.2° = 6 =< 80.5°. Shown also are the limits of error which 
657 Mev have been calculated taking into account all the errors contributing to the 
Tae measurements of 0)(@) and P(@). The data show that the angular distri- 
Geailenng 09 (8) x 10°", Literature bution of 09(@)P (6) definitely differs from sin@cos@. This latter is the 
(cam.s.) | 0™?/Sterad | Source form expected if the polarization arose from the interference only of trip- 
; let P-states. 

ie oer ) A least squares fit was made to the values of 0)(6)P(@)/sin@ cos 0 

Le oe 3 » using even Legendre polynomials. After several attempts with various 

95° Parco: 10 : numbers of polynomials it was found possible to approximate the experi- 

30° 5,58-+0.15 [5] mental data by the function: 

400° 4.78026 > 

50° 3,990.20 > 

80° 3 410.43 dq (8) P (8) = sin 8 cos 8 {(3.20 + 0,08) Po (cos 0) + (3.13 40.29) Py (cos 6) 

70° 2.9440 .12 

sv" 2 20-£0.05 ‘ + (1,20 + 0.32) P, (cos 6) — (0.12 + 0.37) Ps (cos 9)}-10°2? cm2/sterad. (9) 

90° | 2.40 ; » 

90° 2.05+0.07 l*] This expression gives a sufficiently good fit to the experimental data as is 


evidenced by the magnitude of the value of the sum of the least squares 


M = D} {8 [59 (0) P ()]c/ A [oo (8) P (8)]32 


i=1 
(where 6[09(6)P(0@)] is the difference, at an angle 6;, of the calculated value of 0)(@)P(@) from the ex- 
perimental value, and A[ao(@)P(6@)], is the probable error in the determination of 0)(@)P(@) from the 
experimental data for this angle). The value of M is equal to 1.6; the expected value of M, equal to the 
difference between the number of experimental points and the number 


of independent parameters in the approximating function, should equal sialic 
7, The distribution calculated from Eq. (9) is shown in Fig. 4 as a 7 
solid curve. 
That the approximating function contains a term sin @ cos 6 P,4(cos 6), 6 
with a coefficient whose value is several times the probable error, ap- 
_ pears to be definitely established. Thus the results of the present J 
_ measurements indicate the presence of non-vanishing terms up to and ; 
including sin @cos*@ in the expansion of 0)(0)P(@). This means that ie oe i 


central to a considerable extent. 


at the energies in question triplet P- and F-states play a significant 
role in p—p scattering. The calculations of Breit et al.,2" carried out 
taking into account orbital momenta L < 4, indicate that a term of the 2 iG 
form sin 6 cos® 6 can appear in the expansion of 0)(@)P(@) only if in- 
teractions occur in the 3¥,-state. 

The fact that partial waves with angular momenta L = 3 contributed 
strongly to a scattering associated with a large polarization is, by it- 
self, evidence that the p—p interaction in the triplet F-states is non- 


1 


O Gf Gt 3 OF ee G7 08 a 40 
cos 6 
FIG. 4. Dependence of 
0)(9)P(@)/sin@ cos @ on cos?@, 
The solid curve shows the func- 
tion (9). 
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6. CONCERNING POLARIZATION IN QUASI-ELASTIC p—p SCATTERING 


It has been noted earlier!! that the polarization of the protons undergoing quasi-elastic scattering from 
Be at an angle @ = 40° is only a little less than the polarization in free p—p scattering. The results of the 
present experiments indicate that a similar situation exists in a large angular region of scattering. A 
comparison of the data given in Table I and Fig. 7 of Ref. 11 indicates that, in the angular region 27 = 0 
< 90°, the polarization in the quasi-elastic scattering from beryllium is about 85% of the polarization of 
protons scattered in hydrogen. This is incontrast to the situation in the energy region of ~ 300 Mev, where, 
according to Donaldson and Bradner,”8 the quasi-elastic p—p scattering leads to a polarization lower by 
almost a factor of two than does elastic scattering. 

These results indicate definitely that raising the energy from 300 to 600 Mev washes out, to a large ex- 
tent, the difference between scattering by free protons and by protons bound in nuclei. 


7. CONCLUSIONS 


Experiments determining the asymmetry in the scattering of polarized protons by hydrogen at 635 Mev | 
have established a polarization, which does not differ significantly in either amount or angular distribu- 
tion from the polarization p—p scattering in the region 300 — 400 Mev. | 

If an analysis of the experimental data on p—p scattering at 657 Mev is carried out on the basis of the 
optical model, it is found that the interference between Coulomb and nuclear scattering is not large, the 
small amount leading to a raising of the differential p—p scattering cross-section in the regions 5 = @ =15°. 

The angular distribution of the asymmetric part of the p—p scattering cross-section contains the term 
sin 6 cos®@ which means that triplet F-states contribute significantly to the scattering in the investigated 
energy region. 

No significant difference in the angular distribution or in the amount of polarization is observed at 635 © 
Mev between quasi-elastic p—p scattering in beryllium and elastic p—p scattering. 

The authors express their thanks to R. M. Ryndin and L. M. Soroko for participating in discussions of » 
the results of the present work; to A. S. Kuznetsov for help in the construction of the electronic appara- 
tus; and to L. A. Kuliukin for carrying out a series of calculations. 


Hee Oxley, W. Cartwright, J. Rouvina, Phys. Rev. 93, 806 (1954). 

21L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 

3E. Segre, Physica 22, 1079 (1956). J. Simmons, Phys. Rev. 104, 416 (1956). 

44. Stapp, Bull. Am. Phys. Soc. 29, 8, 19 (1954). 

®V. Vladimirskii and Ia. Smorodinskii, Dokl. Akad. Nauk SSSR 104, 713 (1955 ). 

§ J, Smorodinskii, Proc. CERN Symposium, 2, 148 (1956 ); Puzikov, Ryndin, and Smorodinskii, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 592 (1957), Soviet Phys. JETP 5, 489 (1957). 

TR. Tripp, Phys. Rev. 102, 862 (1956). 

8N. Bogachev and I. Vzorov, Dokl. Akad. Nauk SSSR 99, 931 (1954). 

* Mescheriakov, Neganov, Soroko, and Vzorov, Dokl. Akad. Nauk SSSR 99, 959 (1954). 

nN. Bogachev, Dokl. Akad. Nauk SSSR 108, 806 (1956), Soviet Phys. “Doklady” 1, 361 (1956). 

‘1! Vescheriakov, Nurushev, and Stoletov, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 361 (1956), Soviet 
Phys. JETP 4, 337 (1957). 

2 Chamberlain, Segre, Tripp, Wiegand, and Ypsilantis, Phys. Rev. 93, 1430 (1954); Chamberlain, 
Donaldson, Segre, Tripp, Wiegand, and Ypsilantis, Phys. Rev. 95, 850 (1954); Chamberlain, Pettengill, 
Segre, and Wiegand, Phys. Rev. 95, 1348 (1954). 

7 Marshall, Marshall, and Carvalho, Phys. Rev. 93, 1431 (1954). 

“4 Carvalho, Heiberg, Marshall, and Marshall, Phys. Rev. 94, 1796 (1954). 

® Kane, Stallwood, Sutton, Fields, and Fox, Phys. Rev. 95, 1694 (1954). 

*D. Fischer and J. Baldwin, Phys. Rev. 100, 1445 (1955). 

Ba Uxir, Hafner, Roberts, and Tinlot. Polarization in proton-proton scattering at 130, 170 and 210 
Mev, NYO-7818 (1956). 

489, Chamberlain and J. Garrison, Phys. Rev. 95, 1349 (1954). 

®D, Fischer and G. Goldhaber, Phys. Rev. 95, 1350 (1954). 


0 Ta, Smorodinskii, IIpo6membi coppemenHol tbu3uKH, (Problems of Contemporary Physics) 7, No. 7 
(1954). 


POLARIZATION IN (p—p ) SCATTERING AT 635 MEV 35 


Mei Serber and W. Rarita, Phys. Rev. 99, 629 (1955). 

Ne Batson, L. Riddiford, Proc, Roy. Soc. A237, 175 (1956). 

Be ABE IEDOY Moskalev, and Medved, Dokl. Akad. Nauk SSSR 104, 380 (1955). 
G. Breit, Phys. Rev. 99, 1581 (1955). 

>W. Rarita, Phys. Rev. 104, 221 (1956). 

261. Wolfenstein, Phys. Rev. 75, 1664 (1949), 

- Breit, Ehrman, Saperstein, and Hull, Phys. Rev. 96, 807 (1954). 
R. Donaldson and H. Bradner, Phys. Rev. 99, 892 (1955). 


Translated by A Turkevich 
6 


SOVMLET ‘PHYSICS “JETP. VOLUME 6, NUMBER 1 JANUARY, 1958 


COUPLING BETWEEN INTERMOLECULAR AND INTRAMOLECULAR VIBRATIONS 
IN A CRYSTAL 
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A model of a molecular cyrstal with “semi-rigid” molecules is examined. The conditions for 
separation of intermolecular and intramolecular vibrations are investigated. By way of ex- 
ample a two-dimensional lattice with Cyy symmetry is examined. 


Borw’s theory of crystal lattices gives the most general solution of the problem of propagation of elas- 
tic waves in a crystal. In the case of complex molecular crystals, however, direct application of the the- 
ory leads merely to several very general deductions; hence it is natural to seek approximate models that 
would make it possible to move forward in utilizing the Born theory of crystal lattices. One such model 
for molecular cyrstals consists of separating the molecules as a whole from the lattice; in the first ap- 
proximation the molecules are considered as solids with six degrees of freedom.! Solution of the problem 
formulated in this way made it possible to investigate the propagation of orientational-translational waves 
in the crystal and to determine the conditions for separation of the translational and orientational oscilla- 
tions. In the following approximation the molecules are regarded as “semi-rigid” systems, that is, sys- 
tems for which the magnitude of the intramolecular interactions is much greater than that of the inter- 
molecular ones. In this case the interaction between molecules can be treated as a perturbation. 

The solution should result in free-molecule vibrations that are modulated by lattice vibrations. Aprob- 
lem of this kind has been examined by Davydov,” but was solved only in the general form and primarily 
from the standpoint of energy transfer from the intramolecular vibrations to the lattice vibrations, a 
transfer leading to attenuation of the vibrations and broadening of the absorption bands. 

A more detailed solution of this problem permits an investigation of the interaction between intermo- 
lecular and intramolecular vibrations. 

The present study is devoted to an examination of the coupling between intermolecular and intramolec- 
ular vibrations and the conditions for their separation. We solve only the classical problem through the 
application of group theory. 

1. Let us examine a three-dimensional crystal containing N molecules of S atoms each. The unit 
cell contains v molecules; n is the ordinal number of the cell and n, is the index of the molecule. The 
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potential energy of the interaction of the atoms in the crystal are given by 


U= i. » hee (bee 7)? cos?" hese > Be tee —rh) Cosy’ (1) 


4a fy irs y. 


, yi 
Pips tibo2n Cy cole wa Cn(D 
y) 


vy 


if 
where Po is the displacement vector of the ath atom of the n,th molecule, Re and Anyo y are the coef- 
ficients of elastic interaction of two atoms belonging and not belonging to one and the same molecule, re- 
, , 
spectively, and ee is the angle between the vector hy a= rn! and the line connecting the centers of 


gravity of both atoms in the equilibrium position. This line has an invariable orientation in space; we de- 
note its direction cosines relative to the coordinate axes through a, b and c with appropriate indices. 
Let us separate the displacements of the molecule as a whole; to this end we write 


Thy = Fay + Thy Xa Diy (2) 


where Tn, is displacement of the center of gravity of the nth nei wias On, is the angle of rotation of the 
nyth molecule about its instantaneous axis, Ee is the distance of the a@ atom from the instantaneous axis, 
ae is the relative displacement of atoms a and 8 in the molecule, satisfying the condition 

Mn Slee + Mange is. == {() 


and expressed in the system rigidly connected with the principal axes of the ellipsoid of inertia of the mol-- 
ecule. Here My |, a and My,,g are the masses of the a@ and @ atoms in the nth molecule. 


For small angular oscillations 
On, = On, sh Pn, 75 Ynys 
where ay Pn, and Yn, are the angles of rotation about the principal axes of the inertia ellipsoid. 


In the new coordinates the total energy of the crystal is given by 


Uap SD Mie flta— ta) IX On +n, + Onl 


Ss Ss 
SEE, X55 @ eos aa) ya'e! es my 
eX + ee +9) + > tn, Di cos Gi De (ning »)?, 
5 Nye 
N 
Fl oS 42 i | ; a 
=i Mri laa decent Ile: (mi) (3) 
ny a 
ap 


where My, is the mass of the molecule and Hn, is the reduced mass of the @ and B atoms of the nth 


molecule. 
Writing the Lagrangian and seeking the solution in the form of plane waves 


Xn, — X, exp {i (ot oir, axN=)}, Dax — Oo. exp {i (cot oe AgxNt)}, ie oo = = H?%exp {i (wt = aynx)}, (4)) 


where a is the distance between molecules belonging to one simple lattice, we obtain the determinant: 


| a Myo? A eee IR sith tsy K Sepa O {P Set es 
R433 AXE ORO oe ana aes , 
ee ae ee OU ee gl Bw ee Te ee ec oti Nive te ep ok eG wre A | 
K dip 9” + B N M 
[P LEY. SI 1 PEE 10? 
ra ae eS ae Ie 


where 
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From expressions (3) and (5) we see that the variables do not separate along the dispersion curve; 
consequently, all types of vibrations are coupled with each other. 

The motion of absolutely rigid molecules is determined by the condition 

"= 0, 
i.e., is described by the determinant in the upper left-hand corner (this case was examined earlier in 
mer. 3). 

The movement of atoms inside a fixed molecule, obtained when the motion of the molecule as a whole 
is eliminated is described by the determinant in the lower right hand corner. We see that the intramo- 
lecular frequencies in the crystal are displaced by an amount on the order of the natural frequencies of 
the crystal. Each frequency of the isolated molecule splits and gives rise to v dispersion modes. 

In both intermolecular and intramolecular vibrations there is obtained a determinant of the 3svth order 
in which the nondiagonal terms between the blocks contain linear functions of the coefficients A, i.e., 
quantities of the next lower order compared with terms pertaining to the intramolecular oscillations. So- 
lution of the determinant in general form is impossible. However, the presence of different orders of the 
coefficients indicates than an approximate solution is possible in principle. 

The most direct, although cumbersome, method consists of reducing the secular equation to a polyno- 
mial form, for example, by the method of A. N. Krylov, and then finding the roots by Newton’s method of 
successive approximations. 

The presence of symmetry in the crystal makes it possible to utilize the method of group theory to 
quasi-linearize the determinant that corresponds to the limiting frequencies by introducing geometrically 
symmetrical coordinates. The blocks in the determinant thus obtained correspond to the coordinates of 
the non-separating oscillations. The frequencies associated with the determinant blocks can also be found 
by Newton’s method. 

Separation of the lattice and intermolecular vibrations is possible only for the limiting frequencies in 
special cases of symmetry. It will be seen from the expression for the potential energy that the intramo- 


lecular displacement vectors Ree enter into the vector re with different signs relative to the coordinates 


of the displacement of the center of gravity of the molecules for each atomic pair a and 8B, The same 
thing applies to the rotation vectors 1, x Os This means that these vectors are characterized by identi- 
cal symmetry relative to the coordinates of displacement of the center of gravity and that therefore the 
separation of the translational and intermolecular oscillations for the limiting frequencies occurs for the 
same types of symmetry as the separation of the translational and orientational oscillations. The condi- 
tions for separation of the last have been analyzed in Refs. 1 and 3. 

2. By way of illustrative example let us examine a two-dimensional square lattice containing two di- 
atomic molecules per unit cell (see figure). For it to be possible to determine the limiting frequencies 


corresponding not only to the wave vector T = 0 but also to the vector T = n/a, let us double the number 


of molecules in the cell. 
According to expression (2), the coordinates of the atoms will be 


Xe =1-Non=1 + e/e (—1)* [Sor—13 Kor = Xan + 1/2 (— 1)* Yok; 
Yon—1 = Yor + */2(—1)* Nara Yar = Yor — 1/2 (—1)” or (6) 


(a =1, 2 and k=1, 2). We shall neglect second-order quantities in the projections of the displacements. 
Let us agree to limit our examination to interaction with nearest neighbors: then each molecule will 
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interact only with 8 neighbors and consequently each atom with 14 neighboring atoms. Accordingly, the 
total energy of the unit cell, corresponding to the limiting frequencies, can be written in the form 


U =f [(Y1 — Yo) — (%1 — %2)]® + FI (Y2— Ys) — (2 — x3)]? + f(Y3 — Ya) + (x3 — X4)]® + fF L(Ys — Yi) — (%4 — *1)]? 
LF (mr + te)? + (M2 + 13)? + (M3 + a)? + (Me + )7] + {(%4 — Xa)? + (Ys — Yr)? + 4/a (Ma + Ne)? + 7/4 (hs + %1)") 


4D (x1 — X5)2 +E (Mg — Me)*) Fok (2 + B+ H+ We) +A CL+ M+ 93+ 94) + 7 (B19s + F492) 


4.6 (9,9 + Faq + Oey + D491) +d [(9 — 90) (a + te) + (82 — 92) (Me + is) + (83 — 9a) (a + Ma) + (Pa — 91) (Ma 1 Ma) 
+ d® (9, + 9) (qa + te) + 2 +95) (is + 2) + (Bs +) (a + ta) + Oa + 94) (a + a) (7) 
ALY POE REY EP LOO PS IOS, OS Sh, eee, 
f = eel eae ea 


where f and c are elastic coefficients characterizing, respectively, the translational and orientational 
interaction of the molecule in the x=y direction, W and w are the translational interactions of the mol- 
ecule in the directions x and y, respectively, with sequential and parallel arrange of the molecule, y is 
y the orientational interaction of the molecules arranged parallel, 
A is the orientational interaction of a molecule oscillating in the 
field of the neighboring fixed molecules, k is the elastic coef- 
ficient characterizing the intramolecular interaction, and 
d(A + A)2/2 and d*= Dk are elastic coefficients characterizing — 
the coupling between the intramolecular and intermolecular vibra: 
tions. 
Introducing the small parameter xX = hv, /hry, = rx2/kr?, we — 
see that the energy (7) contains both first order terms \x?/2 ~ xX 
and terms of order one and a half, din ~ x?/?. 

In the given case, in view of the symmetry of the lattice there 
is no coupling between the translational and orientational oscilla- 
tions for the limiting frequencies and, consequently, no coupling 

zt between the translational and intramolecular vibrations. 

The analytic form of the frequencies and the selection rules have been determined by the aid of group 
theory. The given lattice pertains to the symmetry group Cy,. The unit cell comprises 16 degrees of fre 
dom. The normal vibrations of the lattice are characterized by 16 frequencies, belonging to 5 types of os 
cillation; 8 frequencies are degenerate in pairs. 

The frequencies corresponding to the limiting oscillations of equivalent molecules with phases 0 and r; 
and the geometrically symmetrical coordinates corresponding thereto are given by 


@ (0) =2(R+ + 2f)/m, s;= T+ Ne + Ns + Ms a, (0) = 2(k+ w)/m, S82 = (M+ Ne) — (Gs — 11); 
w3(0)=(QA+7+2C)/J, ss =9,+%,+4,+49,; o, (0) = (2A +7%—2C)/J, 5s, = (9; — 9) + (9, — 94); 
5,6 (0) = 4f/J, S35 = (%3 + %1) — (%, + %2), Sg = (Y2 + Ys) — (Ys + 41)3 7,8 (0) = 0, Sy = %y + Xp + Xs +X, 
= : , a) ee Tp) 32 (d — d*/2) So = No — N1 |. 
Sg = 5 Tc) = — 9 
8 = Yt ¥2 +43 t+ Yas ys t ya;  s,10 (7) a (ee Fy a PR cee ny, 
Rey pene 32 (d —d*/2) $31 = 93 — 9) |. 
ES Fe RWS Ara yyim2 ? gs Sel ena 


@y3 (t=) = (8f + 2w)/m, S13 = (Y3 — Y1) — (X4 — Xa); O14 (=) = (38f + 2w)/m, Sia = (Ye Ys) te (rs ea) 
15 (=) = (2F + 2w)/m, S15 = (Ys— yx) + (X42 — Xe); re (*) = (fF + 2w)/m, 515 = (Ya — Yo) + (%3 ="): 


The frequencies 1, 2, 4, 13, 14, 15 and 16 are active in the Raman spectrum; frequencies 5, 6, 9, 10, 
11 and 12 are active in the infrared spectrum. Coupling of the intramolecular vibrations with the orien-- 
tational ones is realized in the oscillations corresponding to the frequencies 9 & 10 and 11 & 12. Thus wi 
see that our examination of atwo-dimensional lattice has fully confirmed the deductions made in our analy; 


Sis of the general case. We plan to carry out the calculation of a three-dimensional lattice for a real crv 
tal. 
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In conclusion the writer desires to express her sincere thanks to Prof. A 


; o 1. Ansel’m for useful dis- 
cussions and constant interest in the work. | 


T +) 
bik I, Ansel’m and N. I. Porfir’eva, J. Exptl. Theoret. Phys. (U.S.S.R.) 19, 438 (1949), 
A, S. Davydov, TeopHa Norsomenua cBeTa B MOJIEKYJIAPHBIX KPHCTaax, (Theory of Light Absorp- 
pon in Molecular Crystals ), Kiev, 1951. 
N.N. Porfir’eva, J, Exptl. Theoret. Phys. (U.S.S.R.) 19, 692 (1949). 


Translated by E. J. Rosen 
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ANGULAR DISTRIBUTIONS OF PHOTOFISSION FRAGMENTS FROM URANIUM 


B. P. BANNIK, N. M. KULIKOVA, L. E. LAZAREVA, and V. A. IAKOVLEV 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor February 7, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 53-55 (July, 1957) 


The angular distributions of photofission fragments from uranium at x-ray energies of 9.4, 
12 and 26.5 Mev were determined using a 30 Mev synchrotron. The anisotropy was found to 
increase sharply with decreasing x-ray energy. The ratios of the anisotropic to the isotropic 
fission yields at the above energies 0.55 + 0.09, 0.13 + 0.05, and 0.05 + 0.04 respectively. 


Tue angular distributions of photofission fragments from uranium were determined with nuclear emul- 
sions. The source of the x-rays was the 30 Mev synchrotron of the Physics Institute of the Academy of 
Sciences, 

Ilford D-1 plates of 100 and 200 thickness were impregnated with a saturated solution of uranyl ace- 
tate and were placed in the x-ray beam at a distance of 1 m from the synchrotron target. The method of 
Belovitskii and Romanova! of impregnation and final development of the emulsions was utilized. By a 
careful timing of the different steps in the processing of the emulsions we succeeded in obtaining clearly 
legible tracks of the fission fragments while the a-tracks were scarcely noticeable. The plates were ir- 

radiated at the following three synchrotron energies: 
TABLE I. Angular distribution of photofission 9.4, 12, and 26.5 Mev. 


fragments from 238 The scanning was performed with MBI-2 micro- 
NIMES city. yt fdracka. ...,, <. scopes with a 60 objective and 5X ocular. In scan- 
Distribution of tracks Mi E h 15° 
Maximum x-ray| v her of (per steradian) ning, all tracks with dip angles greater than 
energy, Emax| tracks Ae PARE es were rejected. For the retained tracks the angles 
) —36° =60 —90° é : 
Mev 180—150° 150—120 | 120—90° between the direction of motion of the fragments and 
: ve the x-ray beam were measured. Since the origin of 
im A ome eld 1.3650. 
a ote ne eae fees a the tracks could not be determined the angles 3 and 
26.5 2507 1$0.04 4.103-0.04 | 1.067F0.04 m — % were indistinguishable and the obtained angu- 


lar distribution is actually [1(3) + I(m —9)]. 

In order to determine the fraction of fissions due to background neutrons some of the uranium-impreg- 
nated plates were placed at the time of the irradiation outside of the x-ray beam. The fissions in these 
plates could be due to the background neutrons which are approximately uniformly distributed around the 
synchrotron, and to scattered y-rays. The scanning of these plates revealed that for all x-ray energies the 
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number of fissions due to neutrons was less than 2—3%. A similar result (less than 1% ) was obtained 
when placing a plate in the beam behind a large lead block at an energy Emax = 12 Mev. 

The results obtained for Emax = 9.4, 12, and 26.5 Mev are given in Table I. The relative yields per 
steradian are given for the indicated angular ranges. In natural uranium the isotope u?8 has an abund- 
ance of 99.28%. Since the cross sections for photofission of the different isotopes of uranium differ only 


ne by a factor 2—3 (Ref. 2) the given data reflect the properties of 

i u238, As can be seen from the table the maximum of the angular 

WW distribution occurs at an angle of 90° to the x-ray beam. The an- 
isotropy decreases sharply with increasing x-ray energy. 

a In general the angular distribution from photonuclear reaction 


has the form 
(9) =a+6(sind+ psind-cosd)?. 


The term with forward-backward asymmetry is due to electric 


Relative yield per steradian. 


{0 dipole—electric quadrupole interference in photon absorption. 
When adding the contributions for $ and (7 — 9) the interference 
IE 15° we PS ?-~«=Ssétterrm disappears. In the present work the following distribution 
v det ined: 
Angular distribution of fission ihe gacbae tar i a ; 
fragments from irradiation with 1(9) +1 (x —9) =a+b-sin?S + csin?9-cos*9. 
iv Ae pees Suc l eye wnax The coefficient a describes the isotropic part in the angular dis- 


tribution and coefficients b and c are connected with dipole and 
quadrupole y-absorption respectively. The ratio of the anisotropic to the isotropic part for all fission 
fragments is given by 2. + arts 
SF oO. 

The angular distributions obtained with Emax = 12 and 26.5 Mev can be represented within errors by 
a+bsin?s. The ratios b/a equal 0.20 + 0.07 and 0.07 + 0.06 respectively. 

The angular distribution for E,,4x = 9.4 Mev is shown in the figure. It indicates both dipole and quad- 
rupole abosrption. A least squares fit yields the following form for 


the distribution TABLE II. Anisotropy coeffi- 
1 +.0.55sin?9 + 1.38sin?9 cos? (6 /a=0.55F0.09; c/a= 1.38 F 0.41). cients for U'? photofission 
Ratio of anisotropiai 
The following relation holds for the coefficients: c/b = 5 Ofq/ Ofq and isotropic fissic 
where of, and o¢g are the cross sections for fission from absorption ee b/a Bg wie 
of electric quadrupole and dipole radiation respectively. The angu- 4 (gees 


lar distribution for Emax = 9.4 Mev yields c/5b = 0.50 0.14. A 


large contribution from quadrupole absorption at energies below 10 ee ees ie ae 
Mev is to be expected due to the suppression of dipole transitions in 26.5 0.07£0.06 0,050.04 


this energy region as pointed out by Migdal.® 

The coefficients of the angular distributions for the three x-ray energies are collected in Table I. 

Angular distributions of photofission fragments have also been obtained by Winhold and Halpern.’ This 
work has been performed with a linear accelerator counting the B-activities of the fission fragments. 
They measured the ratio of the yield of fission fragments emitted parallel and normal to the x-ray beam 
at several electron energies between 6.5 and 14 Mev. Assuming that the angular distribution has the form! 
act bsin?$, one can obtain ratios a/b that agree within errors with the values of Table II of the present 
paper. 

The scanning of the plates explored at Emax = 26.5 Mev was performed by the Scanning Group of the 
International Joint Institute for Nuclear Research under the direction of M. I. Podgoretskii. The authors 
express their deep gratitude to the scanning group and to M. I. Podgoretskii. 


'G, E. Belovitskii and T. A. Romanova, Report, Phys. Inst. Acad. Sci. U.S.S.R. (1951). 
?1. V. Chivilo, Thesis, Phys. Inst. Acad. Sci. U.S.S.R. (1951). 
°A. B. Migdal, J. Exptl. Theoret. Phys. (U.S.S.R.) 15, 81 (1945). 
*E. J. Winhold and I. Halpern, Phys. Rev 103, 990 (1956). 
Translated by M. Danos 
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INCONSISTENCY BETWEEN THE THEORETICAL AND EXPERIMENTAL DELTA- 
SHOWER FREQUENCIES AT HIGH ENERGIES 


P.S. CHIKIN 
Moscow State University 
Submitted to JETP editor September 10, 1956; resubmitted January 3, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 56-58 (July, 1957) 


Experimental data on the frequency of high-energy 5-electron production are tabulated. Cal- 
culation of the frequency of small underground ionization bursts is carried out. All the data 
point to agontradiction between theory and experiment at energies = 5 X 108 ey. 


A hypothesis that the finite dimensions of the structure of the electric charge may manifest themselves 
in electromagnetic interactions at very high energies has been proposed and substantiated in a series of 
articles.! In connection with this, we have studied the currently available experimental data on 6-electron 

_ production by cosmic-ray y.-mesons in order to find out whether a systematic inconsistency exists be- 
tween the experiment and the predictions of the present-day theory which assumes an elementary electric 
point charge. 

The results of interest to us, obtained in experiments in which the energy of 6-electrons was directly 
measured, are given in Table I. The theoretically expected number of 6-electrons is given in the second 
column, the experimentally obtained number and the purely statistical error of the measurement in the 

third. In addition, the probability P; of deviation of 


TABLE I. Summary of experimental data the experimental result from the theory (estimated 
by means of the error integral) is given in the fourth 
Kinergy of secondary particles (Mev) Nea Nexp. | Pi column of the table. 


It can be seen that deviations of ~ 50 percent 
(towards higher values ) exist both in the work of 


Walker2 6-process 


Series A: E; > 100 25 3946.3 | 0.04 Walker’ carried out at sea level with a cloud cham- 
E,> 200 10.3) 1744.4 | 0.10 ber and in that of Kannagara et al.,? who used photo- 

ce Be sae ie ease oe graphic emulsions at the depth of 60 meters water 

Kannagara AORD , equivalent (m.w.e.). If we also take into the account 

Be i00 92.5*| 27.545.2 | 0.35 that the same situation exists for the processes of 

E,> 200 10* 1443.8 | 0.28 pair and trident production’ we can maintain that 

Pair Ep, => 100 16 2344.8 | 0.23 either a systematic discrepancy exists between the 

production: | £.2> 200 8.5 | 18.544,3 | 0.03 theoretical and experimental results or that a highly 

Becgent teoduction: Ha-120 AES eon IN WS improbable chance coherence of the results of sev- 


eral experiments has occurred. 

A numerical-graphical computation of the fre- 
quency of ionization chamber bursts at the depth of 
Mev. 60 m.w.e. in the conditions of the experiment of 
George and Trent! was carried out by us in view of the conclusion reached by the authors about an agree- 
ment of theory and experiment, contradicting the data of Table I. The computation was carried out fol- 
lowing formula (31.2) of Belen’ kii’s book.®> The transition effect for electron-photon cascades develop- 
ing in lead before attaining their maximum and then passing through the 12 mm thick aluminum walls of 
the ionization chamber, which decreases the number of particles in a shower by a factor of 2.5, was taken 


into account. 
The vertical differential spectrum of y-mesons at the depth of 60 m.w.e. was taken, following Refs. 3, 


4, and 6, in the form 


* Theoretical curve renormalized to the num- 
ber of 6-electrons with energies between 100 and 


S(W)dW = 2-107 (W + 1.3-10%)?aW particles/cm?: sec: sterad: ev. 


Normalization of the spectrum was carried out according to the data of Owen and Wilson! at the point 
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W = 10! ey accounting for ionization losses (from sea level to the given depth) amounting to 1.4 x 10” ey 
Angular distribution of y-mesons was assumed as ~ cos? 6.°8 The assumed normalization and angular dis 
tribution yield a total flux of p-mesons smaller by ~ 15% than the value accepted in Refs. 3 and 9. Only 
the processes of production of 6-electrons and radiative photons were taken into the account in the calcu- 
lation, and the cross-sections for these processes, following Rossi,!° were taken for y-mesons with mass 
M = 209 and spin nee The process of direct electron pair production by p-mesons was disregarded; its 
contribution was found to be negligible (cf. Ref. 11). The intermediate result of the calcuations, in the 
form of 6-electron and radiative-photon spectra, is given in Table II. 

The final theoretical result for the frequency of ionization bursts produced by showers with the number 
of particles in a burst n = 20, in the conditions of Ref. 4, is B = 0.14 bursts/hour, while the experiment 
yields the value B = 0.54 bursts/hour. The calculation shows that 6-electrons and radiative photons yield 

similar contributions to the frequency of bursts, the, energy of these pri- 
TABLE II. Calculated ver- maries being = 4.5 X 10° ev. The contribution of nuclear disintegrations 
tical differential spectrum induced by p-mesons is not greater than 0.01 bursts/hour, according to 
of 6-electrons and radiative George and Trent’s‘ and our estimates. The discrepancy between our 


photons produced by p-me- theoretical result and that of Ref. 4 is mainly due to our accounting for the 
sons in lead at the depth of transition effect: since this effect decreases the number of particles in a | 
60 m.w.e. (57° N) (parti- shower by a factor of 2.5 and since the slope of the experimental curve o7 
cles/cm?: sec: sterad: ev) ionization-burst frequency vs. the number of particles ina burst hasa 
— Se 0 a a8 Fe power: exponent 1.6 410.2, thesresultsiwitlidifiershy (2.53 pw 4.3 
By E_(ev) N. N, If we calculate, according to formula (29.21) and Table XVII of Belene 
kii’s book and with normalization of the ~-meson spectrum following 
Owen and Wilson,’ the frequency of ionization bursts with number of parti- 
stm | goto | 44 toa eles n = 25 (Eg = 2 X 10° ev) in the conditions of Ref. 12 where the fre- 
pak totes | Sov teas quency of bursts was measured at sea level in a spherical chamber 
1020 4.5-40- | 2.2 .40-29 shielded with lead, we shall obtain an analogous discrepancy between the 
nae aes ae ane theory and experiment: Btheor = 17-bursts/hour, Bexp = 4—5 bursts/ho 
10m 2,4-10-*2 | 4,3 -10-%? Further theoretical and experimental investigations are necessary to dis- 


close the causes of this systematic inconsistency between the theoreticai 
frequency of 6-showers and the experimental results at Es 2 10° ev. 

It is interesting to note the following: 6-electrons of ~1 Bevare efficiently produced by u-mesons of 
~ 10 Bev. The estimate of the minimum impact parameter r between an electron and a p-meson of ~ li 
Bev in a head-on collision yields 


C= V2nCE.,: 7S 0S em, 


It follows that the cross-section for the production of 6-electrons of ~ 1 Bev is roughly zr” »w 6 x 10-™ 
2. At energies = 4.5 Bev the experiment yields a cross-section a few times larger (see above ) than 

that predicted by theory and does not contradict the assumption that the value of the cross-section remain 
constant above ~ 1 Bev. The y-meson—nucleon interaction cross section,is of the same value (cf. Ref. 9| 
which, as it was shown by Fowler," is also larger than the theoretical. It is possible that the finite strucd 
ture of the electric charge, of dimension ~ 10-1 cm, manifests itself in the numerical equality of both 
cross-sections and their common discrepancy with the theoretical values, the cross-sections reaching in| 
both cases their minimal “geometrical” value!? determined by the new forces of such a structure. 


cm 
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NONLINEAR MESON FIELD EQUATIONS 


A. A. BORGARDT 
Dnepropetrovsk State University 
Submitted to JETP editor October 27, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 60-66 (July, 1957) 


All possible variants of pseudoscalar mesodynamics with third-order self-action are con- 
sidered. Asymptotic expressions are obtained for the nonrelativistic potentials of point nu- 
cleons. Studies are also made of the solutions of the resulting nonlinear equations that cor- 
respond to plane waves, and of the question of the definite character of the energy density. 


i Tue introduction of nonrenormalizable nonlinear equations into the quantum field theory seems to be the 
only promising way of overcoming a number of difficulties in the present mesodynamics and meson theory 
of nuclear forces. The different values of the coupling constant g*/fic obtained from various experiments 

on the interaction of nucleons give a quite definite indication that the interaction of nucleons is a nonlinear 

one, and that the value of the coupling constant is always an effective value depending on the nature of the 
experiment. Also it is hardly possible to give a convincing explanation of the fact of the saturation of nu- 
clear forces outside the framework of a nonlinear theory. 

In the present paper we consider nonlinearities in the equations of the meson field in the form of terms 
of third order with respect to gy. Out of all possible forms of such self-action, that of the type Ay, and 

: the associated Schiff equation! ~ ° 


(Co? — ky —)9?) 9 = 0. 


) 


have been studied in more or less detail. 
1 Here consideration is given to all possible variants of pseudoscalar mesodynamics with third-order 
_self-action. Asymptotic expressions are obtained for the nonrelativistic potentials of point nucleons for 
| the various types of self-action. They all show the presence of movable singularities for a definite sign 
‘of X. The conditions for saturation are examined in connection with the sign of A. Studies are also made 
of the wave solutions of the nonlinear equations that correspond to plane waves, and of the question of the 


_definiteness of the energy density. 
f 
1, GENERAL RELATIONS 


The initial assumptions adopted are as follows: . 
(1) General covariance of all equations in the four-dimensional space; (2) conservation of energy and 


momentum in the free field; (3) the possibility of the passage to the limit ky ~ 0 for arbitrary nonlinear- 
ities without the appearance of additional divergences. 
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The first-order* Lagrangian most convenient for our purposes is taken in the form 


L® = w(9* (8,0/0xy + Ro) + (A/2) O*B'Y- Y°B"Y), (1.49 

where 
BuByBe + BoBBy — b,vbo — 8, = 0, (1.2) 
pre OR, RSet (1.3) 


The matrix w is either a complete (in the case of a separable mixture of fields) or a contracted (in the 
case of a pure field) undor of the second rank.° 

From postulate (1) it follows obviously that y%p’W x W*p”y is an invariant contraction of the operators 
gp’ and p” belonging to the complete Kemmer group Gj9¢, and also that these two matrices can differ only 
by diagonal factors belonging to the commutative subgroup of Gig. These latter, again from the require- 


ment of covariance, must be expressible in terms of the restricted basis I, Rs (Rs = [[ Ry)° 
B=1 
Bieedeues Cee, (1.4) 
Re == al al. BR RY ae al te Ook. (1.5 ) 


The variation in L'’) to obtain the field equations is carried out independently with respect to the po- 
tentials and the intensities, 


YD = (1/2ko) (J — Rs), 90D = (1/2) 1 + Ro) 9, (1.6) 


and therefore requires precise specification of the commutative properties of B with respect to the sepa- — 
ration operators. The possible cases are 


(A) F£Rs)BUFRs)=90, (B) FER )BU ERs) = 0. 


In case (A) the operator B is diagonal in the space pO)y @) , but not so in case (B). 
It is now easy to obtain the field equations for the cases (A) and (B) from the Lagrangian (1.1). 


2. ON THE METHOD OF MERGING THE FIELDS 


The problem of merging two spinor fields with nonlinear self-action is very elementary, so that we co 
fine ourselves to some brief remarks. 

The order of the self-action is lowered by the merging. If the order of the self-action in the spinor 
equations is n, then the order of the self-action in the boson equations obtained by merging them in pairs 
is simply (n + 1)/2. 

The merging of Dirac fields with third-order self-action gives the general result 


B,00/Ax, kod + A,SUTR'D + A,S8,0*R'B,Y + A, S[B,8)] 0*R’” [8,8] > + (WL) = 0, (2.11 


where ( NL) denotes nonlinear terms formed from those stated by a Larmor transformation, and 


4 


Seai(y2)) s/he Ciara) 


Bal 
is a scalar projection operator. The total number of constants A is fixed by the choice of the original nori 
linearity. 

An essential point is that in a pure pseudoscalar field a quadratic self-action is impossible, and the 
ps-field obtained by the merging of Dirac fields with self-action of the type Ae is linear. A paper by 
Heisenberg” has proposed for the universal description of quantum fields the nonlinear spinor equation 


1,00/Ox, + Lvd*d = 0. (2.2 


In addition to the serious criticism of this theory, given by Kita,® it must be remarked that the mergin 
of such fields does not give the needed result for meson fields for the following reasons: 

1) There is no term in ky, and the connection between the intensities and the potentials in the meson. 
equations depends on i; also the field intensity diverges for A 0. Thus the entire scheme does not con- 
form to the correspondence principle. 
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2) The second-order self-action obtained by the merging gives nonlinear corrections in static fields 
with central symmetry only for the practically uninteresting case of scalar fields. 


3. PSEUDOSCALAR FIELDS 


The pseudoscalar theory is obviously of the greatest interest for practical purposes, both because of 
the pseudoscalar nature of t-mesons and because for this type the linear approximation gives the least bad 
results. 

Let us consider the different operators 8 in the nonlinear terms of the wave equations of a ps field with 
self-action of the third order. For such fields the densities with B=[ By By |] and 6 = 656, are in general 
equal to zero. 


The self-action with B = { ByBy} refers to a type of weak gravitational self-actions, and we shall not con- 
sider it. There remain the cases 


(A) B=/, Rs, (3.1) 
(B) B=B,, RsBu. (3.2) 


For the R-operators we confine ourselves to the simplest types (the other possibilities are equivalent 
to pairwise combinations of the nonlinearities obtained below, with the introduction of two constants Ay and 
rg ys 


ee BRR Ie a (3.3) 
Dea Reade” =a (2) IR,), (3-4) 
3. R’ =R" = (1/2)(I—R;), (3.5) 
4, R’=(1/2)(1 2 R,), -R" = (1/2) F R,). (3.6) 


Cases A, and A, lead to extremely complicated equations; in the static approximation they are equiva- 
lent and give oscillating potentials with movable singularities. These equations will not be considered in 
what follows. The remaining cases give the following equations for real fields (besides the wave equa- 
tions we give the expressions for the corresponding energy-momentum tensors, which are needed in what 
follows; the question of the derivation of these equations will not be considered owing to lack of space ): 


lie (Eo? — kh) o — do? = 0 (Az) (3.7) 

TE? = Tito + (o/2) Buvo? (1 ++ 49/2). (3.8) 

II. (CP — hp) 9 — de (g/Ox,)? = 0 (Bs) (3.9) 

Thy? = (Testo, + (o/2) Boy (exp (29?) — 1)) exp (—he?). : (3.10) 

I. (C2 — AB (1 + 29?)) 9 — 9 (9/0x,)?/(1 +29") = 0 (Aa, Bi, Bs) (3.11) 

Poy = (Taso) — (00/20) Oy (1 = R94) /(1 =P G2). (3.12) 

IV. (C2 — ke (1 + ho*)) o — 2ho (09/0x,)?/((1 + ho?) =0 (B), (3213) 

TINE) (Te) + (Ra/2K) Suv. (L + 2e?)? In (1 + 29%))/(1 + Xo)? (3.14) 
Here 

T into) = — (09/0X.) (09/02) + a8 nv (09/0%x2)?, (3.15) 

o = (1/2) —R;)¥, OF = ORy. (3.16) 


4, STATIC SOLUTIONS? 


For A > 0 Schiff’s equation has the asymptotic solution” 


@ (x) & g/x In (x/Xx9), (4.1) 


where 
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(4.2) 


Satie 
Xo = Bh", 


In the limit ky — 0, corresponding to |x| — 0 (more precisely, |x| « ky‘), Eqs. II to IV take the form 
9—)—F (2) =0, 9 =de/de,, ea) 
where 
V9, (x) = 0. 
Generally speaking, one must take a dipole solution 


©, (XK — Xo) =f (¢, X — Xp) /|X —Xo |, 


providing directional and noncentral forces between the singularities of the field. 
Integration of Eq. (4.3) (under the condition g(x) — 0 for |x| — ©) leads to a general solution of the 


form: 


(X) E 
\ d: exp(—2\ F@) | = 9, (x). (4.4) 
0 
This solution can be applied with regard to y(x) only in cases III and IV: 
9(X) 
\ dé exp (— 22/2) = 9, (x) (I), (4.5) 
0 
(x) = sin (h"9,) (II), (4.6) 
g (x) =~ "*tan(h*9,) (IV), (4.7) 7 


When the sign of \ is changed, hyperbolic functions appear in Eqs. (4.6) and (4.7). All three of these 
solutions are extremely interesting because of the presence of the movable singular point Bale Xo ~ al/2 
for 4 >0. In case II the potential diverges for |x| — x) and is simply nonexistent for |x| < x9. In case ITI © 
the potential is everywhere finite and for |x| < xp oscillates between the values + r 1/2; the frequency of 
the oscillations becomes infinite for |x| — 0. Analagous oscillations, but of a discontinuous nature, occur 
in case IV. For A < 0 the potentials (4.5) and (4.6) diverge monotonically and relatively weakly at the or- 
igin, and the potential (4.7) is finite at the origin and equal to nat/2. 

Saturation in heavy nuclei is provided by those potentials for which 


9 (ne,) <n (¢,); (4.8) 
this condition being satisfied by the various cases as follows: 
l=—=for A> 0,- Jl for \=c 0, ii for-t da Ie =O Ka. 


It must be noted that the existence of the potential of a charge in a nonlinear theory does not make it 
possible to obtain from it the potential of a dipole by differentiating; this approach is based on the princi- 
ple of superposition and is not admissible in a nonlinear theory. Cap‘! obtained erroneous results just for 
this reason. 


5. WAVE SOLUTIONS 


Let us study the solutions of the wave equations I—IV that depend on a phase yg = g(@) with a constant 
wave vector ky 


0 (xX, ¢) = Byty = ot 4 kx. (5.1) 
Ri = — ho. (5.2) 
For A — 0 such solutions go over into ordinary linear plane waves. For convenience in the discussion 
we introduce the amplitude gy» explicitly and go over everywhere to dimensionless quantities € = g/g and, 
according to circumstances, A = A(~o/ky * or Ny = Aye. We shall carry out the study in the phase plane 
(n, &), where n = dé /dé. 
Then the following results are obtained. 
I. For this case the equation of the phase contours is 


4 


| 
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be (1+ 2/2) =C. | ee 
a) 4 > 0. There is one singular point of the type of a center, at n = € = 0; to it there corresponds the 
value Cy = 0. The process is always periodic. The solution reduces to the elliptic integral 


(1 <b) LF (@, &) =—0 (x) +407, (5.4) 
where 


@M =arc cos (9/99), &2 =i 2 (1+2). (5.5) 


b) X <0. There are three singular points, n = £ = 0 and n = 0, &) = + 71/2 — 4 center and two saddle- 
points. The equation of the separatrix passing through the saddle-points (cf. Fig. 1, A) is 


4? — (1/5) (1 — de?) == () (5.6) 
Wave processes are possible only for 
MKS CS, (Der) 
The solution is again obtained in the form of an elliptic integral 


(1-7/2), R(@, k) 8) C, (5.8) 


where 
D =arcsin(0/o), & =)/2 (1 —2/2). (5.9) 


The process is periodic only under the condition } =1or @ = ky/21/2, The energy density € is not 
positive definite; € < 0 in the region of aperiodic motions for large é. 
Il. The equation of the phase contours is 


4? — Cexp (dof?) = AQ’. (5.10 ) 


a) A> 0. There is a singular point of the center type, n = € =0 (Cy = — ron: and a separatrix at Cjim 
= 0, with the equation n = hee Beyond the separatrix C > 0 and the motions are aperiodic (cf. Fig. 1, B). 
The general form of the solution (for arbitrary i) is 
(de (Cexp (Qi?) +52)” =O) +E. (5.11) 
6 


To the separatrix there corresponds a solution of the form 
o(x) = 2 Oa) + Ce (5.12) 


The asymptotic solutions for } > 0 and C > 0 reduce to Kramp 
functions. 

b) A <0. The center remains and the separatrix disappears. 
All motions are periodic. For any sign of A the energy density 
remains positive definite in the entire phase plane (n, €) [cf. 
Eq. (3.10) ]. 

Ill. The equation of the phase contours is 


FIG. 1 


Oe (ee) Lae ahs) = 0% (ot) 


a) X > 0. There is a center at 7 = £ =0. All the phase contours are closed. The general solution is 
(l+ ho) "F(@®, 2) = —8(X) +0, (5.14) 


where 
@ = arc cos (9/%), he =) (1 =X). 


The energy density is positive definite inside a finite region which contracts to the center for c|k|/w 


— oo 
° 


b) A < 0. Two new singular points appear at n = 0, & =+ no 1/2, through which there passes a separa- 
trix (Clim = — 1/A9) (cf. Fig 2, A) 
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a4? — (I /ho) (1 — hob?) = 0. (5.15) 


The energy density is always positive definite in the region of the 
oscillatory processes. 
IV. The equation of the phase contours is 
42 — (C — (1/ho) In (1 + 4o3?)) (1 4-37)? = 0. (5.16) 


a) A> 0. There is a center at =& = 0 (Cy = 0). All the phase 
curves are closed. €& >0 everywhere. , 

b) A < 0. In this case no points with |¢| = 1/X exist in the plane 
(n, &). Inside the allowed region (cf. Fig 2, B) all the curves are 
closed and € >0. 


APPENDIX 


1. The conversion of the original matrix wave equation into an ordinary second-order differential equa- 
tion requires the use of projection operators constructed from the reflection matrices of the Kemmer al- # 
gebra.'?»!3 The well known contractions are given by the following method. Let us consider the wave solu- — 
tions of the nonlinear equation 


B,0%/Ox, ar ky =e AR Baas 4 Oi Roa ee) = 0, (A.1) 
b= (0), O(x) = kar, (A.2) 


The wave function can be put in this case in the form 


D (x) = Ro (21 (9) + (Bahr/Ro) Po (8) (A.3). 
Y (x) = haa’ Rs (1 (9) — (Bakn/Ro) Yo (9))- (A4) 
In the case of the s or ps field the constant undor a is simply given by 
@ = (1/2) — RB) Ee, (A.5) 


and in the case of a vector or pseudovector field it is 


a = (1/16) (I —R;) Sy (1 + R;/Ry) (2 + M,) E, (A.6) 


where E is the unit undor, M, = ); R,,, and Sy is an operator specifying the spin state of the wave. 


Using this, we find that Wes po 
TRB yw = RO (Apa, v Pi — (Ra/o) Ap,.nivaa'b2 — (Rxho/h) Au,...,vro¥2)s (A.7) | 
where 
Avuny = OR R'By,....v8s (AsH]| 
Au jnovn = ORgR"B,,..-, vB, (A.9) 
Augie = ORIR Ble. 58:Be0- (A.10) 


are constant tensors. 

The simplest example is that of a pseudoscalar wave in a field with By py = I and R’ = R”= 
(14k) )(1 — Rs); here, setting the diagonal and off-diagonal parts of Eq. ( A.1) separately equal to zero, 
we get the system (with y = dy/dé) 

bo + 4, + ADT =0, (A.11) | 
bi — $ =0, (A.12); 
equivalent to Schiff’s equation.! 
To obtain static solutions possessing spherical symmetry, we apply the substitution 


} (x) = (Rots (x) — (B, x°) be (x)) @, (A.13)) 
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'B* (x) = a" Ry (ho"s (x) + (B, X°) Yo (x). (A.14) 
The quantity a is taken in the form (A.5 ), or, in the case of a v or pv field, in the form (A.6) with 
S = 0, Sy = 1, and so on. 
The complete picutre of the interaction of nonlinear meson waves with a singularity in the meson field 


—a nucleon —is extremely complicated and requires special investigation. We therefore confine ourselves 
to a remark regarding the specifically nonlinear scattering of a meson by a nucleon. Let the solution of 


the nonlinear equation 
PO¥/Ax, + ko + AR’BY-YER'BY =0 (A.15) 


pe a Jie of the following form [we refrain as a matter of principle from the introduction of any sort of 
interaction terms into the nonlinear theory; both the nucleon itself and the wave incident on it are already 
contained in Eq. (A.15) ] 


Y (x) = Yo (x) + ¥’ (x) exp (—iot), (A.16) 
where W(x) is a solution of the static equation 
B, Vi¥> + Roo + AR'PYo R’BYy = 0. (A.17) 
Assuming py’ « yo, we get for the determination of y’ in the first approximation the linear equation 
B, VY! + (Ro — Pacr/c) Y” + 2R'BY’-YER"Bby + AR’BYo (VERRY! + YYR’BYo) = 0. (A.18) 
Proceeding further to choose w’ in the form 
)’ (x) = a exp (ikx) + ” (x) (A.19) 


and solving the resulting equation for y’, one can convince oneself that yw” is spherically symmetric at 
large distances, and the nonlinear scattering is almost always isotropic. 

The second-order equation for a weak meson wave colliding with a nucleon at rest can in many cases 
be reduced to the form 


(72 — &) § — (n? (x)/c2) a2 /at? = 0, (A.20) 


where n— 1 fora — 0. 

This equation contains a curious effect of the nonlinear capture of rays falling on the source with im- 
pact parameter smaller than a certain value Igy. In this process the rays wind up spirally around the 
singularity of the field. 


11. Schiff, Phys. Rev. 84, 1 (1951). 

2B. Malenka, Phys. Rev. 85, 686 (1952). 

3R. Fornaguera, Nuovo cimento 1, 132 (1955). 

4F. Belinfante, Phys. Rev. 74, 779 (1948). 

5¥. Belinfante, Physica 6, 849 (1939). 

8A. A. Borgardt, J. Exptl. Theoret. Phys. (U.S.S.R.) 24, 24 (1953). 

Tw. Heisenberg, Zeitschr. f. Naturforsch. 9A, 292 (1954). 

8H. Kita, Prog. Theor. Phys. 15, 83 (1956). 

9A. A. Borgardt, Dokl. Akad. Nauk SSSR 110, 42 (1956), Soviet Phys. “Doklady” 1, 524 (1957). 
107, Jaichnitsyn, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 1082 (1956), Soviet Phys. JETP 4, 925 (1957). 
11%. Cap, Phys. Rev. 95, 287 (1954). 

12.4. A, Borgardt, J. Exptl. Theoret. Phys. (U.S.S.R.) 24, 284 (1953). 

137, Lujiwara, Prog. Theor. Phys. 10, 589 (1953). 


Translated by W. H. Furry 
10 


SOVIET PHYSICS JEPP VOLUME 6, NUMBER 1 JANUARY, 1958 


INTERACTION BETWEEN GRAVITATIONAL-CAPILLARY AND MAGNETOHYDRODYNAMIC 
WAVES 


M. F. SHIROKOV 
Moscow Aviation Institute 
Submitted to JETP editor November 13, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 67-71 (July, 1957) 
The uniqueness theorem is proved for the solutions of the hydrodynamic equations for an in- 
compressible strongly conducting ideal liquid. Walen’s exact solution for the case in which 
gravitational and capillary forces act on the liquid is shown to be valid. Relations for the sta- 
bility conditions, penetration depth etc. are derived for potential and vortex harmonic waves. 
In the case of potential motion of the liquid the current density in the surface layer is found to 
be exactly zero. 


M acnetonypRopyNamIc waves are described by the system of equations 


odv/dt = —V(p+U)+jxB/c; curlH=4rj/c, Op/Ot + div(ev) = 0; curlE = —OB/cot; E+ vxB/c =0, (1) 


where U is the potential associated with the forces of non-electromagnetic origin, where | 
H = H,)-+h. (2) 
It will be assumed that the field Hy) is uniform and known and that the liquid is incompressible; these as- 


sumptions are justified under the conditions of the present problem. Using the system of equations given 
in (1) and taking 


4 4 > 
o¢ = 7 ExH; WY ee 3, (cE? + wH?), i Fy (cE? + pH?)6in— cE ;E,— pH jp}, 


it is possible to find the non-relativistic equations for conservation of momentum and energy in a volume 
T bounded by a surface S: 


a \ (ee + Ge) &} =— P ev + pa + Tn) md; ai 


> 
Tv 


E{(ber +0) a} —§ ($e pei ta} nds] Bae a 


T Ss T 
If we are given the quantities: 
Un = Uini, P, E: (or Ait) (5) 


on the surface S and the velocity and directions of the fields are given as functions of the coordinates ini 
side the volume 7 at time t = 0: 


V=v(x,), E=E(x), H=H (xz), (6: 
and if the condition of incompressibility is satisfied 
divv=0 ( 7h 


the system of equations in (1) has a unique solution which satisfies the initial conditions and the boundary} 
conditions (5) and (6), provided p, €, and o are independent of the coordinates and time. The proof, as i | 
electrodynamics, is based on the fact that the differences of the solutions v’,E’, H’ and v”, E” and H4 — 
which satisfy Eqs. (5) and (6), are also solutions of the equations in (1), where the continuity equation ii 
taken in the form given in Eq. (7), and the fact that the total energy cannot increase, 

To calculate the effects of gravitational and capillary forces, acting on the surface of the liquid S, on)) 
the propogation of the magnetohydrodynamic waves, we can use as boundary conditions the equations whii 
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describe the discontinuities in the physical quantities at the interface between two media; these relations 
are derived from Maxwell’s equations, the theory of capillary action and the conservation laws 


[24 = 0; [He] = 0; [eZ ini) = 0; (Hind = 0; (8) 

[(e0:p + pdin + Tin) Me] =—x; [{C/,ov? + p) of + Sah 0; (9) 

where the square brackets denote the differences in the values of the quantities associated with the second 
medium and first medium (the given liquid) and 

= = a (1/Ry + 1/R,) (10) 


is the Laplace pressure. 
The surface which divides the two media will be assumed to be approximately the same as the surface 
Sp (xj) = 0; (tl) 
which corresponds to the equilibrium configuration of the liquid. We assume that the quantities which ap- 
pear in the boundary conditions (8) and (9) are given at this surface; because of Eq. ( 11) these are equiv- 
alent to the condition given in (5). Applying the initial conditions in the region which is filled by the lig- 
uid and bounded by the surface given by (11), we have a complete formulation of the problem, which has 
a unique solution. 
As is well known, Walen? has given an exact solution for Eq. (1) in the case of an incompressible liq- 
uid: 
v= thY p/4x9; E=+ hx Hy V u/4eo; (12) 


p+pu-+ = (Hy +h)? + 9 (t) =0, (13) 
where the vector h satisfies the equation 
(H)V) h = (4zp/») * oh/at, (14) 


and w(t) is an arbitrary function of time. 

We now show that there are exact Walen solutions which satisfy the boundary conditions in (8) and (9) 
thus constituting a solution of the problem stated above. The only quantity assumed given is the pressure 
p” in medium 2, which is assumed to be a rarefied gas or even a vacuum. In this case it is sufficient to 
use only one of the relations in (9); this relation assumes the form: 

4 
[p+ pv? + ge (cE + HS) = ae 
To make the problem somewhat more concrete we also assume that both media are in a fixed gravitational 
field 


where the medium fills the half space along the negative z-axis. Then, in view of Eq. (12), assuming that 


, i? uw 


OE Ce A ee ron EMI a), 
the preceding relation can be rewritten in the form 


p’ — p’ + 4 (H’ —H,)? + oe {(e—1) (E2 + Ey — cE2)+ H— }) (A? + HG — pH7)} = —« (0?2/Ox* + oz/dy*). (16) 
At z = 0 this equation must be compatible with Eq. (1). Hence the boundary condition for the solution in 
the form given in (12) — (14) can be obtained by differentiating (16) and (13) with respect to time and 


eliminating dp’/dt (dp’”/dt is taken as zero), We find 
1 , ; pe 2) __ pyre 2p! 
ar {ag (H! — Ho)? + aa {(e— IE? — (e+ Eel +(e — IIH? (» + 1) Hz] — gH Fe |) ae 


= (en, eh, 
ta (Se ae i) +o(t)=0, (17) 


where, as before, y(t) is an arbitrary function of t. The Walen solution for gravitational-capillary and 
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magnetohydrodynamic waves which is of interest to us can be obtained in the following manner. We have 
the solution of Eq. (7) in the form: 
Vv —curlay (18) 


or 
v = grado. (19) 


Then h, being determined by the first of the equations in (12), automatically satisfies (14). Furthermore 
h, and thus v, must be chosen to satisfy the boundary condition in (17) in the plane z= 0. The solution 
in (18) and the h which corresponds to it satisfy (7) and (14) with the choice of any three functions of the 
coordinates and time aj; for the condition in (17), however, we require any two functions of the three aj. 

The solution for v and h in the form (19) reduces to the search for h (or v) from the Laplace equa- 
tions 


which satisfy the boundary condition in (17) when the following substitution is made: 
h = orad: (21) 


In all cases — for vortex and potential gravitational-capillary and magnetohydrodynamic waves — the ve- 
locity in the direction of the fixed external magnetic field Hj) has the usual value 


a = + Hy Vu/4np. (22) 
It should be noted, however, that in potential waves, as defined by (19) and (21), up to and including the 
dividing surface between the two media we have 
He (23) 
this result contradicts the conclusions reached in Ref. 3, in which the boundary conditions j 4 0 and even 
j = have been assumed without justification. 


We now consider some simple cases: these correspond to the linear approximation and to fields which 
are perpendicular and parallel to the surface of the liquid: 


HY = Hy 220, Ho ao: (I: 
He Hy 20 ee (Ir” 
Furthermore, for simplicity we assume 
e—l1=0, p—1=0, (24! 


First, we consider the potential waves (19) and (21). We have 
On the other hand, 


thus, (H)V)h = V(Hph). In accordance with these relations and (14), Eq. (13) can be transformed as foil 
lows: i 


4 Cae des : 
af + 82+ (p+ 5 00") +f) =0, (25% 
where f(t) is an arbitrary function of the time which may be taken equal to zero. In the linear approxim) 


tion, using Eqs. (16) and (25), differentiating with respect to time and eliminating dp’/dt, we have in thei) 
plane z=0 


020’ 09’ a O (0%’ 020’ | 
qo tas Gee e ml gat he (26 
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This boundary condition is in complete agreement with the boundary condition for gravitational-capillary 
waves. | 


We consider the solution of (7) in the form 


© = geilot—kr), (27) 
Substituting this expression for ¢ in ( 7) and (26) we find 
R+B+2=0, (28) 
wo = — ike [g + (a/o) (Re + BI, (29) 
from which it is apparent that k, must be an imaginary number, with 
(pa pee (30) 


where k is a real positive number and ky and ky are also real. 
From Eqs. (14) and (29), we have in cases (I) and (II): 


Ore = hare hut (31.1) 
ee egeed ae (31.11) 


Thus, in case I a stable wave of the form given in (27) cannot exist. In case II such a wave is possible. It 
is localized in a layer of thickness d = 1/k and has the velocity of the usual magnetohydrodynamic wave, 
given by (22), in the direction of the z-axis, which is perpendicular to the surface of the liquid. 

From Eqs. (29), (30) and (31.11) we obtain the equation for the damping factor 


ku? = k(g + ok? /p). (32) 
If kx =k, 
k= (pu?/2a)(1-+ V1 — 4ag/utp). (33) 
Whence, from Eq. (22) it is also obvious that the stability condition for waves of this type is: 
Ho > 64r2agp. (34) 
In mercury, for example, the smallest magnetic field for which this type of magnetohydrodynamic po- 


tential wave ispossibleis Hy,,= 246.2 gauss. When Hp > Hom the thickness of the surface layer is given 
by the formula 


d= «a/ou?. (35) 


In the long-wave case 
d= u*/g. (36) 


In mercury with Hy = 104 gauss, i.e., with a field approximately 100 times larger than the minimum value 
Hom» we have dw 10~ cm from Eq. (35) and ds 10° cm from Eq, (36). 

Thus, the strongest effect on the concentration of the potential magnetohydrodynamic waves in the sur- 
face layer is that due to the capillary forces. However, when these forces are present the thickness of the 
surface-wave layer, in general, is smaller than for the skin effect; moreover, the current density is ex- 
actly zero for the potential surface waves, in contrast to the skin effect and in contradiction with the state- 
ments of Ref. 3. In the case of vortex waves (18), in the linear approximation using (I), (II), and (24) 


the boundary condition in (17) assumes the form 


, 21,/ 2p," 
Sg by eeasta i er ca (17.1) 
Ol i OT fee NORE oy? /? 

eg oy, 2 (2H 4 OH 

ay eh aa ae ODE (17.11) 


We consider a solution in the form 


v= d curla= + 


h a 
V 4x0 V dre’ 


a = a, eilot-hn), (37) 
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which is known to satisfy Eq. (1) and the condition given in (7). In cases (1) and (II) we have 


o= i|(£+) + &) |= uke (38.1) 


u 


4 a 
ky =0; ky = ik, =kR<O, o=t(g+ Sh) = uke. (38.11) 


u 


In case I we do not obtain stable waves of the form given in (37). In case II we obtain a wave which de- 
cays in the z-direction and which is characterized by a penetration depth 


= —1/k = (ou? /2a) (1+ V1 — 4ag / pu). (39) 
Thus, the vortex magnetohydrodynamic surface waves have the same propogation and decay relations as 


the potential waves with the one exception that the current density is not zero; these waves are similar to 
the skin effect in this respect. 


'y, Alfven, Cosmical Electrodynamics, (Russ. Transl.), IIL, Moscow, 1952. 
2C. Walen, Ark. f. Mat., astr., 0. fysik, 830A, 15; 31B, 3 (1944). 


3A. Kislovskii, Theory of Surface Waves in Magnetohydrodynamics, Moscow State University, 1956 
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ON THE DYNAMICS OF A BOUNDED PLASMA IN AN EXTERNAL FIELD 
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P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor November 16, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 72-76 (July, 1957) 
Some problems relating to the dynamics of a quasi-neutral plasma formation situated in the 
field of a plane electromagnetic wave are considered. The method of successive approxima- 


tions is employed. It is shown that within the limits of the assumptions underlying the anal- 
ysis a plasma bunch tends to spread out. 


In connection with the proposal of a radiation method of accelerating particles! the question has arisen off 
the behavior of a quasi-neutral plasma condensation situated in the field of an electromagnetic wave and, 
in particular, the question of the stability of such a condensation. A more or less rigorous solution of 
this problem encounters formidable mathematical difficulties. Therefore it is not without interest to con-> 
sider a simplified problem which would nevertheless allow one to obtain approximate estimates of the 
magnitude and the nature of the forces acting on the condensation. The present paper is devoted to the 
examination of one of these simplest cases. 

We consider a system of electrons and ions subjected to an incident plane electromagnetic wave with a 
propagation vector k parallel to the z axis. By using the hydrodynamic description of plasma,* which is 


* We shall not consider here questions concerning the permissibility of applying the hydrodynamic ap- 
proximation, 
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acer anite Permissible in order to obtain results of an exploratory nature, we shall describe the sys- 
sn y specifying the densities Pj, P and the velocities v; and v of the ions and the electrons respectively, 
and we shall assume that the total number of electrons is equal to the total number of ions, i.e., 


\ pit) dr = V(r) dr. 


Since the mass of the ion is much larger than the mass of the electron, then in the first approximation 
ye may consider the Tons to be at rest, i.e., vj = 0, and to have a time-independent density distribution 
Pj = Py (xr). If the variable external field is described by means of the vector-potential Aext ={bAG5 0 7c0\ 


ikz —iwt wp; : : : 
ae ; while the self-field is described by means of the potentials A(r, t) and g(r, t) then the equa- 
tions which determine p, v, y and A will have the form: 


Op / Ot == — V (pv); (1) 

[G+ wv)v]=—% td Colne eae ice. : 
ay: =o4 Piet eae a ae —FIVIVA]]— FIV [VAext]]} — 0 Vo; (2) 
LIA = — (4ne/c) pv; Do = — 4ne (6) —p). (3) 


Hore vy plays the role of the speed of sound in the plasma. Equations (1 )— (3) represent a system 
of non-linear differential equations. By utilizing the formalism of Green’s functions we-shall write the 
ee of equations (2), (3) in the form of a single (non-linear ) integro-differential equation. We then 
obtain: 


Op / Ot = — V (pv); | (4) 
Se + (WV) v = SIE ot E (ev) += [vHew 1] + + Iv (pvyi} — 03 ©; (5) 
where 
Eger ae! Hero! Aca, 
E (pv) = — 3 5 \ |G rr'tt’) v(r't’) 9 (°'t?) de'dt’ + e grad div (6 (re'tt’) arvae’( v (r't") 9 (r't") dt (6) 
H (ov) = ull ( G (rr’tt’) v (r’t’) 0 (r’t’) dr’dt’, (7) 


G(rr’tt’) = 6 (t’ —¢t 4+ |r—r’|/c)/|r—r’ 


is the Green function satisfying the equation: 
DG (rr’tt’) = — 4nd (r — 1’) 8 (fF —1). 


The exact solution of Eqs. (4), (5) is difficult;* however, under certain assumptions it is possible to ob- 
tain an approximate estimate of the magnitude of the forces and apparently to reach some conclusions with 
respect to the nature of the possible deformations. In particular, we shall tackle the problem on the as- 
sumption of small non-linearity and of weak self-fields. Thus, we assume: (1) that the particle density 
is not too high, i.e., Egy > E, (2) that the external field and the wavelength are such that t v/e « 1, and 
we shall solve the system of equations (4), (5) by the method of successive approximations taking for our 
small parameter A the ratios E/Egx4 and v/c. Moreover, we shall assume that pp (r) satisfies the fol- 
lowing conditions: (1) po (r) is a function of the radius only, (2) py (rv) varies slowly for r < a, and falls 
off sufficiently rapidly for r >a where a is a characteristic dimension of the system (for example, like 
exp { — (r/a)"} where n = 2). 

Now by representing p and v in the form 


~ *Jn general, the exact solution of (4), (5) does not appear to be required since it will not be able to 
_ give us a sufficiently detailed answer to the questions of interest to us because of the assumption made 
above that the ions are at rest; however, the consideration of the case of high densities is of some interest 


‘even within the limitations imposed on the problem considered above. 
tThe criterion for the fulfillment of the above conditions will be obtained below. 
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2 = po(r) + SX" pnt), V = Volt) + SYA" vn (0) . 


and substituting into (4) and (5) we shall obtain after restricting ourselves to terms up to the second 
order (in A) inclusively: 


F) 4 Ov, _e a pe ‘ 
ote = - Een, = s [E (0 Vi) + E (61 Vo) + — (viHext i] —(VoV) Vo, 3 =a [E (Po Vo) + > [voHext] | (VoV) Vo 


++ {voll (¢0v0)]] — (voV) v1 — (vay) Vo — 09 4) 


so that consequently the force acting on the electrons of the condensation is given by 


1 
Fe {Boxe +E (Povo) +E (eave) + E (ova) +> [Voll ext] -+  WVsHext ] + ¢[voH (p0ve)}} 


— mf (voV) vo + (voV) Vi + (2V) Vo — 07 22], (10) 
where vy, vy, P are determined by (9). We note that if we start to calculate the next approximations we 
shall obtain secular terms, and that consequently the series for p and v diverge. However, for suffi- 
ciently small times t < T & cw/vwr the expressions for p, v and consequently for F, remain valid, and 
since for the reasons given above (see second footnote ) we are not interested in an exact solution of our 
problem, the result obtained above appears to be satisfactory. Moreover, we regarded the term 
VV Py / Po as being of second order; in the opposite case (i.e., at sufficiently high temperatures ) insta- 
bility apparently occurs. 

Since we are interested either in constant forces, or in forces varying slowly in time (in comparison 
with the frequency of the external field) the expression for F may be averaged over a time of the order 
of several periods T = 27/w, and it may be easily shown that in the course of this averaging a number of 
terms drops out and we obtain: 


F = © (fviH.J-+[¥oH (eov0)]} — m [(viV) Vo + (WoV) Vil — m2. 22, (11) 
c 


“Po 
where Vo and v1 are determined by 
OV, /Ot =—Eext, OV,/Ot = (e/m) E (V0), (12) 


while the bar indicates averaging in time. 

The physical nature of the first two terms in the expression for the force is clear: they take into ac- 
count the interaction of the particles with the external and the self magnetic field; the term v~ Vv has a 
form analogous to the force acting on a dipole in an inhomogeneous field. Indeed, since 8v/9t ~ E and 
v ~ OP/dt, then 


(PV) E ~ (\ vatV) av / dt, 
and since 


all vatV) 7 == (0), 


then it follows from this that v- Vv ~ P- VE (here P denotes the dipole moment). 
Thus the problem has been reduced to finding E (ppvp) and H (ppv), or by virtue of the relations 


1 0A 10 


to finding the vector potential 


A(rt) = <\ \ \ \ G (rr’tt’) po (r’) Vo (r’t’) dr’dt’. (13) 
Substituting Vo from (12) (the solution of which is elementary) into ( 13) and integrating we obtain: 


A= {A, 0, 0}, 
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r 


yee 
A=— Ank Ay -—, >) "+1 (2n + 1) In (Br) Pra (cos 6) e-*, In (kr) = AY (kr) \ Oo (r’) ja (Rr’) r’2 dr’ 


n=0 0 


+ in (Rr) \ po (r’) in (r') HED (ber') 2 dr’. (14) 
Here r is the radius drawn from the center of the condensation to the given point, 0 is the angle between 
the z axis and r, jn(kr) and hi!) (kr ) are the spherical Bessel and Hankel functions, P, are the Legen- 
dre polynomials. 
Now by determining E and H from (14) and a from (12) and substituting into (11) we obtain (after 
averaging) the desired expression for the force. We can specify the conditions under which we can use 


the expressions obtained in this way by taking into account the conditions under which the method of suc- 
cessive approximations may be used: 


ag /@? << 1, eAy/ mc? (ka)*<1, where a=! Sobel GEIST: dati a (0) (15) 
O<for kas = oe 

Thus the problem has been solved. However, the expression for the average force obtained in the form of 
an infinite series is extremely complicated, and this does not permit us to draw any direct conclusions 
with respect to the nature of the deformations obtained. Therefore we shall take as an example a particu- 
lar case in which the characteristic dimensions of the system and the wavelength are such that ka « 1. 
In this case by expanding the expressions obtained above in powers of ka and by limiting ourselves to 
terms of order ka we shall obtain for r <a: 


4 


& 90, NW [ 94 A x2 A’ x2 mF Agy 
ee tan? 2 (ka)? ie (kr)R [5 7 —3] kr a= Po Ox ’ 
a1 90, NW { 32 A x2 A’ x2 \ mo Ap 16 
Fy =—Y Zita eee ane | rz i| kr or {po oy ” ay 
ie 96, NW { 24 A x2 Nae MU>- doy 
Beate 2 (ka)? eo (kr)? [5 r —1] kr | Po Oz’ 
and for r 2 a: 
96,NW 24 a A x? [NS 32 MOT doo 
igs i 2 (ka)? \105 r3 (kr)? [5 r? 3] kr r? o,| Go Ox ” 
= 96-7 NW 32 a A x? JN 5 MF doy (LT) 
Fy = —EY Fpay8 fe a tala —F a ‘ SPU 
x 96,NW [24 a8 A x2 IN? 5 MOT Joo 
F, 2 (kas Ie r3 + [5 r? 1] kr r? ee zy” 
where 
a a\(3 a? 322 + x? a x2 22 a? 
=2(1-918 0-5) 821-9) + 6-08) 
a a\(4 a x2 + 2? a x2 2z? GEN)... (18) 
y= S(1-S)(p(9—5 3) ae (1) +e 9) 
3 2. (3 a2 3x2 + 2? a x? 2 a? 
0, = (1-5) fis —8) — “aa (1 Fe) + (5 —-9-) 
8r/e \2 =z  (kRAo)? eo(r) K @ _ eo(r) , oA 
op tea Baa) iM ey ees ae Oe POON Okr * 


N is the total number of electrons in the condensation. . . 
Since we are mainly interested in questions of stability it is easier to deal not with the Cartesian com- 


ponents, but only with the radial component of the force. For r = a it has the form: 


30,.NW fg y 3 [1 — po (r)/ eo (0)] [3 2 1] 3 x? Oo a} OFM dpo(r) (19) 
Fr = — J (kay \35 [34 i | ar a kr ‘a Oe hts ON Rae 
mand for r = a: : 
30,NW 27 @ 3f/a\s_polr)][g gto. © Spo ()\ eT Cop ee 20) 
pa ee (8 [3+ 4] oe tele) soll I+ (0) +35 Baer | — ae) 
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where 


2 2 2 2 72 2 
0-98 (I-8) fh (0-5) (0-2) ar See art Se (1-3). 

Let us examine these expressions. First of all we emphasize once again that the results obtained above 
are only valid for a final time t < T and consequently become invalid when the deformation of the conden- 
sation becomes appreciable. Therefore the present calculation does not pretend to give a more or less 
complete solution of the problem of stability, but is in the nature of only an approximate estimate, which, 
nevertheless, enables us to establish at least in general outline the tendency of the condensation to become 
deformed, and the nature of such a deformation. 

Since we have assumed that (ka) « 1 the second and the third terms in the curly brackets will, gen- 
erally speaking, be larger than the first one by a factor 1/(kr ie and, consequently, in the region where A 
and A’ differ from zero they will play a determining role. The first term is alway positive and conse- 
quently gives rise to a force directed towards the center of the condensation; on the other hand, the third 
term is always negative and gives the largest contribution at points of the most rapid rate of falling off of 
the function pp(r), i.e., at the “boundary” of the condensation. With respect to the second term we see that, 
depending on the value of x, it can be either positive or negative, i.e., it can give rise to a force directed 
either inwards or outwards with respect to the condensation, and that at sufficiently large distances (at 
points where py > 0 and dp)/dr — 0) it plays the decisive role. 

We thus see that near the center of the condensation the force acting on the electrons (and, in particu- 
lar, its sign) is completely determined by the behavior near zero of the function p)(r) and of its first 
derivative; while at values of r such that py ~ 0 and 9p)/8p — 0 forces appear which are directed away 
from the center and which lead to the spreading of the peripheral particles of the condensation in the yz 
plane. 

Thus, summarizing, we can say that the results obtained above show that the plasma condensation has 
a tendency to spread, at least for ka « 1. With respect to the case ka = 1 we have not succeeded indraw- 
ing any definite conclusions in view of the extremely complicated nature of the expressions obtained for 
v, E, H and F. 

We note in conclusion that calculations made taking into account a constant magnetic field along the z 
axis have shown that in broad outline the picture remains the same with the only difference that the spread- 
ing in the yz plane is now replaced by spreading along the z axis. 


1V.1, Veksler, Proceedings CERN Symposium on High Energy Accelerators and Pion Physics, Geneva, 
June 1956, Vol. 1, p. 80. 


Translated by G. Volkoff 
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The equilibrium electron concentration, Hall constant, and electrical resistance of n-Ge type 
semiconductors in a strong magnetic field are considered. The dependence of these quantities 
on the field strength is determined. It is found that the quantities under consideration are an- 
isotropic, the nature of this anisotropy being determined by the anisotropy of the electron mass 
and by the number and mutual arrangement of the constant-energy ellipsoids. 


ly the past, a number of papers!” have appeared in which the electric resistivity in a magnetic field py 
and the Hall constant R in n-Ge type semiconductors have been considered. It is necessary to take into 
account here the anisotropy of the electron mass the the presence of several constant-energy ellipsoids in 
the Brillouin zone (six for Si and eight for Ge). However, the analysis was made by the usual kinetic- 
equation method without taking into account quantization of the electron energy by the field H, a proce- 
dure valid cniy for sufficiently small H. 

In this connection, it is of interest to calculate py and R of n-Ge type semiconductors taking the elec- 
tron mass anisotropy in strong magnetic fields into account. For this purpose it is necessary to take into 
account the above-mentioned electron energy quantization by the field H. The present paper is devoted 
to this. 


1. CALCULATION OF THE CURRENTS 


Let us assume that the electric field E is directed along the X axis and the magnetic field H perpen- 
dicular thereto is along the Z axis. To calculate py and R taking the energy quantization by the field 
H into account, we use the stationary states method?) 4 Following this method, let us calculate the components. 
of the electric current j in the presence of the crossed fields E and H. Inasmuch as several ellipsoids 
correspond to a given electron energy in the first Brillouin zone of n-Ge type crystals, the current j 
should be evaluated for each i-th ellipsoid and these currents should then be summed over all ellipsoids, 
taking their relative arrangement in the Brillouin zone into account. This is valid if the interellipsoid 
transitions caused by electron scattering are neglected, as can probably be done at low temperatures. 

The energy spectrum of an electron with an anisotropic mass in the crossed fields E and H and its 
wave function (for the electron of the i-th ellipsoid) must be found in order to calculate the currents j?. 

To do this, let us write the appropriate Hamiltonian in the system of the principal axes Xj, Yj, Z; of the 


i-th ellipsoid 
9 = §-[(pe,—£ An) +(e — £4n) |+ ap: (P— $ An) + e(Erd, (1) 


where A is a vector-potential, m, is the electron transverse mass, mp is its longitudinal mass (it is as- 
sumed that the constant-energy ellipsoids are ellipsoids of revolution, as inn-Ge). By transforming co- 


ordinates 
, tae = 
MEHXy Yi=Yn U= 2i/Vs, Ss =m, /m, 


and introducing correspondingly the new quantities 
Axi = Axis Ay: = Ay;, Aui= Au/V 8; Ey; = Exi, Ey: = Ey;, EE, = Eni Ves (2) 
the operator (1) can be reduced to the following form: 
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H= : (p; —< Ai) + eBi ri (3) 


amy 
F , ie 
Here, it should be noted that the transformations (2) also lead to the introduction of the field H =curl A: 
Hu=HuVs, Hy: = HyiV's, Hy = Hei (4) 


It is not difficult to verify that EiHi Sins! =O, W@4r Ej Je Hi. Hence, the original problem (1) is reduced 
to finding the energy spectrum and wave function of particles of isotropic mass m, 1n the presence of the 
crossed fields Ei and Hi. To solve this problem, it is expedient to transform by rotation to a coordinate 

i ? 
system Ge Yip Za in which Ei | OX; and H; || 02}. 


The electron wave function YQ in this coordinate system is?+4 


Hor = exp [$ (Pyiyi + pez) Jeo Hae), B= — 20) Virol], of, = Hi / me, (5) 


where Xj == eE;/ m4wpi ir Pyi/ m4; and #y (€) is the normalized Chebyshev-Hermite polynomial. The 
electron energy spectrum is known to be: 


, 1 aay, , 
60 = hoy: ( + =) SUAS Mate ttal y 7) OR] oe (6) 


Since we must calculate the components of the total current along the X, Y, Z axes in (5) and (6), a 
transformation should be made from the Kes Yi Zi system to the X, Y, Z system. This transformation 
yields the following result: 

eE (1—s) sin? 9; sin? 9; 
mo? s+(1—s)sin?9,sin9, 


d Pyi ss Bi 
Goi = hod; (n 4 5) + eEXx 9; + pzi / 2m, B;, oi = y pzi(1 — s) sin 9; cos 9; cos 0; — 


My, ®o My @o 


> 


; ; (s— 1) sinS; sin 9, 
Foi = exp fF [py + pz 2; + X; (Sin 9; C08 @ Py; + Cos 9; pzi) s+ (1—s) sin? 9; sin? 9, | 


2 Lg [= y 
(x; — x, m, @ 


oi) of © TRO Gs aay: . Vs (7 } 
exp | 2h s-+ (1 —s) sin? 9; sin? 9; Hn| V h (41 %oi) (s-++ (1 —s) sin? 9, sin? ;)" | d 
Q= (A, Pyis Pzi)> O = eH / me; w= o, V 8i/s, Bi = sin? %; + s cos? 9;. 
Here gj and 3j are the first two Eulerian angles of the X, Y, Z-system with respect to the principal 
axes of the i-th ellipsoid. 
Let us turn to the computation of the currents j!. In order to calculate the y and z components, the 


average quantum-mechanical values of the corresponding carrier velocity components must be calculated 
and the quantities obtained must then be averaged over the electron equilibrium distribution:? 


vy = 0€0i/Opyi = — cE /H, vt = 0G0:/Op2 = — (cE / H) a, a; = 8 * (1 —s) sin 9;cos%;cos ¢;, (8) 


where the bar denotes the statistical average. The currents are correspondingly determined by the fol- 
lowing expressions 


jy =—eN'cE/H, jt = —eN'c(E/H) a, (9)) 


where Ni is the density of the number of electrons in the i-th ellipsoid. The currents (9) are not ohmic 
—they are not related to the electron scattering and are independent of the scattering mechanism; the cur-- 
rent j} appears exclusively because of the anisotropy of the electron mass. 

The current ip is purely ohmic, i.e., it is determined essentially by electron scattering. In reality, 


vi, = 0; consequently, the current is determined as the flow of charge through a unit area of the x = 0 
plane,*»> caused by scattering: 


jee D) (Woe Xox— Wore Lows — *oi= Xi (Q’) > 0, Xoi = Xi (Q) > 0, (10) 
eter 


where Waq’ is the probability of a quantum transition of the current carrier from the Q state into the 
Q’ state under the influence of a scattering factor (within the i-th ellipsoid ) ss fee is the electron equi- 


* We neglect the probability of interellipsoid transitions because they occur through the agency of pho- | 


nons with large f, which are few in number at the low temperatures under consideration (f is the wave 
vector of the phonon). 
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librium distribution function. Since we are limited to the case of such fields E for which a ~ E (Ohm’s 


law) and since a non-degenerate electron gas is assumed in the semiconductor,* we have (taking spin into 
account ): 


A dy 
Hoe = exp |g [t — engl — 2 VF (n+ +) — 2 ot, (11) 
where a =+ 1, p is the chemical potential, and UR = eh/2mc is the Bohr magneton. 

Let us consider the interaction between electrons and long-wave longitudinal acoustic phonons (defor- 
mation potential )® as the electron scattering mechanism and let us disregard scattering by impurity ions 
for the following reasons. We are interested in how energy-level quantization by the field H affects the 
dependence of magnetoresistive phenomena in n-Ge type semiconductors on the direction of the field H 
and on H/T. Hence, it appears that a Significant exponential anisotropy of py and R, dependent on the 
anisotropy of the equilibrium electron concentration N, occurs. It will be shown by further computations 
that precisely this large anisotropy determines essentially the dependence of py; and R on the direction 
of H; the scattering factor (the interaction with phonons in our case ) makes only an insignificant contri- 
bution to the anisotropy of Py, i.e., the anisotropy of the effective mobility up = ( Nepy)! is not very sub- 
stantial. On the other hand, allowance for the scattering by impurity ions, within the framework of our 
method of calculating py, leads to an additional current djx ( jy and j, are not determined by the scat- 
tering) and, therefore, to an additional resistance 6p ~ E6jx/iy (jz = 0, as will be shown). Hence, it can 
be shown that the exponential anisotropy of N(H) is fundamental, as before; while the dependence of ug 
is determined by the same functions yj and 9; as in the case of scattering by phonons (by the functions 
Qj, By) and, as before, is not essential. 

It is understood that 6p can be substantial in magnitude for a sufficient impurity concentration or in 
the case of compensated impurities. But we are interested not in the absolute value of py but in the ratio 
PH ( H)/PH): where py, is the resistance for a certain direction of H and E (E ae H). This dependence 
is determined basically by the anisotropy of N(H). It must also be said that if the impurity concentration 
is smallenough (n; < 1015 — 1016) and if the impurity compensation can be neglected, then the energy gap 
between the impurity level and the bottom of the band will be large in comparison with kT at the low tem- 
peratures under consideration, so that only a very small portion of the impurities is ionized, the scatter- 
ing by the impurity ions is insignificant and its influence on the resistance py; can be neglected. Actually, 
an essential condition for the appearance of a sudden anisotropy in py and R is the absence of degen- 
eracy (see Appendix). In connection with the above, we should like to emphasize that both the sharp de- 
pendence of py and R on the field strength H and the strong dependence of these quantities on its direc- 
tion (exponential anisotropy ) depend basically on the character of the change in the equilibrium conduction- 
electron concentration for fiw) > kT in the absence of electron-gas degeneracy, and not on the character 
of the scattering mechanism.® 

Consequently, we disregard scattering by the impurity ions and assume that the perturbation operator 
V that causes the scattering is the deformation potential:° 


V = DdivR(r). 
where R(r) is the displacement of the lattice at point r. 


Using (7) in the usual manner to determine the matrix elements of V, which are then substituted into 


Who = 2% Di Vbo (Eo — Eo tt) 
(f) 


and into (10), we obtain the following expression for the current: 
fe 


ioe ny eee \ df x \\ dpzidpzi \\ py: Apyi,f Wag {[XQaN ¢ — Xa (Ny + 1)] 


a=+1n,n=O0fy, fz—fo (x5;>0% X9j<0) 
x A (pyi— Pyi + af y) A (pzi— Pei + hfz) ’(6o—Ge +hof) + [x02 (Ny + 1) —XeaN pA (Pyi— Pyi — ify) 
x A (pei — pri — bfz) 8 (G0 — Ga — MD}, (12) 


~ * Conditions under which there is no degeneracy in the conduction band are analyzed in the Appendix. 
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where L is the linear dimension of the base region of the crystal, M is its mass, A (n) = 0 for n #0 an 
1 for 7 = 0, v_ is the velocity of sound, and N¢ is the number of phonons with the wave vector f: 
co 2 


dxpo (Xx — X01) Par (% — Xoi) e*Fe| , 


—co 


Ny +N; == exp (hof / kT) — 1y4, Woo = 


Q(X — Xo) = Vo (* — Xoi) Exp {- + (yiPyi + 2iPzi) \ f 


Using the properties of the symbol A(7) and of the 6-function, transforming to the variables 
Xi—Koi=t, Xitxoi=t, Pa—Pi=—W: Pert pa=4; 


Cmax ofS 0, —rotefr; —hfyp KWKhfo, —hfypKuchfo 


and integrating over u and t, we reduce ie to the following: 


co Jo hf. Tmax 
reD? my (m1)? 8; unH rfeinh(eEr /2kT) ai retain het 
i = Suh? (2x) eb IFT cosh ( = ) Ds \ af x \ dw \ dr l@ jsinh(hof ] DRT) Woe exp ( 8m kT B; ) 
n,n’=0—fo —kfho 0 
x {exp (— Xo: — Xui) + exp (— Xoi — Xi}; (13 
where 
X= — ee ish oat [fey j (n—n’') + nop, 


5 = M/L’; f) is the maximum wave vector of the phonon; —fy = fx, fy, fz = fh; ee ~ E and, consequent: 
we obtain in the region where Ohm’s law holds 


Xi, = 0, ‘sinh(eEr / 2kT) = eEr | 2RT. 
Let us introduce the symbol 


P= >) Woo lexp (— Xo:) + exp (— Xo) ]- 

Let us also make the change of variable 

wW=hfz, r= (h/ mo)? (Fy + aifz)*, 
then 
fe 
E  eD*m,8, a sf) wpe 

ik = 07 Soar ome Ol eosh( HB Wate \ dgee ite exp (— ‘) p. (14! 
ae | 


7,| sinh (hof /2k7) SmakT PE 


—“j fz 


Analysis of (14) for arbitrary hwy) leads to very awkward and immense formulas so that the explana- - 
tion of the dependence of 1p on fw ;/kT requires in general numerical integration. We shall consider 
only the case hu») > kT (in fact, it is sufficient that Hwy 2 3kT), since it is the only one of interest to us; 

It is easy to show*’" that for fw) > kT: 


RO; myv2 f2 
Pa 2exp| a ae TG: 2 pi. (1 
Zz | 
Substituting (15) into (14), we obtain 


E  TeD?m,8; 4 hoo; Up 
jx = Cap SRORT (amp ©XP ie (« eae! Iietee li, ( 16 
where Ij becomes after some manipulation and the introduction of spherical coordinates in the f-space:; 
to 7/2 
ee 2 : f* h2f? cos? 0 8 m0? 
Se 5 \ af ue [tan® + (2a; — 1) sin @ cos 6] sinh (of /28T) exp = SimB,kT ~~ cos? DET 


Introducing new variables 


N= 'cos0, “hop (RT =) “OSGeo el =p 
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and using the notation ¢ = myv?/akT « 1, we obtain for T « Tp: 


1 


n= F(E)fala[ted—yij igen (Ot 2 ee 


0 
This integral can be evaluated approximately for « « 1: 


I; = 04x (RT /hv)> (1 + Qaéic,), cy = const ~ 1. 
Substituting it in (16), we obtain finally 


wi 2e2D2 (kT)4 1; up 
iz = Eat, © Wat) ght Bi (1 + 2aic,) en. ee 


It was already indicated that to obtain the components of the total current the appropriate components of 
the partial single-ellipsoid currents must be summed over all the constant-energy ellipsoids. Hence, the 
relative arrangement of the ellipsoids in the Brillouin zone must be taken into account. As regards the y 
component of the total current, 


iy = Diy = —ec = Ni = —ec Ew, (19) 
where N is the total density of the number of electrons in the conduction band 

To calculate jx and jz, it is expedient to express the angles yj and 3; by means of angles which the 
electric field E and the magnetic field H, as well as the Y axis, make with the cubic axes in the Bril- 
louin zone (we denote the cosines of these angles by mjm)M3, 0,003, and nynon3 respectively). 

A different number of ellipsoids, mutually arranged in a different way, can correspond to any one value 
of the energy in the Brillouin zone. We shall confine the analysis to two cases: (1) 8 ellipsoids arranged 
in the [111] directions in the reciprocal cell lattice, and (2) 6 ellipsoids arranged in the [100 ] directions. 
It is not difficult to confirm that j, = 0 in both cases, as it should be for cubical symmetry of the recip- 
rocal lattice. 

In the first case, (n-Ge), after a number of simple transformations, we obtain: 


: 2D2em, (kT)* . E U-pT 
in = aE Gee Cc F cost AT COTA Ge, (20) 


ii Ey "la ==4| 
Ace= Dy exp Sao 1 + = (els + ele + ta !)?| at $= (Mala t%alg teal)? 


Oy, XQ, %,—=+1 


s—i1 


+20, (1—s)?(a 1, +91, + %3l 5) (011 --OgMy + M%3Ms) [1 te 5 (ol) + % lo + asl)?| “| : (21) 


‘In the second case, (n-Si), the expression for jx, remains the same as (20) but 


3 
<i ho 2 \1 2 2 p22 11 2)—1 
ve » on On) == bP HE 1 + (s — 1) 17 + 2c, (1 — 8)? Lenz (1 + (s — 1) U7) }. 
Asi= 2 Drexp | Tia mle ) lr ) \{ ( )lz 1( £Ut t 


2. EXPONENTIAL ANISOTROPY OF THE CURRENT CARRIER CONCENTRATION 


To determine completely the dependence of jx and jy on H and T, both y(H, T) and N (H, T) should 
‘be evaluated. Taking (7) into account, we obtain the following formula for the i-th ellipsoid, assuming no 


degeneracy (see Appendix) ; 
‘ he); f hey; u. U- pH 

Ni (A, i) a Mh, a exp oe + er 2coshy— ? (22) 
in which we assume that Nw; Skil 2p = 2( 20rm,kT /h? )3/ 2. Introducing again the quantities Ql, and 


DyNgng, we obtain 


We hoo Up [RT Ze 
N = » N = Zh 7ot-cosh( “2 ) eM B, ( ) 


i 


pee NAP cv 9 
Boe= Dy &XP fe ste (It (tals + tale + ule) ae | }[ + 232 (uh taal tasls)*], (24) 


K1A%2%g— +1 


t 
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3 35 
Bs =2 Diexp {—ars9q( 1 (s Ne)" +(s—1) Fl. (25) 
=1 


To determine the chemical potential we use the neutrality equation and consider a Wilson Hype impurity 
semiconductor. In this case, the neutrality equation for any upH is the following (see Appendix): 
AE+u Up i a Two nuBt kT (26 ) 
n,|1 + RTD aa Joost | =Z, Vaio ev lkT By 


where n, is the concentration of monovalent donor impurities, AE is the gap between the impurity level 
and the bottom of the conduction band. Since AE > kT for low temperatures, then 


a "Ia 
NS re =i a e—AE/2kT B—'h . (27) 
LB oh®o 

kT 


2cosh 


Substituting (27) into (23), we obtain 
N = Yq (tyZoh@y | V SRT) e-AE/2KT Bh ; (28 } 


It follows from (28) that, first, the number N decreases exponentially as fiw)/kT increases;> and sec- 
ond, that this number depends essentially on the direction of H. This second fact is very important; it is 
manifested in the significant “exponential” anisotropy of N. This anisotropy increases with the anisotrop; 
of the electron mass and its character depends on the number and mutual arrangement of the ellipsoids in 
the Brillouin zone (Bg;, Bgg depend differently on &). This anisotropy is caused by the fact that in 
strong fields H the different ellipsoids contain different numbers of electrons which depend on the direc- 
tion of E. 


3. ELECTRIC RESISTIVITY AND HALL CONSTANT IN A STRONG MAGNETIC FIELD 
Substituting (19), (20), and (23) into the known formulas of the stationary-states method? and keeping 


in mind that ies <«K IE in our case, we obtain the following expressions 
Rx — (2/ec) (kT V's | nyZ her) he AE/2kT/IB—h; (28) 


py = AB heAEI*tT Demmi! (kT)"2/ dx2A508 (RZy) 2 e2 V nyo. (30) 


Hence, it follows that as hw)/kT increases both R and py increase rapidly, basically as exp (Nw)/4kT ), 
in conformance with the behavior of N(H, T). Both R and py have considerable anisotropy, i.e., de- 
pend on the direction of H; py depends also on the direction of E. 

The anisotropy of py is determined by the factor AB73/ 2 and R~ B!/2, The mobility ug contained 
ey in py = 1/Neu) is also anisotropic; its aniso) 
tropy is determined by the factor B/A and ij 
considerably less pronounced than the aniso- 
tropy of N(H, T). Consequently, the aniso- | 
tropies of py and R increase with the anise 
tropy of the mass and depend on the number 
and mutual arrangement of the ellipsoids int 
Brillouin zone (see Figs. 1 and 2). 

Let us note, by the way, that if H is di- 
rected along one of the cubic axes all the 
above-mentioned quantities are isotropic (in 


4 s ZO y a ee: dependent of the direction of E). 
hs In conclusion, let us point out that it seem 
FIG. 1. Curve a: Age/ Bae is the quantity defining to us that an experimental investigation of 
the anisotropy of py for Ge. Curve b: Bee is the quan- PH ee Bin seunigondicte te ae mas 
tity defining the anisotropy of R for Ge. E is parallel neue eles an bomb pet aves ators vhs 
to X and H inthe YZ plane; £,=0; f= cosry 8 possibility of obtaining additional information 
2 ral meets on the carrier mass anisotropy and on the 


number, relative arrangement, and characte: 
of the constant-energy surfaces in the Brillouin zone near the energy extrema. In reality, if the depend-- 


MAGNETORESISTIVE PHENOMENA IN n-Ge TYPE SEMICONDUCTORS 65 


ences of pH (23; nynons) and R(%j60,) are established experimentally for a semiconductor in a strong 
field H, then, for a given number and arrangement of the constant-energy ellipsoids in the Brillouin zone, 
the exponential anisotropy of Py and R would permit the quantities Wy = eH/mye and s = m»/m, i.e., 
m; and mg, to be determined by a comparison of experimental and theoretical results. The character of 
the dependences of py (£:f503; nynong) and R ( 4,003) is determined by the arrangement of the constant-en- 
ergy ellipsoids and by their number, which again 
affords a possibility of obtaining answers to this 
question by a comparison with experiment. 

It should be noted that the magnetic suscepti- 
bility of the conduction electrons, as is easy to 
see, is determined by the expression 


Aj i? 


ub Nt Rae) 3 
C= ae (sean) Boy NUH F), 


a0 MyM 
a “ae a and, therefore, depends on the direction of H; 
3/2 11/2 hence, the anisotropy of y is again determined 

: FIG. 2. Curve a: Ag;/Bg; . Curve b: Bases. essentially by the dependence of N on the angles, 

E is parallelto X and H inthe YZ plane; &, =0; i.e., on 2003. It can be assumed that other kin- 

fg = COSA3; S = Mp/m, = 5. etic coefficients have a significant anisotropy for 
Ge type semiconductors in the presence of a 
strong field H. 

All the results obtained above are valid for unipolar impurity semiconductors in the absence of elec- 
tron gas degeneracy. 

The case of large impurity concentration, when degeneracy of the conduction electrons, scattering by 
impurity ions, and impurity bands can play a substantial role, must be investigated especially as is being 
done at present. j 

We take the opportunity to express our gratitude to Prof. A. G. Samoilovich for very fruitful discus- 
sions. 
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APPENDIX 


Let us determine the conditions under which the electron gas in the conduction band can be considered 
non-degenerate. To do this, let us write the neutrality equation for a Wilson type semiconductor: 

i N, (I ) 
where n is the density of the number of electrons in the impurity levels and N is the density of the num- 
ber of electrons in the conduction band. As shown in Ref. 9, taking into account the Coulomb repulsion of 
electrons in the impurity level (monovalent impurity), we get 


Up AE Ug \—1 
nh = 2n, exp (¢ pee Jeosh = ( + 2exp (“= Jeosh a ) ; (II) 


On the other hand, under the same conditions 


ee) —1 ,2 —1 


eS ho’); Bi Pz tis 
wa Swi = DD) | dee ge (lee (Se Ont 0+ ae + a) + 


t n=0 oo 
hop; By Pe Upl + v. Ne 
_ where a ; 
| Os; = @, s— 2 (sin? 3; + s cos? 9;)', 8; = sin? 9; + s cos? 9;. 


° * ° 1 ae es < 
It is seen from (III) that the Boltzmann distribution can be used in this case if p « ’4fiwoj — w BH, or, in 
) order of magnitude 

p< 4/ehe, (8; / 8)* — pp = emin- 


| i i-th ellipsoid.) Let us assume that 
(The quantity fiw ;/2 — »pH determines the bottom of the zone for the i-th ellipsoid.) 
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this condition is satisfied and let us explain what the parameters ny, AE, my, and m, must be here. 
Equation (I) becomes (for fiw)/2 > kT) 


ry Ge ik aH att, 
of 20h! eosh ee | -— Zo Rot ¢-Atiboosh( = ) Be" : (IV) 


where u =p +Ak, It is easy to find from (IV) that AE > kT for fiw)/2kT > 1. 


H 
oo om te ae In (2cosh[7-— ). 


It is not difficult to see from (24) and (25) that InB © — fiw)/2kT in order of magnitude. Using this, we 
reduce (V) to 


(V) 


or Up Up 
pn ee aS a a> - in ae + kT [ - Ss hal cosh AT )| : (VI) 
It is seen from (VI) that ut «K ein if 
AE , to Mi tetngV SET Up up | 
pier wre ml AT + 47 | kT — In (eosh kT ) : 


This inequality is satisfied for the values of AE and s frequently encountered at low T and not too large 
ny. For example, if AE © 0.0lev, T~ 10°K, s~ 10, fiw)/kT ~ 3, then p/kT © —4 + In (2n, x 10°"); if 
ny < 10°, » is not only less than Emin (€min ® %, in this case) but p < 0. Evenif it is assumed that a 
certain overestimate of |/kT| (which is not large, as shown in Ref. 6) is made by replacing (III) by the 
right side of (IV), the assumed non-degeneracy of the electron gas is justified. 

Hence, the electron gas in the conduction band can apparently be assumed to be non-degenerate at the low: 
T and high H under consideration for not too large n, and s and for large enough AE. 

The above conclusion is in agreement with results of Refs. 9 and 10, where a detailed investigation of | 
the conditions of electron gas degeneracy is made for H=0. However, large H contribute to the ab- | 
sence of degeneracy because the field quantization of the energy level leads to a large increase, in com- — 
parison with kT, in the energy gap between the impurity level and the bottom of the band: fiw)/2 >> kT. 

Let us take the opportunity to note that the expression for n in Ref. 5 is not completely exact, but let 
us emphasize that the results of Ref. 5 are true not only for ppH > kT but for any pp_H if exp (uBH/kT 5 
in the formulas of Ref. 5 are everywhere replaced by cosh (upH/kT ). 
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Quantum oscillations of the electrical conductivity 8 and specific resistance p@8 tensors 
are investigated on the basis of some general formulae presented in Ref. 1. It is shown that 
the oscillations of ¢®B and pa may be expressed in terms of the magnetic moment oscil- 
lations in the de Haas-van Alphen effect and in terms of the classical values of the mobility 
tensor. The asymptotic values of the oscillation amplitudes in strong magnetic fields are 
investigated and some simple cases are considered for which calculation of the oscillation 
amplitudes may be completely carried out. 


In Ref. 11. M. Lifshitz developed a consistent quantum theory of the conductivity of metals in mag- 
netic fields. The relation between the quantum kinetic equation and its classical analog derived there 
permits one to determine quantum corrections to the classical value of the electrical conductivity, and, 
in particular, to determine those corrections which account for the quantum oscillations of the conduc- 
tivity. The present communication is devoted to a detailed study of these oscillations (Shubnikov- 
de Haas effect’). 

It was shown in Ref. 1, that the simple (classical) part of the electrical conductivity tensor can be 
written in the form 


(6) * 0 ¥ 
o%8 == — 2 \\ ae si da dp (eRe 2,02), Wate nO \\ ae (x77 + x37) m'de dp,, (A) 


where x (€,pz) is constructed in a specific way fromGreen’s function for the classical kinetic equation 
[see Eq. (59) in Ref. 1], and f)(e) is the Fermi distribution function. 

Quantum oscillations of the conductivity tensor occur when x (€,p,z) has the values determined by the 
following equations: ! 


es) tos) a e fs) aR, * is 2 
Ao = >) Mi (a, BH2,2), Aor = ULE), 1 =2\\ fo 2G) neoverrie dnp, 
hk=1 k=l (B) 


Li? =2 \\ 2 12 m* ho" errikn dn dp, 


where w*= (eH /m*c), m* = (1/27) (8S/9e), and S=S(e,pz) is the area of intersection of the con- 
stant-energy surface for the electron having an arbitrary dispersion law e€ =e€(p) with the plane pz = 
-const., perpendicular to the magnetic field. 
The structure entering into the integrals in Eq. (B) permits one to determine easily from them the 
oscillatory factor in which we are interested and to determine in this way the OS of Ac from 
the oscillation of the magnetic moment and of the magnitude of the classical conductivity tensor. 


1, CONDUCTIVITY OSCILLATIONS 


Let us determine the oscillatory part of the expressions I, and Ly in (B). wo do this we shall use 
the concepts introduced in Ref. 3, and the same method, slightly modified and simplified. — 
First let us consider the contribution to the oscillatory part of the electrical conductivity of a single 


- group of electrons with a given dispersion law. . 
; ine integrals of Ix and Lx, let us transform from the variables n,pz to n,¢€ changing the order 


and the limits of integration, and also using the relation 
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k * D(n, Pz) = on a 
e. D (n, &) fs Op, ] ; 


which results from the quasi-classical expression for the energy levels of an electron in a magnetic 
field: 
S(e, p) =(n t+ ehH/e O<t<1), nl. 
This gives for ], 


"max 


0 (x*m) 


n=2( POD | 3 


n 


on 
Op, 


~ 7 earikn dn \ ds, (1) 
min x 

where the summation sign refers to summation over uniform intervals of change of n(e,p,) for a fixed 
value of €. 


The idea of the calculations which follow is based on the observation, that, with the exception of foe) 


and e27iKn) aj) the quantities entering the integrals for Ik and Lx change very slowly as functions of ¢ 
and n (in comparison with the range of variation of € and n). Therefore, by virtue of the condition 

n >> 1 the basic contribution to the internal integral (1) is made by integrating in the vicinity of the ex- 
treme points ny (€). Near these points 


Nn — tm ="/> (De — pe)? (Bn | Opz)m: 


where n=n(é,p,) and ny = Xe, De) and consequently 


| On / Ope| = V2 (02 / Op? \m (2 — Mm). 


This last relation permits one to determine the contribution to the inner integral of (1) very simply 
by evaluating the integral in the vicinity of the extreme points: 


\? Cae) |) Ga |= one in BN) an \—Is itis e2nikn + 
Oc Op, ina | Op? b Oe V ig ie 


0 
~ Wm (e) ermihnim \ e2mikx | x | dx = Wn (<) eri 9 eink 11/7 Op 
where nie: 


t 
—1!2 


d(ym*) | an 
Wa le) eam yom 
2 


m 
bp Sie 


refers to nin, While the minus sign refers to nmax. The 
term corresponding to nmin = 0 does not contribute to the oscillatory part of Ik and may be omitted. 


All the remaining extremal points are repeated twice (for adjacent uniform intervals of change of 
n(eé,p,) for a fixed value of €), so that we may transform (1) into the-form: 


The plus sign in the expression e*i7/4 


ie + Ti le 
1, w 2 2 exerts fy (e) wm (2) om mMde, (2) 
m 


where the summation is made over all extremal points. In what follows we shall omit the summation 
sign for summing over extremal points. 


Considering the behavior of f(€) in the vicinity e= € and assuming that (dnp / de)e=¢ # 0, we find 
from (2) 


Ip 2 Ve Wm (©) exp { 2niknim (C)+i +} \ fo (¢) exp { 2nik 
) 


ae mats) } a mlz (dn,,/ dt) shka 


Tl Chay Seay 
x exp { iktm (6) bated le (3) 


where A = 27°6/fiw*, and ¢ is the chemical potential. 
Thus, the oscillatory part of cP (a,p # z, z) is given by the expression 


aR — . Van Wie (6) Rr : . Sa 
og 2 née (dn, / a) a ix) XP | 2rihin (6) —i (+ * +) (4)) 
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Equation (4) for Ao@8 can be rewritten in a much more compact form, if we introduce the quantity 


F;,=2 \\ [per nt omit de ape. (5) 


; It can be easily shown by calculation, analogous to that performed above, that integration in the vicin- 
ity of the extremal points (excluding the trivial case Omin = 0) makes the following contribution to Fx: 


Fx = Ax (0) exp {2niktim (C) —i ($+ +) 


a 4 
An(S) = 2m* (6, pe) (RA/ sh kA) ce ie m® (C, pi") (kA / sh kX) (6) 
Ble (dn, / aC) | an | Op? ee = ke (dS, / 4) 1S (©, p,) /0p2| 32 ; 


From this last equation we can see the relation between the quantum numbers n (e€,pz), and the area 
S(¢€,pz). As has been shown, all the quantities, which enter into Eqs. (4) and (6), are to be evaluated 
at the points e€ = ¢ and p, = oe which correspond to extremal areas of cross sections of the boundary 
Fermi surface. (This problem is examined in greater detail in Ref. 3 and integrals similar to I, and 
F,, are evaluated there.) 


From Eqs. (3) and (4), it can be seen that 


de Lincs as 46 
T= ea ge 1h J mF ) 
Finally, Eq. (4) can be written thus: 
a 4 0 ay % 2 ,, — 
as 2nm* Gout ih ih pm Baie Es pair (8) 


Note, that the oscillatory part of the magnetic moment of the electron gas in the de Haas-van Alphen 
effect can also be written in terms of the quantity F: 


Sin (6) F 


z =38y' ( EN ariknd P 
AM ay d\h fo OH @ TiN dep. =~ — tsa (dS 7a) - 


t oF 
Hence, we find that 
F = —h?H (d|inS,, / dt) AM?. (9) 


Substitution of (9) into (8), permits one to express the oscillatory part of AoB in terms of the os- 
cillatory part of the magnetic moment AMZ, thus; 


h3H Oa te d\nS,, (10) 
Boe aie aside) a 10 OE) ae ad 


Let us introduce the “classical mobility tensor” q®%B, which is related to the classical conductivity 
tensor in the following manner: 


een = 2h | foqee2am"de dp. = Nog", (11) 


where No is the number of electrons in the conduction band, and q is the mean value of the mobility, 


weighted by fy. 
Since, on the other hand, the classical Eq. (A) can be transformed into 


one — 2{{ fo (ge 20m") dedp, (&ap == Z,.2); 


one obtains the following expression for q@B: 
ee em), Bae 2, 2: (12) 


qe =~ nm 
Substituting (12) into (10), one finds the following expression for the oscillatory part of A o @B (for 
a,B # 2,2) in terms of the independent variables ECs 
(As*®) a, ¢ = — gut H (d\n Sp / do) AM?. (13) 
If there are several groups of electrons which determine the electrical conductivity of the metal, ie., 
if there are several overlapping, partially filled energy bands, then every group of electrons makes its 
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own contribution to Ag@P, so that A o@B assumes the form of a summation of terms like Eq. (13). 
In a similar way one finds the expression for the oscillatory part of Ag 22. Integrating Li in the way 
described above one finds 
zz 2 bid ee pl EN hk - i 
Ly=T5 (xs m* | 02n/ Op: | i vucere exp {2niktim () + i(n + NE 


which can be written in terms of Bie 


L2? = — iy, © (danl do Ex (14) 
Because of the additional coefficient of n,,/9¢, the integral Lee [Eq. (14)] is considerably great- 
er than me (in the ratio €/u*H where p*H = hw*). Therefore, the fundamental contribution to A o 22 
from those extremal sections, (of the boundary Fermi surface) on which x¥7 does not vanish, is made by 
such terms, namely: 


dn 
As = iver (6) ara yy RF x. 
k 


Using the relation between F and AMZ, it is easy to show for this case to this degree of approxima- 
tion 


hs dinS,, \2aAM? 
(Ac*),¢ = Be Hi (a) Ga (15) 
If x24 vanishes on the extremal cross-section (of the boundary Fermi surface) [in particular, as is 
evident from the form of the general Eq. (59) of Ref. 1 for x #%, and from symmetry considerations, 
Xx of vanishes on central cross-sections of the Fermi surface], one must take account in the integrals 
Nm 


Qr (e) = \ 2m" 


e2nikn dn 


on |-1 

Op, | 

of the subsequent (non-vanishing) terms of the expansion of x (” in powers of (pz — pz’). 
Assume that near the extremal points 


22 m 4 os ZZ 
OQ = (pz Pz i sl ops Xo . (16) 
Then 
(s-1)l2  @S7? 02 (s+-1)[2 ee 
EGS 0 * tee | ' é 
6) = ])s —___ ——. \ N — Nm |S—VI2 e2rikn dn, 


where as before the plus sign goes with ny jn and the minus sign with nmax. 

In evaluating the integral in Eq. (17), one can make use of the asymptotic equation for integrals of 
this form, which is given in Ref. 3. 

Note that if x (€, p,) is an even function of pz, then from the equality X gle » Pz) = X9l(€, —Pz) it fol- 
lows that dx o/ dpz = 0 for pz = 0, and consequently for central cross-sections, the expansion in Eq. (16) 
commences with a quadratic term. This means that for central cross-sections 


ss 


Mea ke 
Sk? dp? 


On 
Op? 


Qr (8) = exp {2rifinn 4. ye x} ; 


0 


and the basic contribution to the oscillatory part is given by 


Asz2 = 


: oF. (18) 


4 O(y72m*) 1 IS, | AE <= | 
S, Pz=0 


2x \m* Oc 2 | 02S / Op? | dp? 


By introducing the component q%4 of the “classical conductivity tensor” into this equation by analogy 
with Eq. (11), viz: 
apt! ORENGOS AER Sie ae Ae olan cae 
= (rere ) ae ny Tl Oral 
it is easy to verify that for central cross-sections 
a ee nD) dS, ide yx9° 
= : a 0 
Yn ra de 2|0"S/ Op%| Op? } p 
and therefore, Eq. (18) can be written in the form 


(19) 


? 
Eile Me 
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(Ao), = gi H( “2 >™) ame, (20) 

If the boundary Fermi surface is convex, there is a unique extremal cross-section, i.e., the central 
one, and consequently the oscillatory part of the electrical conductivity of the given group of electrons 
is determined from Eqs. (13) and (20). Thus all the components of Ac@ have one single order of 
magnitude of oscillation. If there are other extremal cross-sections in addition to a central cross- 
section, Ac*”is determined from Eq. (15), and the amplitude of oscillation of Ao 22 will be con- 
siderably greater than the amplitude of oscillation of AoB (a, # z,z) for these groups of electrons. 

Eqs. (13), (15) and (20) for the oscillatory part of Ac@B derived above are given in terms of the 
independent variables € and H. It was shown in Ref. 1 that for a concrete application of these equa- 
tions and for comparison with experiment it is necessary to examine the oscillation of the chemical 
potential € = ¢(H), resulting from the constancy of the number of electrons in all bands: 


2h-* DY D\\ fo2nm; dp,Aca=>\ Nj = N = const 
jon i 


(summation over j is extended over all bands). 
In this case, in contrast to the de Haas-van Alphen effect, in which they can be neglected, these 
oscillations play a fundamental role, because of the larger magnitude of ¢@A, 


If we symbolize by Ng (&) the classical relation between the electron concentration and the chemical 
potential, namely 


NOG) = Oh), \\ fo2nm} dp,de = 2h 3} \ to (d p), 
il 


J 
we have, using Poisson’s equation and considering Eq. (5), 


N()=NO) +h DD) Fh= NO +h? DF! (0. (21) 


j k=1 
Next, putting € = €) + A, where €) is the chemical potential for H = 0, we can write 
NO) = N° (Co) + Dy ONG/9) AC, 
i 
and then it follows from Eq. (21) that 
ACh? >) (N3/0) = — >) F! (©). (22) 
i i 


Taking into consideration that the oscillatory pertubation on o@B, as a function of the relation ¢ 
= €(H), has the form 


Aoz® = (d078/ay) AC, (23) 
we can substitute into Eq. (23) the expression for A¢ from Eq. (22): 
of? = — (008/00) SP") / #3) ONG). 
J if 


If we now use (9), the Ao? are expressed in terms of: 


oo°h 5 din Si, ON}, 
MOST! A Mj [3% (24) 
; 


Oo ao 


Finally in Eq. (24), one can express o@B in terms of the mean value of the “classical mobility 


tensor”, 


a ae d\n Simi a Mf? Sy ON‘, 
Aoi? =H D ae, (NEG) Diag AMI | 2a (25) 


The experimentally observed oscillations of the conductivity as a function of the magnetic field. are 
described by the sum Ao@B + A,ooB so that in Eqs. (13), (15), and (20) (or in equations corresponding 


to them) one should substitute ¢ = Co. 
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For a,B #z,z this sum becomes 


: a BAe aN? ; dinS,,; 
Aot8 + Aot® — H Dy | Daz (Nig?) i DR, — qmni(Co) | dG, -AM;j . (26) 
ip et R 


If all the Fermi surfaces are convex, then Ac2Z + Ag;2” are determined by the analogous expression: 


: a a oNn® dinS,, 
Act + Aoi*= H » |> ne (Ni.927) / > a is Trai (Co) | alo ; AM; : (27) 
j ; 


If there are Fermi surfaces with non-central extremal cross-sections, then 


Re = din S,,;\? 0AM? 
Nee he ae Dan ae ag (28) 


where the summation extends over all Fermi surfaces with non-central cross-sections. 

From the formulae for the oscillatory part of the conductivity Ao@8 [in what follows Ao@P will be 
used to symbolize all the terms of o@B which oscillate as the magnetic field changes, i.e., sums of the 
form of Eqs. (26) and (27)] it is evident that each group of electrons makes its own contribution to 
Ac@8, It turns out, that the contribution of each band is related to AM“ only for similar groups of 
electrons. Therefore, the period of oscillation of Ac@f is always determined by the same coefficient as 
the period of oscillation of AMZ2, and, of course, it coincides with that of the de Haas-van Alphen effect.® 

A(1/f) =sehfeSs Ga: 

Principal emphasis in what follows will be on the amplitude of the oscillations of Ao@B,. First, in 
contrast to the oscillations of AM“, the amplitude of the summands in Ao @B corresponding to given 
“anomalously narrow” bands are determined by all the “normal” groups of electrons. Secondly, the 
undetermined quantities x (e, pz) enter into a calculation of the amplitude. These quantities are also 
involved in the classical expression for the conductivity. 

In certain concrete cases, which are introduced in Sec. 4, the quantities y(e€, pz) can be obtained from 
the solution of the corresponding kinetic equations, and the magnitudes of the oscillations can be calcu- 
lated exactly. 


2. ASYMPTOTIC VALUES OF THE CONDUCTIVITY OSCILLATIONS IN STRONG 
MAGNETIC FIELDS 


Let us now examine the behavior of the amplitude of oscillation of Ao@B8 in strong magnetic fields, 
when 7) <_1, where, in accordance with Ref. 4, we denote by yo the relation yp = 1/(€Hty/moc) where ‘Mp 
and t) are the characteristic mass and relaxation time, respectively. In this case we can make an 
asymptotic expansion of the amplitude in powers of yp making use of the asymptotic value of ob! = Gen 
obtained in Refs. 1 and 4. If the boundary Fermi surface is split into several closed surfaces, the 
asymptotes, oh , have the form 


2 27 
Yon Tol. + To Yo%13 
ap Seed Pe 2 
59° (H) =] Yoda: + o@a1 Yo222 {0223 (29) 
\ YoUs31 YoUss 33 


Here ay B (Co) is a matrix whose elements can be expanded in powers of yp beginning with a zero order 
term, such that 


tore = Fr (Ne — DW7), (30) 
k i 


where Nt is the electron density, and N is the hole density for corresponding groups. 
Since for every group of electrons ¢@P = Neq@8 the asymptotic expansion of the elements of q@B 
begins with terms of the same order in yp, as Oo. , namely 


QoGa Oe ee = 
olla ec/H + %oltrs Toltis 


qz8 — oes ec/H a ello Totles Yollo3 
1G (31) 


Yolls1 Yolse Usg 
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The expansion of the elements of the matrix Uop in powers of yp begins, generally speaking, with a 
zero order term (in some cases, the expansion of aqp is the same as uaB , cf. Ref. 4). All the elements 
ie ee depend on the form of the collision integral, and generally speaking, they turn out to be functions 
Oo 0° 

Since qb is generally of the same order of magnitude as g@B , the asymptotes of q ae , in strong mag- 
netic fields, should have the form of Eq. (31). In this case it is interesting to examine the possibility of 
an exact calculation of the first term in the asymptotic expansion of any as follows. 

For perpendicular magnetic field H (applied along the axis OZ) and electric field E (along the axis 
OY) the electron finds itself in a steady state with a constant velocity (depending on its state) whose 
mean value differs from zero. This velocity is directed along the axis OX and it is given by cE/H.* 
Note that the indicated velocity does not depend on the dispersion law for the electrons nor on the state 
of the electrons, i.e., it does not change because of collisions experienced by the electron. The steady 
state mobility of the electron qn = ec/H is related to this velocity. 

In strong magnetic fields when the mean time between collisions of the electrons is much greater 
than the time required for one revolution of the electron around its classical orbit, ay makes the prin- 
cipal contribution to the elements q*V of the mobility tensor, and consequently 

qi? = ec/H + Bur, (32) 


where yu? is the mobility, which is a function of the collision integrals. Thus it is seen by equating 


(32) and (31), that the first terms in the expansion of q¥V and any in powers of yo are identical. 
From Eqs. (26) and (27), and also from Eqs. (31) and (32), it follows that the amplitudes of all the 
elements of Ao@8, with the exception of AcXY, have the same order of magnitude in terms of yo, as do 
the corresponding elements of of. As for AoXY, its ratio to yp has a higher order of magnitude than 
that of of), if 2NK # ZN; . One can write for the relative magnitude of the oscillations in the case of 
i 


convex Fermi surfaces and for 2Nk FINi 
i 


dlnS,, 


A3%8/a%° — H > Yi° pe AM}, (33) 
where 
Oy ‘oie his 34 
ye {over Doo bes |» 
Yay O32 b33/ 


and the matrix Pog 
Ina ON? 
i a a pee es al =X, /) , 
Yas = —3z, |x Taj [20 (x, B x, y) 


da. ane 
jd 12 meek aie 12- 
thy = | an Da He / 43 


and, consequently, the expansion of the terms of the Wap matrix begins, generally speaking, with a zero 
order term in yo. besa, 

It is characteristic that the relative order of magnitude of the oscillations of o*Y (in terms of yo) is 
less than the relative magnitude of oscillation of the remaining elements of the tensor o®8,?t There is 


a simple physical reason for this conclusion, namely that the asymptotic value 09” in strong fields for 


*It is easier to verify that this is so by noting that ina steady state the mean value of the Lorentz 
force acting on the electron is zero. Since the expression for the Lorentz force does not depend on the 


form of the dispersion law, the steady-state velocity acquired by the electron in crossed magnetic and 


electric fields is independent of the dispersion law. ; 
tIn some concrete cases, in particular for an isotropic dispersion law, the expansion of ¥*Y can 


+4 5NC 
begin with a term of the order yi (for BN ze zea ) 
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=NE # XUN; in Eq. (30) has a fixed value for a given metal, and it does not experience any quantum 
k i 


oscillations. ; 
If =Ni = ZNj the expansion of ried begins with yp and therefore the expansion of ¥*Y begins with a 
k i 


a zero order term WY = y/4y where 


par Olney aN? 55 ; 
Yio a Gy /> a, Um Qy2. 
The expansion of the remaining elements in WB results as before in equations of the form of Eq. 
(34). 


3. OSCILLATIONS OF THE RESISTIVITY 


In experiments one usually measures not the electrical conductivity tensor 628 but rather the spe- 
cific resistivity tensor p&B = Cap . Consequently it is necessary to determine the oscillatory part of 
poe. 

The relation between the elements of the tensor p®P and those of o@B is defined by the well known 
expression 


0% = D,,/Iloll, | o || = det | 3*8|, (35) 


where Dyg are the algebraic complement of the elements of o@B8 in the determinant || o ||. 

Let us write o%B = oh + Ao@B designating by Ao@B8 the oscillatory part of o@B, which, as is known, 
represents a small quantum perturbation to o@B, Then, leaving only linear terms in Ao @B, it can be 
easily shown. 


5 Il = Il 30 | + DagAs2® = |] a9 |] (1 + pp*As%8) (36) 


(we omit the sign for summation over indices which are to be taken in pairs from 1 to 3). 
Similarly we find to the same degree of approximation 


Dag = Die + SohI&g pqG? As, (37) 


where €j;] is an antisymmetric unit tensor of the third rank. 
By using Eqs. (36) and (37), there follows from Eq. (35) 


Aoxe =efl Il Qo Il Eghifapgoh? =p," 04) As", Ap*8 (H) — Ap8 (— H), (38) 
where 
Il Po ll = det | p28 | = flo] 2. 


It is evident from Eq. (38), that the equation for the oscillatory part of the electrical resistivity ten- 
sor in the general case has an exceedingly cumbersome form. The expression for Ap®f retains the 
classical value and the oscillatory parts, generally speaking, of all the components of g®8. Even in the 
simplest cases Ap@f retains some terms, which can have a single order of magnitude of amplitude and 
various periods of oscillation. Simplification of Eq. (38) occurs only for certain special cases. 

In particular, if there are boundary Fermi surfaces with non central cross-sections (it is obvious 
that these always occur in even numbers, so that the cross-section which are placed symmetrically 
around pz = 0 make equal contributions to the oscillation Ag@P), on which x?” # 0, then, in magnetic 
fields that satisfy the relation yp ~1, one need retain in Eq. (38) only those terms which contain Ag2Z, 

The components of Ap@f in this case have the form 


Ap** = ( II Pp lI 37 — pit or?) Aa? Aovy== (1 onl oa" Gaga) eaaee, 
Ap*” = — (Il Po Il 339 + p¥o27) Nat, Aptt — — or2p22Aazz (g = x, y, 2), 
where Ao#4 is determined by Eq. (28). 


If the Fermi surfaces are all convex, one can calculate the asymptotic values of Ap@B in strong mag- 
netic fields (yy <1). To do this, just as was done in Sec. 2, one uses the asymptotes of the tensors ob 
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[Eq. (29)] and p%8 (Ref. 4), which allow one to exp 
cific resistance tensor in the following way: 


75 


ress the relative value of the oscillations of the spe- 


dinS 
Apr®/ose = H D7" ae AM? (39) 
J] 


If ENK # ZNj , the matrix 628 has the form: 
1 


P11 YoP12 Pig 
0 ( fee Loo es) 


P31 P32 Pag 


(40) 


Expansion of the elements of the ¢qag matrix in powers of yp begins with zero order terms. 

It can be shown, just as in the oscillations of the conductivity, that the relative magnitudes of the 
oscillations of the elements, pV is smaller by orders of magnitude (in terms of yo) than the relative 
magnitude of the oscillation of the remaining elements in the p“B tensor. 


+ m 
If ek = ent , the expansion of the element ¢¥Y again begins with a zero order term in Yo, and the 


expansions of the other terms in the 6% matrix have the form shown in Eq. (40). 


4, CALCULATION OF THE OSCILLATIONS IN SOME CONCRETE CASES, 


In this section we will examine a series of simple cases, which permit simplification of the general 
formulae for the oscillatory parts of the tensors ¢@P8 and poB ; 

The relations for Ac@P are greatly simplified in the presence of a single conduction band with con- 
vex Fermi surfaces. In fact, in Eqs. (26) and (27), we retain only one term and find 


aru. aq%8 | a — d1nS,, 


Aot® = H (a = G28 (Co). Cop Ol fod Oe: (41) 


It is interesting to note that if qoB does not depend one and p, the sum in Eq. (41) vanishes. This 
means, that the oscillations of c@8 and pob for the case of a single conduction band with convex Fermi 
surfaces depend on the functional relation between the mobility ande and pp. 

To calculate the amplitude of the oscillations of Ao% and Ap&B , whether there exist one or several 
groups of electrons, it is necessary to know the functions x (€, pz), which can be determined only on the 
basis of certain assumptions concerning the collision integrals. 

If the collision integrals in the kinetic equation can be replaced by a “relaxation time” ty, which 
generally depends on € and pz, then 


ye == Drei 2 Re esas Ch RR Gi 2re*t h * (v5)? Gee Oe ee ne inlets (42) 
Rk 


where vy; are the Fourier components of the velocity of the electron. 
In the isotropic case Eq. (42) becomes even simpler. Noting that for any isotropic dispersion law 
€ = € (p) the relations p = m*v and v = Vpe* are satisfied we have 


- ety 7? S (€,pz) & ety ¥ S (€,p,) 
Oa ER aire we rah ore ima RM Sree 
et p; 2 (23) 
yee ae O(o == x, Up Z)\, = Dre ere S (¢,pz) =«(p (2) — p2); 


_ where p = pc) is an inverse function of «=x (Dp). 


From Eq. (43) and from the definition of the mean value of the “classical mobility tensor [Eq. (11)], 
with the assumption that ff (€) can be approximated by a 6-function, it follows that: 


get = gy = q/ (1+ o*?t5), GF = o*tJo/ (1 + w*?t}), g@ =qQ et |m*, Gg? =q? = 0, ty = ty (%), (44) 


 *In the isotropic case v = (a«/8p)p/p and from the expression S(€, Pz) = 7 (p* (c) — pz) it follows that 


_m*=p (ap/de) = p(9e/9p) so that p = m*v. 
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where, as above, w*= eH/m*c. 
Furthermore, from Eqs. (12) and (19), using Eq. (43), we find that 


1 ye a Co aq-® Sap: 
qm (Go) = 97° ++ ae : ia («.B = 2,2); d= q (45) 


We will now apply Eqs. (44) and (45) to an examination of two models. 


(1) One Conduction Band 
If there is only one conduction band, when 
0 1n N°/Ol, = 3m*/p? (6), 
the oscillating terms of Ao? have the form 


Neches eee AM2 (a,8 2,2); Ao = Baie 


ne oe AME, (46) 


where vB is determined from Eq. (44). 
In strong magnetic fields (y <1) all the elements of qoB and their derivatives can be readily ex- 
pressed in terms of qo, and we find* 


Aoxx Ao¥Y 4 Olngo AMZ AotY ait ee H Olngo AMZ Ac®2 2 Olngo AMZ 


ay? By Ny ogy OS) Bde pes i eee eae pe 


The expression for the oscillatory parts of the magnetic moment AM in the case of an isotropic 
dispersion law can be found from the general equations,* in which one should substitute 


Sm (Co) = =P? (Co), dSin/d%o = 2am*, | d°S/Op2| = Qn. 


Using oP = Nya@F , and also Eqs. (38) and (46), we can calculate the oscillations of the specific 
resistivity tensor 


Ap* = Agyy = =, {(l —o*22) LE So to Zo a ne, Nepean ane + 30 ott py OF _ o.att 2 a m0") ae, 
= 
0 (48) 
n 2H , ag?? | 
Coes Zz 
: = {2% ° 1, a or F| AME, 
where dy = Noe*ty/m* is the conductivity of the metal in the absence of a magnetic field. 
In strong magnetic fields one can substitute w*ty >>1, which transforms Eq. (48) into 
Nesta Ao? = 7 2ln% AM? Ao*” Pee apy 210 do AM? Ber nan 2 dIng) AM? 
ee oe Onl Nee oe Ss lias ot ce Nae: on 8 as ae (49) 


It should be observed that the relative magnitudes of the oscillations of Ac*Y/o)*¥, and also of 
Ap*Y/p XY in strong magnetic fields in our case are smaller by two orders of magnitude of yp than the 
relative magnitudes of the oscillations of the remaining terms in the o@8 and p&B tensors. 


(2) Two Bands with Nt= N7 


Let us assume, that there are two groups of electrons having a quadratic dispersion law, for one of 
which (1/21) dSy,/d&) = m; >0 (electrons), and for the other (1/27) dSy2/d€y) =— my <0 (holes), and 
that N* = N-. 


Symbolizing by q, the mobility of the electrons, and by qg that of the holes, it can be easily shown 
from the general Eqs. (26) and (27) 


*If m* = m = const, then dln qo/d¢ = alnto/8€y and the expression for Ao*Y/of@Y in Eq. (47) coincides 
with that given elsewhere,° where, however, there is a misprint in the numerical coefficient. 
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Neti a | | roe Oe ( is ag® 9 age 
ss CFujty Ue (938 — qz8) + pt 4-] ite heey Sobel hate 
or a er le 5 dq3° 
+[.@ Sate” ate saci oo ra i a 1) 6 ip ams}, (50) 
for a, B #2z,z and 
scot 2 ptf eA inn ee dal 
9 OF wyeoll # (49? — 437) — 3 Sol ae — ae) AME + | » GF — 9,2) + -9- hol Ge- — Se )] ams}, (51) 
where . = m,/m,, and the mobilities are determined from Eqs. (44) in which one substitutes in the case 
of the electrons m* = m,, and for the holes, m* =— my. 


For the extreme cases », >>1 or » <1, one can leave out some of the terms in Eqs. (50) and (51); 
however, the general character of the expressions does not change. 


Eqs. (50) and (51) show that the assumption N+ = N does not introduce any fundamental simplifi- 
cation of the general expressions for Ac, 
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The emission and absorption of light at high temperatures in a shock wave front in air are 
considered. The dependence of the brightness of the shock wave front on its amplitude is 


derived. 


i our preceding article!* we considered in a general form the problem of the internal atructure of the 
front of strong shock waves in gases, taking account of radiation. We operated HORNET with integral 
characteristics of the radiation — the total energy flux and density. Also, passing from the geometrical 
coordinate to the optical thickness, we excluded from consideration me actual distetbutton of quantities 
in space, which is determined by the coefficient of absorption of light in the gas. This approach is in- 


*Hereafter referred to as I. 
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adequate when we are interested in the flux of visible radiation passing from the wave front to infinity 
(brightness of the wave front), the measurement of which is one of the important experimental methods 
for the study of shock waves and the determination of their amplitudes. 

The brightness depends in an essential way on the coefficient of absorption of visible light at various 
points of the wave front, and on the distribution of the light sources, i.e., the temperature distribution in 
the wave. 

In I, temperature profiles were obtained as a function of the mean over the spectrum of the optical 
thickness. Therefore, to calculate the brightness it is necessary to find the relation between the coef- 
ficient of absorption of visible light and the mean over the spectrum. The latter is determined by the 
character of the radiation spectrum involved in the transfer of energy in the wave, which in turn de- 
pends on the coefficients of absorption of the various frequencies at different temperatures. 

These questions are considered in the present article as applied to air. The results will allow us 
to draw conclusions regarding the general character of the relation between the brightness or effec- 
tive wave temperature and the temperature behind the shock wave front. 

Let us recall that by effective (visible) temperature we mean the temperature that a black body 
would have to have in order to give exactly the same flux of visible light as passes from the shock 
wave front to infinity. 


1, COEFFICIENT OF ABSORPTION OF LIGHT BY AIR 


We begin with low temperatures. Cold air, as is well known, is transparent to visible light. Strong 
molecular absorption begins in the ultraviolet region; the absorption coefficient reaches the value k,, 
100 cm for hy-= 8ev * at normal density.” 

Quanta with energy greater than the ionization potentials of oxygen and nitrogen molecules, Ip, 
= 12.5 ev, Iy, = 15.5 ev (for atoms, Ip = 13.5 ev, In = 14.5 ev), undergo strong photoelectric absorption. 
The effective absorption crossections from ground levels depend only slightly on frequency in the inter- 
val I=hvp to hv = 25 ev, and are 09 =3 X 10—* cm’, Cy = Oat 10-8 cm? per atom,® which gives Ky 
= 120 cm. As the frequency increases, the absorption coefficient goes through jumps corresponding to 
the successive inclusion in the absorption of various electrons filling the L-shells of oxygen and nitro- 
gen atoms. The L-shell levels do not differ too strongly from one another, so that the jumps appar- 
ently lie in the frequency region from hy = 13 up to hv = 30 ev. At higher frequencies the absorption 

decreases monotonically up to quanta with energy hy = 410 ev, equal to the bind- 
TABLE I ing energy of K-electrons in nitrogen (530 ev in oxygen). Experimental data on 
the absorption of intermediate frequencies between the far ultraviolet and soft 
hy (o0| kotom-9) x-rays is extremely scanty. Combining the various data, we may set up Table I 
as an approximate representation of the absorption coefficient in this region. 

At not too high temperatures, lower than =~ 30,000°, when the degree of ion- 
ization is not great, quanta with energies less than the ionization potentials are 
absorbed principally by photoeffect with excited levels of neutral atoms (and 
molecules) of oxygen and nitrogen. For an estimate of this absorption we may, 
as is commonly done in astrophysics, use Kramer’s formula, derived for hydro- 
genlike atoms and ions. The formula for x,,, integrated over the levels taking 
account of their degree of excitation, has the form:® 


1672 e& kT xs 
Hy = eniLy) Zinie ys 
i 


"oY 5. ne Un) 


(1) 
The summation is carried out over all the types of atoms and molecules (nj is the number of these 
particles per cubic centimeter). Zj is the effective charge of the atomic residue, which according to 
Ref. 8 should be set equal to Zj = 2.5.7 

The temperature dependence is apparently represented correctly by the Boltzmann exponential fac- 
tor. Taking account of the equilibrium composition of air at the various temperatures, we may use this 
formula to calculate the absorption coefficient for red light, hv = 1.91 ev (A = 6500 A), which is com- 


*It will be convenient in what follows to express the frequency in electron volts. 
+Model’’s data’ are in satisfactory agreement with this value. 
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monly used to photograph shock waves (see Table II; concern- TABLE II 
ing the last two values in this table, see below). K, depends 
extremely sharply on temperature because of the high ion- 
ization potentials. 

The absorption coefficient ( 1) considered as a function of 
frequency at a given temperature has a minimum at hy = 8kT. 
Eq. (1) may be used only for values of hp sufficiently small 
with respect to unity, when the absorption occurs in highly excited levels which may to some extent be 
considered “hydrogenlike.” Both Kramer’s formula and the replacement of summation over levels by 
integration become inapplicable at hy = I. 


A rough estimate of the absorption at hv = I may be obtained from Kramer’s fromula for the absorp- 
tion in the ground level of a hydrogenlike atom,® which for air gives 


LOTT 20 50 100 


u | 2 


290 


0.09 | 0.34 | i 13.5 | 60 ssfpoo 


y= 4302 (I/hy)® em™!, (2) 


At hy =I, Eq. (2) gives the correct order of magnitude (K, = 100 em!) with Z = 2. The absorption 
coefficient has a maximum at hy = I, 

Absorption at high frequencies, hy >> I, and not too high temperatures, when air consists principally 
of neutral atoms, takes place in the same way as in cold air, i.e., according to Table I. 

At high temperatures the atoms are strongly ionized, and as a rule, at every temperature air con- 
sists principally of ions of two multiplicities: at T = 50,000° singly and doubly ionized, at T = 100,000° 
doubly and triply ionized, etc. The absorption of quanta with energies less than the lowest ionization 
potential of the ions present in sufficient quantity* may be estimated by a formula of type (1). The 
last three numbers in Table II were obtained in this way. 

The maximum absorption, corresponding to hv = Ijin, may be estimated by Eq. (2), setting Z equal 
to the charge of the ion. The magnitude of the maximum decreases with Z, i.e., with increased temper- 
ature, and is of the order Ky ~ 100 to 10 cm~!. Then, with further increase of frequency, there are suc- 
cessive maxima corresponding to the inclusion in the absorption of different ions (more exactly, differ- 
ent levels of different ions), and at sufficiently high frequencies, K, decreases monotonically with in- 
creasing frequency up to the K-jump. 

This is the general picture of the absorption of light in air. The state of theory in connection with 
this question is such that it is very difficult to go further than crude estimates of order of magnitude 
and the establishment of qualitative relations, which naturally shows in the 
character of the conclusions regarding the spectrun and effective temperature. 
The qualitative dependence of the absorption coefficient on frequency at a 
given temperature is illustrated by Fig. 1. 


2. THE CHARACTER OF THE RADIATION SPECTRUM IN THE HEATING 
ZONE AND THE ABSORPTION COEFFICIENT 
AVERAGED OVER THE SPECTRUM 


The radiation emanating from the surface of the discontinuity of a strong 
shock wave is absorbed in the gas layers lying in front of it and heats them. 

In I, temperature profiles were found in the heating zone, assuming constant 
heat capacity. In air as well as in other gases, the heat capacity at high temperatures depends on 
temperature because of ionization processes. In this regard, all the relations in Iconcerning the heating 
zone must be generalized somewhat. Thus, the condition that the flux of radiant energy and the hydro- 
dynamic flux are equal (Eq. 12 in 1) is now written in the form: 


FIG, 1 


SS Dpos (aay (3) 


Keeping in mind that the compression in the heating zone is small, and that the specific internal ener- 
gy depends only weakly on density, we may take e(T) at normal air density in this equation. 
The temperature profile in the diffusion approximation is determined by the formula 


*At T < 30,000°: Imin =o ~ 13 ev, At T ~ 50,000°: Imin = 11 ~ 30 ev, 


At T ~ 100,000°: Imin =I, ~ 50 ev, At T ~ 150,000°: Imin = jy ~ 75 ev. 
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a 4 
e(T) =e(T )exp(—V39 =O, (4) 
similar to Eq. (15) inI. 

The greatest heating temperature T_ in front of the shock discontinuity is found from the equation 


oT? = Dove (T_), (5) 


in which it is necessary to substitute the actual function D(T,) for air. Values of T_ asa function 
of T,, the temperature behind the front, were calculated with this formula and are given in Table III. 
We used Selivanov’s” data with regard to the calculation of thermody- 


TABLE II namic functions and the shock adiabatic of air, taking account of ion- 
ization.* It is clear from the table that the temperature behind the front 
Ud ae (=) e(r (3) 10-*r°_ at which the quantities T- and T, are comparable, and which is the 
characteristic temperature for the problem of the structure of a shock 
285 88.4 1020 285 wave front, is of the order T;, + 285,000° in air. 
Be one oe ree We will now estimate the mean over the spectrum of x, the absorption 
450 56.5 122 60 coefficient of light in the heating zone. 
ate ne a a Our problem is the calculation of the effective temperature of the 
65 23.5 8.4 9 wave front. It will be shown in the next section that at a temperature T, 
= ae sae < 90,000° behind the front, the effective temperature is practically equal 


to the temperature behind the front; therefore, we will consider only 
stronger waves. 

It follows from Sec. 1 that the absorption coefficient for the various frequencies at the various 
temperatures lies, as a rule, between 100 and 10 cm™ 1 The exceptions consist only of sufficiently low 
frequencies having insignificant energy. 

Consequently, the mean coefficient also has the same order of magnitude. For example, at T, = 
100,000° the maximum of the Planck spectrum (as a function of frequency) occurs at hy = 24 ev. Here, 
the greatest heating temperature is T_ = 25,000°. At temperatures less than 25,000°, quanta greater 
than 13 ev are absorbed in the same way as in cold air. Quanta lower than 13 ev carry little energy. 
Thus, 85% of the total spectral energy is included in the interval from 13 to 150 ev. 

Quanta with lower energy are absorbed more strongly. Therefore, as we go away from the surface 
of the discontinuity, the spectrum becomes harder and harder and the mean absorption coefficient de- 
creases, varying within the limits from 100 to 10 em}, 

As the temperature behind the front is raised, the picture does not change in general; it only be- 
comes more complex because the temperature in the heating zone becomes high, and the “leading” 
frequencies, i.e., the frequencies which carry the principal energy (so to say, “lead” the heating) and to 
which the mean coefficient k corresponds, lie in the region of absorption jumps. The order of k remains 
as previously: x ~ 100 to 10 cm-}, 

The picture again becomes clear at sufficiently high temperatures behind the front T, > T, ( “isother- 
mal jump”) or in the case of a thermal wave. 

In both cases there is a region in the wave in which radiation is in local equilibrium with matter. The 
temperature separating the equilibrium and nonequilibrium regions is T;, + 285,000°. 

We shall consider in detail the case of very strong waves, because it is a limiting case with respect 
to the effective temperature. 

At temperatures above ~285,000° the radiation is in equilibrium with matter; therefore, we may ap- 
proximately consider that a Planck spectrum of temperature T, leaves the surface where T = Ty, no 
matter how high the temperature is behind this surface. As we go away from the point at which T = T, 
in the direction of lower temperatures, the radiation density exceeds equilibrium at the given tempera- 


ture to a greater and greater extent. Using Eqs. (12), (16), and (32) of I, and the proportionality € we 
~ T!+4 we obtain 


U (T)/U,(T) =U (Tx) e(T)/ Ug (T)* (Tx) = (T/T). (6) 
The general tendency of absorption is such that x decreases with increasing frequency. At T = 
285,000° the Planck maximum corresponds to hv = 70 ev, and the principal energy of the primary spec- 


*Let us note that in the temperature interval from 10,000° to 300,000°, e€ (T) may be approximated by 
the power lawe ~ T 
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trum lies in a region in which x decreases more or less monotonically with v. In order to estimate the 
“leading” frequency vy, at each point of the wave, we may schematize the spectrum as follows: we will 
assume that frequencies v < y,, which are absorbed more strongly than vy are in local equilibrium, and 
that frequencies p > Vy are distributed in the same way as in the initial spectrum, i.e., arrive at the 
point x without having undergone absorption along the way from the point at which T = Ty. This be- 
comes all the more valid as with increasing x the leading role moves to higher frequencies, so that for 
a given frequency vp, the ratio v/Vy, (xX) increases with decreasing x. 


At not too high temperatures, according to Eq. (6), the equilibrium part of the spectrum carries 
negligible energy. Therefore, we may set 


yu weg? VEE) 
v( oa OE ral Sb (7) 


The “leading” frequency is determined by the formula 
2 ey ¢(T) 
U (2) = \ Uw (Pi) dy— Us (Pa) Sy es 

Some calculated values of vy, (T) are given in the second column of Table IV. They lie in the suf- 
ficiently far Wien region where the spectrum drops rapidly; therefore, the average absorption coef- 
ficient corresponds simply to Vm: 

Keeping in mind that at temperatures lower than ~30,000° energetic quanta are absorbed in the same 
way as in cold air, we may use the data of Table I to associate a mean absorption coefficient with each 
temperature at the lower boundary of the wave (third column of Table IV). 


3. THE EFFECTIVE TEMPERATURE OF A STRONG 
SHOCK WAVE AND OF THERMAL WAVES 


According to the general formula (26) in I, the flux of visible light passing from the shock wave front 

to infinity is 
Si Uk 12 % —Ty dt,, 
iy ¢ Ea (% — 7) i 

where T,, is the total optical thickness of the heated layer for the frequency v, corresponding to x = 
+, In distinction from the mean optical thickness T, equal to + atx =+, 7, for visible light is fi- 
nite, thanks to the condition S = 0, because the absorption coefficient for visible light drops extremely 
rapidly with decreasing temperature. Since the mean coefficient x depends only weakly on temperature, 
the temperature T* at which 


xy (T*) = x(T"), (10) 


may be called the boundary of transparency of air in the shock wave front in the sense that for <a 
air is practically transparent to visible light. A simple calculation shows that pac toR aa thickness of 
the heated layer from x = + ~ to the point x = x* at which T = T* (when T_ = T*) is very small; ATyjax 
0.1. Therefore, the total optical thickness T,) is practically equal to the optical thickness of the layer 
0 <x <x* When T_ < T*, the optical thickness of the entire heated layer At, << ATy,,3,- 

It is clear from Table II that T*+20,000-17,000° when x ~ 100 to 10 cm~!, When the temperature 
behind the shock wave front is lower than TT =90,000°, the maximum heating temperature Taceikas 
follows from Table III, and the heated layer is transparent to visible radiation. Bince under these con- 
ditions black body radiation near the temperature Ti leaves the surface of the discontinuity, the effec- 
tive temperature Toff of the visible radiation will almost coincide with T,, the temperature behind the 
ia. the shock wave amplitude is raised, for T; > Tf, the greatest temperature T- in front of the dis- 


continuity becomes higher than the transparency temperature, and an absorbing layer 0 < x < x* with 


temperatures T_ > T > T* appears in the heating zone, which strongly screens the visile radiation leav- 


ing the surface of the discontinuity. 


Let By(T) denote the flux of Planck radiation of frequency v leaving the surface of a black body at 
v 
the temperature T: 
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BT) = (nb aye ya. (11) 
Than the effective temperature is determined by the expression* 
Be Gye? \ B,(T) Es (ty — ) dey. rip 


=: 


We will separate the integral into two parts. The first of them, from — to 0, corresponds to the part 
of the flux going toward infinity which came from the surface of the discontinuity and was partially 
screened by the heated layer. The second part, from 0 to T,, corresponds to the visible light generated 
in the heated layer itself. Using the well known properties of integral exponents, and also the fact that 
the temperature behind the discontinuity is very close to T,, we find that the first part is approximately 


0 
2 | By (T) Ex (% —%) dey ~ By (Ti) -2Es (4). 


—co 


(13) 


To calculate the second integral over the heating zone we note that the radiating capacity which is 
proportional to the Planck function B,(T), does not depend very strongly on the coordinate, while the 
screening factor E, decreases rapidly as its argument increases. As we advance through the heating 
zone in the direction of increasing temperature, beginning at the point x*, the absorption coefficient of 
visible light increases rapidly, but the mean over the spectrum changes only slightly. Therefore, the 
radiating layer, i.e., the layer which is the principal contributor to the integral and has a thickness with 
respect to T, of the order of several units, has a comparatively small optical thickness averaged over 
the spectrum. 

Consequently, the temperature therein varies only slightly [see Eq. (4)], and we may simply set T 
=const = T*in the integral. Then 


2 \ By (T) Es (%) —%) dey = By (T’) [1 — 2E; (+,)}; (14) 


By (Tet) = By (Ty): 2E3 (%) + By (T") [1 — 2E (s)]. (15) 


A rough estimate of the total optical thickness of the heating zone for visible radiation may be ob- 
tained by assuming that the absorption coefficient x, depends on temperature through Boltzmann’s law 
Ky ~ exp (—1/kT), but that x does not generally depend on temeperature. Taking Eq. (10) into account 
and changing from x to a new independent variable, the temperature in the integral for T,,, we find 
using Eq. (4) and the proportionality « ~ T!*4, 


x is 
ga ga) xy dx = \ exp(— ar ta) yee aot [exp (= — 7 1]. (16) 


Now, using Eq. (15), it is easy to see how the effective temperature varies as the amplitude of the 
wave increases. For T, < T¥ = 90,000° » Ty = 0 and 2E3(T)) = 1, i.e., Teff = Ty. When T, > TT, Ty in- 
creases very rapidly with increasing T, and the first term in Eq. (15) tends rapidly toward zero be- 
cause of the screening, in spite of the increase of the flux B,(T,). Even at T, = 110,000°, T_ = 30,000°: | 
Ty = 2.2 and the first term is less than the second. Since under these circumstances the coefficient is 
practically equal to unity for B,,(T*), the effective temperature simply coincides with the transparancy 
temperature T*, Continuing, Tarp >T* as the shock wave amplitude increases without limit, as well as 
in the case of a thermal wave. Since the mean absorption coefficient decreases somewhat as the wave 
amplitude increases, T* drops slightly from ~ 20,000° to ~17,000°. 

In the limit of a sufficiently strong wave, k ~ 10 cm7! according to Table IV, and the effective tem- 


*Its meaning becomes clear when we remember that 


2 Ey (2)de=1. 
0 


So ee = 5 
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TABLE IV = perature, equal to the transparency tempera- 
7 is ture, is ~17,000°. It should be noted that in 
5 hy (ev)| 8 0000" spite of our extremely poor knowledge regard- 
b 7 ing the absolute magnitudes of «,,(T) and k, the 
above value of the effective temperature is fair- 
- ne re ly accurate because of the sharp dependence of 
. Ae 9.8 Ky on temperature. 
Be ~I0000° 7 A curve of Teff(T;) is given in Fig. (2). 
FIG, 2 I wish to express profound thanks to Ia. B. 


Zel’dovich for his interest in this work, and 
for valuable discussions and remarks. 


APPENDIX 


THE ROLE OF ELECTRONIC HEAT CONDUCTIVITY IN THE ESTABLISHMENT 
OF THE TEMPERATURE PROFILE IN THE HEATING ZONE 


At high temperatures, air is strongly ionized, and we should estimate whether the flux of electronic 
thermal conductivity is comparable to the energy flux transferred by radiation, which generally speak- 
ing may lead to some spreading of the temperature profile in the shock wave as compared with the pro- 
file accounting for radiant heat exchange alone. 

Electrons in a plasma undergo elastic collisions with electrons, ions and neutral atoms. Sufficiently 
energetic electrons may excite and ionize atoms (and ions). The mean free path for elastic Coulomb 
scattering of electrons in a plasma may be estimated by Landau’s formula,!! which for air may be 
written in the form 


le Soy (im) em 
Pam Z.(1) A$ ; (17) 
where Z(T) is the mean number of free electrons per atom. The coefficient of electronic thermal con- 
duction is then 
onan s 
X= Tiny (io) “Se (18) 
where £, is essentially the distance required to establish a Maxwellian distribution in the electron gas. 
It is very small: at T = 10°° ; le = 1075 cm. 

The elastic mean free path of very fast electrons, which are formed as a result of photoelectric ab- 
sorption of energetic quanta, may be estimated by Eq. (17), if we replace the temperature therein by the 
electron energy. Thus, for E ~ 100 ev, we obtain 2 ~ 2 x 10a: Chae 

However, such energetic electrons quickly lose energy by ionization and excitation of atoms (the 
cross section is ~ 10~* to 10-1" cm?, the free path is Linelas, ~ 2X 10-4 to 2x 107 cm). The inelastic 
free path is comparable with the elastic free path at E ~ 70 ev. 

At low temperatures, where ionization is small, the electrons do not have the ability to ionize (E> 13 
ev), and lose energy through elastic collisions with atoms; 0 ~ 107” cm*; 0 ~ 2x 105m. In ore 
become thermalized, they must undergo N ~ 3 x 104 collisions, i.e., the thermalization length is ~V£°N 
~4xX10-2cm. All of these free paths are less than the free path for the absorption of radiation, which, 


as was shown in Secs. 1 and 2, is of the order of 10-2 to 10-! cm. Therefore, we may assume that the 


energy of absorbed quanta is transformed into heat at the point of absorption. This energy is transmitted 


| directly to electrons, which then exchange it with ions considerably more slowly than the time required 


to establish Maxwellian distributions in the ion and electron gases. The exchange time may be estimated 


| by Landau’s formula. 11 The characteristic exchange length (the time multiplied by the velocity of the 


front) is iP 
Lore chore Tay? Orn. 


exch 


In the heating zone, the difference between the electronic and the ionic temperatures is not great. 


It is easy to estimate the flux of electronic thermal conductivity assuming approximately that the 
electronic and ionic temperatures coincide, 


84 IU. PY RAIZER 


Sys = — Xe0ode/dx. 


Let us compare this with the flux of radiant energy, Eq. (3), using Eq. (4) to obtain the gradient of the 
internal energy. We obtain 


Se / Srad = (le | brad) Ve | D, 


where Ve is the thermal velocity of the electrons. 

Calculation shows that the fluxes are comparable only at very high temperatures ~300,000°. At lower 
temperatures: Se << Syad. 

The difference between the electronic and the ionic temperature has an essential effect only on the 
structure of the temperature peak behind the discontinuity, but this in no way influences the behavior of 
the effective temperature of the wave. 
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DISPERSION OF SOUND IN A FERMI LIQUID 
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On the basis of the theory proposed by Landau for a Fermi liquid the attenuation and dis- 


persion of sound oscillations in such a liquid are investigated. Specific calculations are per- 
formed for the case of liquid He’. 


Tue characteristics of sound in a Fermi liquid are determined by the kinetic equation for the excita- 
tions, which, according to Landau,' has the form 


on , On dz on de 
ar tae dp Opor (n). (1) 


small. 
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Here ¢ is the energy of a single excitation, a function of the excitation density n. For small deviations 


of the distribution function n from the equilibrium Fermi distribution at T = 0( No), the function € can 
be represented in the form 


€ = €y-+ ( f (P,p’) 2 (p’) aty (Ny =Nn— Ny). (2) 


Let oscillations in the excitation density n take place within the liquid with small amplitude v, and 
frequency w. n, can now be written in the form 


ny = v,ei(kr—ot) | (3) 


We substitute (3) in Eq. (1), confining ourselves to terms linear in ny 
: : Oc x Gin le , ; 
toon, +P imgk 5 — ik > \F (P,P) 1 (P’) dtp = I (1). (4) 
We now recall that the derivative dnj/de has the form of a 6-function, and introduce the notation 


¥, =vOn/de, f (Ot/Oe)e-e, = F. (5) 


We now rewrite Eq. (4) in the form 


(kv — 0) v + kv | Py 2h Me (v =>). (6) 


ATC 


The function F evidently depends only upon the angle 3 between the momenta p and p’, since in the 
approximation under consideration these vectors are equal in absolute value to pp. In the general case 
F is a complicated function of the angle $ . Therefore the function v is likewise a complicated function 
of the angle between the vectors k and p. 

Landau has shown? that at absolute zero, where the collision integral I is equal to zero, Eq. (4) 
leads to the occurrence of undamped oscillations (zero sound). The velocity of propagation of these 
oscillations is determined by a transcendental equation (cf. Appendix) involving in a fundamental way 
the function F (3). We do not know the form of this function; knowing the effective mass of the excita- 


tion and its compressibility, however, we can determine F and F cosé from the formulas (cf. Ref. 1) 


1/m = (1/m*) (1 + Fcos 9), . (7) 
c2? = (p¢/3m?) (1 + F)/(i + F cos 9) (8) 

Specific calculations for He? can therefore be carried out, taking the function in the form of a binomial 
P= Fo -+- Fy cos3. (9) 


At temperatures different from zero ordinary sound will be propagated in the Fermi liquid. For low 
frequencies w the attenuation of the sound is determined by the usual expression® 


aa(Sr+94 2(- yp X9 


here y is the sound attenuation coefficient, nis the coefficient of first viscosity, ¢ is the coefficient of 
second viscosity, x is the thermal conductivity coefficient, and c is the specific heat. In the case of 
the ideal gas model, for which the Fermi boundary surface has the form of a sphere, the second vis- 


 cosity coefficient is very small.’ The first viscosity coefficient varies with the temperature as 1/0 


The ratio K /Cp; equal in order of magnitude to 7, also varies as 1/T{x ~ 41/7; ep ~ T),. The terman= 
volving K/Cp; however, is multiplied by the factor (cp — cv) /cy. This ratio, as can readily be seen from 


the well-known relation 
ee ey ee 


Uv 


varies with the temperature as ans ( dp/oT ~9S/aV ~T). At low temperatures this factor is extremely 

Therefore at low temperatures the attenuation of sound is determined entirely by te viscosity. 
Eq. (10) is valid for the case in which the frequency of the sound is lowsand the inequality wt << lis 

fulfilled; T is the time between collisions of the excitations. The time 7 is inversely proportional to the 


square of the temperature.*° The above inequality will be violated both at sufficiently low temperatures 
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and at sufficiently high frequencies. If the frequency of the sound is sufficiently high that the reverse 
inequality wr >> 1 applies, this signifies that collisions between the excitations play no part, and that the 
collision integral may be neglected. In this case, however, the oscillations investigated by Landau? ( zero 
sound) can be propagated in the Fermi liquid. It is of interest to follow the process by which the tran- 
sition from ordinary sound to zero sound takes place as the frequency w is increased. For this it is 
necessary to solve the kinetic equation (4). We shall not solve this difficult problem for the general 
case, particularly in view of the fact that the interaction law for the excitations is unknown. 

It would be possible to simplify the problem by introducing a certain effective time T and substi- 
tuting for the integral I in (4) the expression n, /t. With such a substitution, however, the conserva- 
tion laws for number of excitations, momentum, and energy will not come out of the kinetic equation, 
making the transformation to hydrodynamics impossible. Since the thermal conductivity and the second 
viscosity are negligibly small in the present case, the terms in the collision integral which involve the 
zero and first spherical harmonics are absent. We shall therefore replace the collision integral by the 
following expression:* 


1 (n) >— 71 (nm, — n, — 3n, cos $cos 9) (11) 


It can readily be seen that when integrated over dt, this expression reduces to zero. It also reduces 
to zero when multiplied by p cos @ and integrated over dTp.t Thus the conservation equations for the 
number of particles and for the momentum are automatically fulfilled. Thus, from (4) and (11), the 
final kinetic equation has the following form 


do’ 4 


(kv cos — 0) ¥-+ ko cos 9 | Fy’ —= y — 3ycos $ cos 9). (12) 


4n ere at 


Bearing in mind the applicability of these results to He® we write the function F in the binomial form 
of Eq. (9), in order not to complicate the problem. 
We introduce the notation 


Y=V%, S8vcosP=v, o=itkv, § = (imt— 1) /ixky, (13) 


following which we readily obtain, from (12) 
: 1 1 
(cos ® —é) v + cos} [ Fo% -- —- Fin.cos9) = = (¥% + y,cos?). (14) 


We next solve this equation for y and compute D = vy and pcos $=v;,/3. We thus obtain for the two quan- 
tities vg and vp; the two equations 


1 
Yo = Foy + oF, Vy— w, (15) 
4 4 4 es 
one Foie — 3 (Be) Fo — (16) 
where 
= sing 


Solving Eqs. (15) and (16) simultaneously we obtain an equation which determines the complex sound 
velocity 


(+ g)U+s)-ofl+ Ble) +e elite }=0. (17) 


This is the desired equation expressing the dependence of the velocity of sound upon the frequency, 
or, in other words, describing the dispersion of sound in a Fermi liquid. Let us first consider the two 
limiting cases. 

a) Low frequencies: wt << 1. In consequence, g +0, Eo +— 1, £ + ~, Expansion of the function w 
in powers of 1/é yields 


*Here and below we indicate by a superscribed line a quantity averaged over angle. 
jIn this integration only the range of values for the momentum near Po are of impertance, since in 
accordance with (5) the function ny includes a 6 -function at p = Po- 
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w= 1/324 1/58 
and, after some simplification, Eq. (17) takes the form 


Nara ecaliacce (fo gga te) ae) (18) 
From the relations (13) we have 
(8)-(ay. 


From (18) and (13) we find, to the first order in iwr 
C2 eae et IF; ee ies Fy 
(ze) == (1+ F)(1+4)—qpio(1+ 2). (19) 


The first term corresponds to the velocity of ordinary sound in a Fermi liquid. The attenuation of sound 
in the region wT << 1 is obtained in an elementary fashion from (19), as the imaginary component of the 


| wave vector: 


y =Imk = (2w*v? / 15c3) (1 + Fy /3). (20) 

Comparing expressions (20) and (10) we set up the relation 
1 = 7/5 ptv? (1+ '/3 Fy), (20°) 
which eneables us to find the time t from experimental values of the viscosity. At the present time data 
is lacking on the viscosity of He® at temperatures below the degeneracy temperature. There are availa- 


bie only preliminary data (by K. Zinov’eva) in the temperature region near the degeneracy temperature. 
From these data we obtain the very rough value 


<=0.4-10127T sec.- 
With this we obtain for the attenuation coefficient 
+ ~ 1-1078 (@/T)? em~*. 


b) We now consider the second limiting case of high frequencies and low temperatures: wr >> 1. In 


| this case 


G—>w, Eso, ¢=st+is’, lt’ |<s. 


| Eq. (17) assumes the form 


(1 + Fy /3) + w(s) {(1 + F,/3) Fo + s?Fj} = 0. (21) 


This equation agrees completely with the equation determing the velocity of zero sound [cf. Appendix, 


|| Eq. (A8)] up = sv. 


As regards the attenuation of zero sound, in order to calculate this it is necessary to find the imagi- 


| nary component of the sound velocity &’. From (19) we obtain the equation 


4 Fy eas I Iie 
let eta ae) 2 Ala (IPs )U tee) te@sG—F)j=0 (ay 


| With the aid of Eq. (13) we find the attentuation coefficient 


~ = Imk = 1 / stu — wi’ / 8°. (23) 


' If we substitute in this the values of the parameters for He® (s = 1.84, v = 1.13 x 10* cm/sec) we obtain 


ff = 1.5/or, y= 2.2-10°T? emo. (24) 


' The attenuation of zero sound is thus independent of frequency and increases with increasing tempera- 
| ture as 1/7; i.e., proportionately to T?. 


In conclusion, we shall comment upon the attenuation of sound in a Fermi liquid at extremely low 


t temperatures, for which the inequality fw >>kT holds. It is evident that in this region the classical 
treatment is inapplicable. The attenuation process must here be treated quantum-mechanically. 


Detailed calculations performed by Landau? yield for the attenuation of sound in this limiting case the 


following results: 
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T= Tey (1+ (o/c), (25) 


| 


Yq] is determined from Eq, (23). Since TT? = const., we have in the limit hw >> kT 
vy —~ 10 Me? em~'. 


In the quantum region the attenuation of zero sound is independent of temperature and is proportional 
to the square of the frequency. 


APPENDIX 


The integral equation for the velocity of zero sound derived by Landau? has the following form: 


(vcos 8 — u)¥ (9,9) + vcost| F (9) ¥(6’, o') = 0, (A1) 


$= (0’¢', Oy). In Ref. 2 the solution of this equation is given for the case in which the function F (9) is 
independent of the angle 3. We shall derive here the solution of Eq. (4) at T = 0 for an arbitrary func- 
tion F (3). 

In the general case F (3) can be represented as a sum of spherical harmonics 


= SFP (9), (A2) 


Here the Fy are the coefficients in the expansion of F (3) in Legendre polynomials. We substitute (A2) 
in (Al), using the addition theorem for Legendre polynomials 


Pa(®)= dy Pr (6) Pa (8) e™*— 9) (n —| mI) /(n + | mi)! 
where Pj? = Ph are the associated Legendre polynomials. After making the substitutions indicated 
above we obtain 


(vcos9—u)» + vcos6 5) aca P™ (9) F,eime | Pa(o’) ¥(0', gyenine B" _ 9, (A3) 


We introduce the notation 


(n—|m])! m , nr , —img’ do’ 
Entre ay a | Pa (6) ¥ (0, e")e Te = Pam (A4) 


and solve (A3) for v(s = u/v); 


cos 9 
i ae lacoS OE oe Peas Pam Pr (8) en (A5) 


Setting this expression into the relation (A4) and carrying out the integration over y’, we obtain 


(n—|m a cos 0’ 
EA + Se I Jara Vee cos 0’ —s er eres (6° << Pin = ai pa Dimdnn- (A6) 

We have thus obtained a system of homogeneous equations determining the quantity @km. This sys- 
tem is separated into independent subsystems corresponding to various values of m. It follows from 
Eq. (A6) that in a Fermi liquid at absolute zero there can be propagated oscillations of various types, 
distinguished basically by a differing dependence of amplitude upon the angle yg. To the value m= 6 
there correspond oscillations for which pv is isotropic in the plane perpendicular to k. Form # 0 the 
oscillations are polarized in a definite manner in this plane. The number of types of oscillations is de- 
termined by the number of possible values of m(|m| =n). The propagation velocity for the oscillations 
is determined from the condition that the determinant of the corresponding system be equal to zero: 


[Bunt FaQhn(s)i = 0 (ND, R>| ml), Ofn(s) = GLAD | pp cor 080" pm (gry det (A7) 


— 


=e 


————— 


— 
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In view of the fact that P= Dart the coefficients On are independent of the sign of m, so that oscilla- 
tions differing in the sign of m are propagated with the same velocity. 

From (A7) it is evident that the equations for the velocity are transcendental. In the general case 
they do not always posses real roots. Cases are possible, however, in which there are some real roots. 
ae correspond to certain types of oscillations having identical polarization in the plane perpendicular 

0. Ks 


We shall consider as an example the case for which the function F (8) includes only the zero and first 
harmonic [Eq. (9)]. Here the coefficients On are 


For the velocity of propagation of oscillations of the type m = 0 we obtain, after substitution into the 
determinant (A7), the equation 


me Pera 
Pep een Paaee (A8) 
For the case m = 1 we obtain the equation 
ONE T= 6) (3, (sta). (A9) 


This equation has one real root for F,; > 6. 

We shall now conclude with the application of these formulas to the case of liquid He®. We do not 
possess any extensive information concerning the function F (3); knowing the effective mass and the com- 
pressibility, however, we can determine F and Fcos# from Eqs. (7) and (8) of the text. It is there- 
fore reasonable to confine ourselves to the approximation (9) for F. It follows from the temperature 
dependence of the entropy, in accordance with Ref. 6, that 


m = 1.43m (He?). 


Data on the compressibility yield c = 195 m/sec. From this we find Fy) = 5.2 and F, = 1.3. Using these 
values it follows that to the oscillations of the type m = 0 there corresponds the single velocity (the root 


| of Eq. (A8)) 


s=u/v=1.84, u=206 m/sec. 


Oscillations of the type m = 1 are absent (as are all those for m > 1). It is of course possible that this 
result is due to the crudity of the approximation we have chosen for F ($), but we see no reason to draw 
such a conclusion. 

From Eqs. (A8) and (8) we can obtain for the velocity of sound c the following approximation rela- 
tion characterizing the width of the region of dispersion: 


(u —c)/c = 2/5 (Fy + 1). 


For the case of He® the width of this region is on the order of 10 m/sec for a velocity c ~ 200 m/sec. 
In conclusion the authors wish to express their gratitude to L. D. Landau for numerous discussions. 
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FLOW INSTABILITY OF A SUPERFLUID FILM 
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Instability of flow of a superfluid film with respect to the appearance of wave motion on its sur- 
face is shown to be theoretically possible. The value obtained for the critical velocity is ap- 
preciably greater than the experimental value. The problem of the shape of a He II film moving 
in a gravitational field has been solved by taking into consideration hydrodynamic forces, sur- 
face tension and Van der Waals forces. 


Tue phenomenon of superfluidity, discovered by Kapitza! in 1938, received its interpretation in the sub- 
sequent development by Landau? of a two fluid model of the quantum liquid. Landau derived the hydrody- 
namic equations of He II by starting out from the conservation laws. Later, Khalatnikov® obtained them 
from the Boltzmann equation for the excitation. It was established experimentally that the superfluidity 
is destroyed at sufficiently small velocities of flow. This should be connected with the instability of flow 
of the liquid with respect to the appearance of a different type of excitation. Unfortunately, it is not pos- 
sible to investigate the appearance of instability in the general case and we must consider each specific 
type of excitation separately. Thus, it is necessary that the flow velocity exceed the sound velocity for thi 
appearance of an individual phonon, while for the appearance of a roton it need exceed the quantity A/pp 
~ 60 m/sec. These values are appreciably larger than the real critical velocities. Actually, it is evidem 
that the destruction of superfluidity is connected with the appearance in the liquid of vortex filaments of 
the Onsager type, as was shown by Feynman.' However, a quantitative criterion for the loss of stability 
can be obtained only for the case of the rotation of a cylinder in the superfluid.* 


* Consider the following simple calculations. A single vortex creates a velocity distribution v, = h/m 
in the superfluid component. The corresponding kinetic energy per unit length is 


and the momentum per unit length 


= ae): ae Pade 2 
\ eave 2rr dr = ro, aml. 


(m is the atomic mass of helium, R the radius of the vessel, and ay the distance between atoms). The 
part of the free energy per unit length of a column of fluid depending on Q is 


= 


hu Obra os wank a 
F= Tis e,TRAQ? aa D) TTP, aD In ao > 


while its momentum is 


4 hk 
M => p_tR8Q +10. + np — R? 


Sm 


(I is the moment of inertia of the vessel). In the state of thermodynamic equilibrium, the following qua2 
tity must have a minimum: 


1 
F — MQ = — = e,nR4Q? 


102 Buh OR 
i ( 


5 Soe lla hat OR). 


m ay 


Formation of the first vortex is favorable when the last term becomes negative, whence 
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Extension of the formula for the rotation of a cylinder to an estimate of the critical velocity in the case 
ofa shit of a film gives excellent order-of-magnitude agreement with experiment. In the present paper we 
consider one additional mechanism: the loss of stability in superfluid flow in a film, brought about by the 
appearance of an unusual vibration, and the transition of the flow to the| wave regime reminiscent of the 
studies of Kapitza.? The phenomenon is analogous to the instability of a tangential disturbance.®:®* It re- 
duces to the dissipation of energy in the normal component and to the appearance of a damping force. Al- 
though the values of the critical velocity computed in this way considerably exceed the experimental, con- 
sideration of the problem presents methodological interest. Moreover, there is the hope of isolating the 
mechanism experimentally, about which more will be said below. 

We consider an incompressible superfluid which forms a layer of thickness h on the surface of a solid 
wall. As the unperturbed motion, we take ve = U =const, vn = 0 and look for a first approximation in the 


form of a traveling wave eikZ—iwt we draw the x axis perpendicular to the surface and consider x 
= —h the bounding coordinate between solid and liquid. For the incompressible fluid, as is well known,” we 
can write the equations for the normal and superfluid components separately; for the normal component it 


suffices to use a linearized equation. The system of equations for superfluid hydrodynamics can be writ- 
ten in the following form: 


We Ve, No 0), OV, OF =v AV, == (li 0,) Vion, divin = 0! (1) 


Here p = py + Pg is the total pressure, p, = —p,d9/at — pevn/ 2: 1 = Py is the viscosity of He II. 
The solutions satisfying the boundary conditions 


Unx = Unz =5\(0), Us, — 00 / 04 — 0 for == Sf), 
1! have the form 


© = aeik2—0F) cosh k(x +h) + yUy+ 2Uz, 
Ong = el(hz—ot) { A [sinh k (x + h) — sinh (x + A)] + B [cosh k (x + h) —coshim (x -+ hy ; 


Unx = et(kz—ot) (za iA [cosh k(x + h) —cosh m(x + h)] —iB [sinh k (x +h) — & sinh m (x -++ hI} , ‘ 


Pn = Pn ei(kz—ot) [A sinhk (x +h) + Acoshk(x+h)];  m? =k? — KD) : 


v 


We now introduce the quantity 
i= bei{kz—ot) | (3) 


| which describes the vibration of the boundary, and write down a set of boundary conditions at the free sur- 
| face (for x =0). For simplicity, we shall not consider the effect of the vapor. 

. The rate of change of the x coordinate of the surface is equal to the velocity v,, of the normal com- 
) ponent: 


Of / Ot = Unx (4) 


and, on the other hand, can be expressed by means of the velocity of the superfluid component 


UST Nay | Pee 0& _ 99 0& 0G (5) 
on = 10x" . 


I Moreover, the component 0,, of the momentum flux tensor should be equal to zero on the surface, whence 
1 (OUnz | OX + Anz | Oz) = 0. (6) 
\ Finally, the latter condition expresses the equality o,, with the total force acting on the liquid. After 


) linearization, we have 


Wn 
x 


p Ore 
og + poe (SE — Uz) — Pa t ore — & Gea t 2Pa ae = (0. (7) 


| Here a is the surface tension, the first two terms correspond to the pressure of the superfluid, while the 
|term py corresponds to the force which is connected with the Van der Waals interaction of the film with 
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the substratum.* We note that only the U, component of the velocity is involved, and will therefore put 
everywhere U =U,. 

Upon substitution of the solutions (2) (3) in the four conditions (4) to (7), we get a system of four ho- 
mogeneous linear equations, which can be solved if their determinant vanishes. After evaluation of the 
determinant and rather lengthy transformations, we get an equation for w: 


° y ak * Os a Pn o| & tanhmh  , ,, ve k ry 1 
ae has Uo — | iS sa ee u] i patahas | tml it Fad keke ee Serre e 
v2k4 k 1 8 
Spey (yee Hina ae 1 —(k/m) cothkh tanhmh]. (8) 
@? ( Fie eapee atc) |/' ( / ) 


Even if only one of the roots w of this equation has a positive imaginary part, the motion will be unstable. 
For the investigation of Eq. (8) we call attention to the fact that when the square bracket on the left side 
is equal to zero, then the equation certainly has the root w = 0. In order to establish this fact, we expand 


the numerator and replace the right hand side by m? — k? =iw/v. Neglecting terms ~ w’, we get 
ce Shute peeks Ps pre) 9 7 Pe po, 1 eR? feosh* hh. | 
eee deri (4 Ba RI Rane: u*|= 21-0 CO en noe | 
ey er _U | 
a + 22 tanh U2 
o = k? ae 3 (2) 
ee: ee Altes an ru 
x cosh? kh sinh 2kh 
It is evident from the last equation, in particular, that if 
U2 > min ce ao a Say (16° 


then there always exists a region k where Imw > 0 and, consequently, the motion is unstable. Investiga 
tion of the expansion of the right side of Eq. (8) under the limiting conditions vk?/w « 1 and vk?/w >» 1 
shows that the inequality (10) is not only a sufficient but is evidently a necessary condition of instability, , 

We can put the condition (10) in parametric form in terms of k, which corresponds to the minimum 
Uv? (k). Replacing the velocity by the volume flow Q = p,Uh/p, and expressing y in terms of a and h, 
we get the following expression for the transfer rate 


ps 


( 3a akh® 
2 


m4 ) tanh kh, (12 


where k is determined from the condition 


i (14-388) (1-9). ri 


which expresses 0U?/dk = 0. Expanding Eq. (12) in a series, we can see that for h > (ap/a)'/?, Eq. (12? 
has only k=0 asa root. 
In this case the transfer rate is expressed by the formula 


Q = (3.aps / Ap)". 


For h = (ap/ a)!/ 2, aroot k=0 appears, which quickly increases with increasing h. For sufficiently | 
small h, kh > 1, and we can determine k by letting the denominator of the right side of Eq. (12) vanisl. 
this yields: 


Rh? = (3 ap/ a)". 
In this case the discharge tends to the h-independent value 


Q = (ps/p)'*(12.ax/p)"". 


* The thickness-dependent part of the chemical potential of the film is known from Ref. 7 to be —am/) 
while the pressure is (3am/h*)(p/m)é, where £ = 6h. Thus y = 3a/h* (a ~ 107 is connected with the’ 
thickness of the static film by the relation gz = a/h’), 
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A plot of Q* vs. h is shown in Fig. 1. 


For a complete solution of the problem we must solve simultaneously the equations (11) and (12) for 
the transfer rate and the equation for shape of the film in a gravitational field with account of the Van der 
Waals forces, the forces of surface tension, and the hydrodynamic pressure acting on it. In the case of 


stationary flow of the superfluid, we have, from the equa- 
tion of Ref. 2 


Ov; /0t + V(u + 05/2) =0 


the relation p + w/ 2 = const on the free surface. Elim- 
inating the velocity dependence from the chemical po- 
tential yp, the gravitational forces, Van der Waals 
forces’ and the surface tension, we get an equation which 
determines the form of the film: 


° vs a a ad? 27), 
een & Ste $2 Bf e(B)Pra0 as) 
Ws f Ps : 

The constant here is so chosen that, upon neglect of the 
Van der Waals forces and the hydrodynamical term, we 
get an equation for the capillary meniscus, wherein 
measurement of the height is taken from the horizontal 
surface of the liquid. In a region located at a sufficient 
distance from the “bounding” meniscus, 


FIG. 1. Broken line shows the dependence 
of Q* [in units of (p5/p )(ao:/p)'/? ] on h 
[in units of (ap/a )'/*]. The point of inter- 
section of this curve with the curve of (19) 
determines the critical thickness and transfer 
rate in the film. ; 
2) = (24/pg)"*, 


and the form of the film is described by the equation of the capillary meniscus®? 


Pe ee oe rlen) Jah 2) dae all te 


| At heights much greater than Z we can neglect the effect of the surface tension; moreover, taking it into 


account that dh/dz is very small in this region, we can express vg, on the surface in terms of the dis- 
charge Q = pgvch/p. We then obtain an equation describing the shape of the film in this region: 


z= gi (a/b? —pQ?/2 sh’). (15) 


We can see from the shape that the thickness of the film decreases upon increase in the discharge. This 
result was obtained by Kontorovich.® 

At points close to the boundary of the static meniscus, |z — z)| « 2, we can consider approximately 
that gz = gz) in Eq. (13). Moreover, the value of the derivative dh/dz is sufficiently small that we can 
neglect it in the term with the surface tension, and express vg in terms of the discharge. As a result, 
we get the following equation for the solution of the combination of Eqs, (14) and (15): 


a dh 2ag\'l2 a eQ? 
- or = (2) oe Sins 29h? ’ (16) 
which does not contain z and which can therefore be integrated by successive quadratures. The result 

h 


ae 2Q2 =H16} 
z+C, = —\ da {2n(Z8) "+3 mp oy (17) 


' depends on two constants of integration, by the choice of which we can join the upper and lower solutions. 


Here we have a large parameter A ~ 104, which has the meaning of the ratio of the capillary pe eaU Zo 
to the thickness of the film at the height of the boundary of the capillary meniscus Hy = (a/gZp ) 72. Con 
sideration of conditions of continuity of z and dh/dz (written in non-dimensional form) at the point hp 
of the junction of the solution of (17) with the solution of (15) shows that for arbitrarily large A, the 
following conditions must be satisfied: 


hy (2og/x) ? + pa/ahs — ¢°Q?/osahy + Cy = 0, (18) 


(Qog/'x)"* — oa/ahy + 6?Q?/2psuho = 0. (19) 
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In these conditions there appears the parameter hy, which is determined by the discharge Q {from 
Eq. (19)] and which is a multiple root of the expression found under the radical in the integral in (17). 
In the case of a multiple root, the integral is written in terms of elementary functions, which gives 
is a feos eae Gea (20) 


[OL OEER ay 
iF lee )/ ZA + “gh ela ho h—ho 


Zo 


Joining of the solution in the region of the meniscus is done automatically; this is demonstrated by expand 
ing Eq. (14) near z, giving the formula 


h = (2 — Zp)?/2o, 


which coincides with that in (20) for z) > h > hy and hy > (ap/a yi/ 2. A graph of the function (2), whic’ 
describes the shape of the surface, is given in Fig. 2. 
The condition for stability can now be written in the form 


f (A) —Q? > 0, 


where f(h) is determined by Eqs. (11) and (12). Increase in the flow Q brings about a change in the | 
function at the left side, for the condition of stability, by an amount | 


[a (gs), 139% 
df/dh is always negative, since f is a monotonically decreasing function of h: ( dh/dQ? )z is also always: 
negative, inasmuch as the thickness of the film decreases with increase in its velocity. As calculations 
with Eqs. (15) and (20) show, the minimum value of (df/dh)(9h/9Q? ), is assumed at ho, where the firs 
condition of stability for growth of the discharge is disturbed. Simu 
taneous solution of the equation for hy (19) and the discharge [ Eqs: 
(11) and (12)] gives, with considerable accuracy, 


hy = (ap /3«)'", (21 
Q? = (95/9) (12 ax / p)'"; (22 


here kh~ 3 and the error in Eqs. (21) and (22) is of the order e 
~ 1/400. For the value of hy = (ap/3a yi? that is obtained, the so-- 
lution (20) is already unsuitable, for in this case the derivative 


i ees n/a mae 


dno Sah tT 


is of the order of unity in a very small region h~ hj. This comes 
about as a result of the strong hydrodynamic compression of the filr) 
at large discharges Q. As a result, the meniscus disappears and il 
film should have a constant thickness hy along almost the entire 
height. An exact determination of the shape of the film under these | 

FIG, 2. Curve 1 corresponds conditions is extremely difficult, since, in addition to calculation of ' 
to the shape of the capillary men- dh/dz in the capillary term of Eq. (13), we would also be obliged tc 


h 


iscus [Eq. (14)]. Curve 2 corre- solve it simultaneously with the equation for the potential flow of tha 
sponds to Eq. (15). Curve 3is superfluid component, in view of the fact that the velocity vg, on tha 
the joined solution (20) (Q=0). free surface is no longer expressed in simple form in terms of the | 
Curve 4 corresponds to the shape discharge. However, we can consider that this difficulty does not le 
of the film for large discharges sen the value of Eq. (22) for the transfer rate. Let us estimate the 
(22), when the meniscus disap- damping forces which arise in the presence of a developed wave re- 


pears. gime. We shall consider that for U ~ 2Ug,y, the amplitude of the 

waves on the surface is of the order of the thickness of the layer. 4 
suming that in order of magnitude hdp/dz ~ Ox73 Tyz ~ TV p/h Vy, ~ wh, we get hdp/dz ~ PY w; we carl 
estimate w from Eq. (9): 


© ~ (Uer— U?) [(Pn/ps) ¥. 


As a result we obtain 
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Bev RGU Cag dc (az /e)ye og a? 
dz h oe hs SN Go a) Bian a a6 


The ratio of this quantity to the actual hydrostatic pressure is of the order 


(a/p)? /ag ~ 10%, 


i.e., loss of stability carries an extraordinary rigid character, and the value of the critical discharge is 
very close to Eq. (22). 

Many measurements of the phenomenon of helium transfer along a film are described in the litera- 
ture.2>” These give approximately the same temperature dependence of the volume discharge Q. They 
show that this dependence can be represented, within the limits of error, as Pg/p or (p,/ p)i/ 2 wherein 
the first formula describes the experimental data somewhat better. 

Equation (22) gives the temperature dependence of the discharge proportional to (ps/p yi/ 2. which does 
not contradict the experimental data. However, if we calculate a by the formula gz = a/ iy considering 
that at z = 1 cm the thickness of the film h~ 2.0 x 107* em!!, we obtain a ~ 8 x 105 and when the value 
a = 0.35, measured along the rise in the capillary,” and p = 0.145 are substituted in the formula, we get 
for the discharge Q = 6.9 X 1074 em?/sec, which is considerably larger than the experimentally observed 
value 1.7 x 1074 cm*/sec. The corresponding critical thickness of the film is of the order of atomic di- 
mensions: h ~ 3.4 xX 1078 cm, and is extraordinarily small. The thickness of the film was measured si- 
multaneously with the flow only in a single work,'® in which Q = 1.68 x 1074 cm?/sec, and h = 1.66 x 107° 
em for T = 1.5°. 

The value of the thickness differs sharply from what has been expected; this points evidently to the ac- 
tion of a mechansim of destruction of the superfluidity, different from the described formation of a vortex. 
However, the effect of flow on the thickness of the film should be carefully noted, since the film ought to 
experience considerable hydrodynamic compression. An increase in the thickness of the flowing film of 
about 20% has already been observed by Burge and Jackson.'4 

In conclusion, we note that there is reason for assuming that if the formation of vortices is due to the 
destruction of superfluidity, then we can expect that this process requires an appreciable time (in the 
experiments of Hall and Vinen" vortices were formed within a time on the order of a minute Ne 

In this case the mechanism just described takes place, yielding a much higher value of the discharge. 
According to our calculations, the capillary meniscus ought to disappear during the time of action of this 
mechanism. Also, during this time vortices evolve in the film and the discharge is established. The shape 
of the film will be described by Eqs. (15), (20), and (14) at all regions of height. 

I regard it as my pleasant duty to express my deep gratitude to L. D. Landau and I. M. Khalatinkov for 
constant discussions on the work and for valuable advice. 
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We have calculated the differential cross section for the inelastic scattering of a neutron by a 
crystal with either emission or absorption of an arbitrary number of phonons. The first case 

is of interest when the temperature of the crystal is low, and the second when the neutron en- 
ergy is very small and the crystal temperature sufficiently high. Formulae are obtained for 
crystals with an arbitrary spectrum of the normal vibrations. If we choose a specific spectrum, 
the calculations can be pursued to the end, leading to a simple final formula. We have also 
given the formula for the limiting case of the scattering of high energy neutrons by a free nu- 
cleus. 


1, INTRODUCTION 


To investigate the interaction of slow neutrons with crystalline substances, one uses the Debye model of |) 
a crystal. In that case the transfer of energy from the neutron to the crystal is treated as the excitation :} 
one or several “phonons,” that is, quanta of the thermal motion of the crystal. The transfer of energy frag 
the crystal to the neutron corresponds to the absorption of phonons by the neutron. These processes hav¢ 
often been considered in the literature. Weinstock! derived formulae for the effective cross section for 
elastic and inelastic neutron scattering with the emission or absorption of one phonon (one-phonon proc- - 
ess). The evaluation of processes involving simultaneously the emission and absorption of several pho- 
nons is in principle not difficult, but in practice very cumbersome. 

Squires? in calculating the cross section for scattering of slow neutrons by Mg and Ni considered term)” 
dmn corresponding to processes where m phonons are emitted and n phonons absorbed. For m+n 
= 2 he did not take into account the interference between the waves scattered coherently from different 
atoms. Squires’ calculations agree well with his own experiments. The neutron energy in those experi-» 
ments was very small (< 0.003 ev), and it was therefore sufficient for the author to calculate several 
terms with the smallest values of m and n. In those cases where the number of phonons involved in thi) 
scattering can be large, the number of terms dy contributing to the cross section also becomes large:} 
it becomes therefore impossible to evaluate the cross section by evaluating every term separately, as wi) 
done by Squires, and it is necessary to develop a method for summing the terms dann: 

In the present paper we calculate the cross section for inelastic neutron scattering by evaluating only 7) 
processes of identical character: either only emission, or only absorption of an aribrary number of pho- 


d 


co co 
nons. In Squires’ notation this corresponds to pe dmo and ys don. Interference is not considered.. 
m=i n=1 
The formulae obtained have practical value in two cases. 
1. The case of low crystal temperatures and sufficiently large neutron energies. In this case absorp¢ © 
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tion of phonons is unlikely, so that = dmo will give the total scattering cross section. (If the temperature 
of the crystal is not very low, one can evaluate from Weinstock’s formula the cross section dy, for scat- 
tering involving the absorption of one phonon.) Furthermore, if the neutron energy is sufficiently large so 
that several Miller planes are involved in the inelastic scattering, interference can be neglected (we are 
dealing with polycrystalline matter). However, the formulae have an exact meaning, independent of the 


number of Miller planes involved; namely, if we take instead of ae the amplitude of the incoherent scatter- 


ing, a2 -— (a )?, we obtain the incoherent part of the scattering of the neutron by the crystal. As the ratio 
E/@ (0 is the Debye temperature in energy units ) tends to infinity, we find, as was to be expected, the 
formulae for the scattering of a neutron by a free nucleus. 

2. The case of low neutron energies and sufficiently high crystal temperatures. In this case it is very 
unlikely that the neutron will lose energy; if the neutron wave length exceeds some critical value, the co- 
herent part of elastic and inelastic scattering, involving loss of energy, will in general tend to zero, so 
that the sum Zdyy will give the total inelastic scattering cross section. As regards interference, several 
Miller planes will be involved in the majority of substances even for zero neutron energy and the absorp- 
tion of one phonon by the neutron.? The number of planes involved increases rapidly with increasing num- 
ber of absorbed phonons and increasing neutron energy.* Interference is thus of no consequence for prac- 
tically important cases. 


2. DERIVATION OF THE GENERAL FORMULAE 


Since the theory of the scattering of slow neutrons by a crystal is well known (see, for instance, Refs. 
1, 4, 5) we shall not discuss in detail the basic principles, but only remind our readers of them, and also 
explain the notation. 

The scattering is considered in Born approximation; for the interaction between the neutron and the 
crystal we take the potential 


V = Slag (r—R). (1) 
R 


where r is the position of the neutron and R that of the nucleus, 
Gp = (2nh?/m) (1 + m/ Mr) ar, (2) 


where m is the neutron mass, Mp the mass of the nucleus at the position R, and ap the scattering 
amplitude (depending in general on the nuclear spin). The sum is taken over all nuclei in the crystal. 

As far as we are interested in the average cross section of scattering by one nucleus, assuming no in- 
terference to be present, we must leave in the sum (1) only one term corresponding to the interaction with 
the given nucleus R=Ry, and replace ap by a, defined by the equation la |? =|apl*, where the aver- 
age is taken over the nuclei of the lattice and their spins, 


V =ad(r—R). (la) 
Considering a crystal consisting of identical atoms of mass M and taking for M the average mass of 
the isotopes, one can easily obtain in Born approximation a formula for the differential cross section (with 
respect to angle and energy ) for the scattering by one nucleus, 


Cee Is es m\2 - 199 poe ee 
dQdE =-@(1+ a Di! Fe! 6(E.+ E —E.,—E,), (2) 


where ky, Ey, k, and E are the wave vectors and energies of the neutron before and after scattering, 1) 
and 7 the initial and final state of the crystal, and E,, and E, the corresponding energies; F ia is 
the matrix element of the operator 

F = exp {i (ky — k)-Ro}, (4) 


and a’ the square of the scattering amplitude averaged over the different isotopes and over the spins. 


* For instance, for neutrons of wavelength 10.5 A and scattering, involving one phonon by magnesium 
_ this number is 106 (Ref. 2). 
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We shall consider a crystal with a simple lattice and neglect the difference in mass of the various iso- 
topes. We shall go over to the normal coordinates of the crystal using the equations 


3 
Rishi (ga) esjiyBa} oo 
is 


Ss 


~ bee dsP; ab aa ew a (6) 
vr Peak COSGsp ugha dy aCe 


where p is the equilibrium position of the nucleus and u, the deviation from it. The vectors p form a 
spatial crystal lattice of N lattice points. Equation (5) is the expansion of up, ina Fourier series in the | 
wave vectors qg which form the so-called reciprocal lattice which has also N lattice points, in wave 
vector space. This space we divide into two half-spaces by an arbitrary plane through the origin. The no- 
tation q, € P, indicates that the end of the vector qg lies in a point of that half-space which we arbitrar—_ 
ily call the upper one, while q, € P_ indicates that q, belongs to the other (lower ) half-space. The vec- 
tors @,; are three unit vectors corresponding to the polarization of the vibration; one of them is parallel 
and the other two are perpendicular to q,. N is the total number of nuclei in the crystal which tends to 
infinity. Finally, & sj ore the amplitudes of the expansion which also are the new (normal) coordinates 

of the crystal. The wave function of the crystal expressed in the new coordinates has the form 


P= 1 Png; Gsi)s (7}) 
sj 

where w,, is the function of the linear oscillator in the n-th excited state. The operator F expressed in 
the new variables has the form 


F = exp {i (ko —k) (po + u)} = exp {2 (Ko — k) po} I exp {i (Ky — k) €5; (2/N)'2B s0,és)}- (8)! 
sj 


If we put the origin in the point py where the nucleus under consideration is situated and if we take into 
account that ; 


. ish. (hy IP, 
Bso — : ’ 
Oia: 


we get 


“ 
F = JJ exp {0 (ky —k) es; (2/M) sj}, (91F 
sj 
where the symbol P_ above the I] indicates that only variables referring to the lower half-space enter 
into the product. 
Thanks to the separation of variables in both the wave function and the operator the matrix element 
F,7, Can also be written as a product 


n ., > 
sj sj" si 


1x 
Taree] aha ae (10) 


where ng; characterizes the initial state of the crystal and Ng; its final state. It is easy to show! that | 
as N— © the only final states that give a contribution different from zero are those for which Nei diffex) 
at most by unity from Ngj for each pair of indicies (sj), and that in the expansion of the corresponding 
matrix elements it is sufficient to take along only the dominant term for N — ~~, These matrix elements; | 
have the form 


Pagnasy = 1— [Ko — keg A(n + S\N Mog +. (1uy)) 
(si) aes 2h \4"s | 
Prejtisns = = (Ko —k) es; (Watox | (tej + I'he, (129 


(si) allied 2h Ist 872 1 
Engle) = Vx Kok) es, ( Wiese, on) abate (12) 
sj? 
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where Wj us the frequency corresponding to the oscillator &., of wave vector dg and polarization Oni. 
We consider the process of the emission of n phonons. This corresponds to such matrix elements 
Fry where of the 3N factors in Eq. (10) n have the form Fn+1,n and the rest the form Fy, yn. If we 


number those oscillators which are involved in the transition from 1 ton and write 
(kp —k) es; =| ky —k cosas, r= A? (ky — k)?/2MO@, (14) 


where © is a unit of energy which can for the sake of convenience be chosen to be of the order of the mag- 
nitude of the Debye temperature of the crystal, we get 


(n) ep Ar Ne < . is) 
Pee ie aw (| Dy cose OIE rns: (15) 


where e~W, the so-called thermal factor, is the product of all | Fring; |? with n finite and with N — ~, 
J 


We introduce now the spectrum of the normal vibrations of the crystal, p(hw), in such a way that 


gy (hw)d(hw) is the number of oscillators (sj) with energy hw within the interval d(hw). The normali- 
zation condition is obviously 


( 9 (ho) d (ho) = 3N. (16 ) 


Equation (15) must be multiplied by 6(E,+E — E,, — Ey) and summed over 7. The summation over 
T is equivalent to multiplication by* 


I] 3/29 (hei) d (he) 

i=1 
and integration over all d(hw) from 0 to ~, replacing cos* a by its average value we (this is always cor- 
rect for polycrystalline substances and for a single crystal provided the lattice is cubic). The result ob- 
tained must be divided by n! since states for which the excitation of the oscillators differs only in the 
numbering are identical (in corpuscular language this is the fact that phonons are identical). If the tem- 
perature of the crystalis T (in energy units) we must replace n; + 1 by 


pees (Me erty T 
Taking all this into account and introducing dimensionless quantities 


x==ho/O; = (E— Ey); 9 (x) = (0/3N) ¢ (he), (17) 


we get 
n 
eo W 


n ne . a : ? (x;) dx; = ages 
BFP (E+ E—E,— 6d = “pr (Hy GY) (3 (S—2) mapas Se ca) 
iz, 0 


i=1 Pr 


ee =| rh (xy) dx, ... \ rh (hq) dino Gate eel Oy (19) 
0 0 
where 


i (6) = 279 (x) (1 — e917), (20) 


_A completely analogous expression can be obtained for the absorption of n phonons; only n; + 1 must be 
replaced by nj so that A(x) has the form 
N(x) == x 169 (4) (CCl (21) 


We introduce the Laplace transform of Zn considered as a function of ¢€ 


OVA BO FRI", (22) 


0 


where 


* The factor 44 arises because the summation is over a half-space. 
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K(s) = \ 2, (x) e-s*dx. 
0 


We sum over n, 


s Zn (S) = SI [rh (s)]"/n! =e TMs) — 1, (23) | 
n=1 n=1 
Transforming back we get . 
ZG) = s ee oa {erXs) — 1} eds. (24) | 
n=1 o—ico 
Taking Eqs. (3) and (18) into account we find | 
ine & (@®) (1+ Fy eee? (25), 
The thermal factor is calculated without any difficulty 
Wien ee ee (26), 
6 


3. EXAMPLES 


We consider now two examples, choosing a definite form of the function yp (x). The usual Debye spec~: 
trum has the form | 
tale hee 3 <l ! 

O=19 Hf est (27) 


and © is called the Debye temperature of the crystal. This function is very inconvenient for computations 
We assume a different form for go (x), namely, 


Oo (x) = Yo8x2%e—8e, (28 } 
This function satisfies the normalization condition (16), goes to zero as x’ and contains a cutting-off fac 


tor e~PX, The dimensionless quantity $8 which is of the order of unity can be varied. 
In the two limiting cases, discussed above, we can easily pursue the calculations unto the end. 


1. Scattering of slow neutrons by hot substances, T > ©. From Eq. (21) we get, accurate up to ter 
of the order x@/T, 


rad PC) I ane i) | 
x (x) = fs u0 @ Oj2T — 50 exp \- (8 aL =) x . (29° 

Its Laplace transform is 
X(s) = 789/20 (8 + O/2T +s). 


Moreover, from Eq. (24) we get, omitting the intermediate calculations, the following result 


z(e, 1) = exp {—(8 + or) *} (5 5] Ms [( 28%)" ], (30) 
where I, is the Bessel function of imaginary argument. 


2. Scattering of neutrons by cold substances, T «< 9. We have from Eq. (20) for the emission of an | 


arbitrary number of phonons by the neutron, 


K(X) & Go (X)/% = 1/2 Bxe—B*. (311) 
Its Laplace transform is 


K(s) = 1/28? (B +s) (32) | 


Again omitting the calculations we quote the result following from Eq. (24) 
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—e 3 
z(e, r) = <= t($rt), | (33) 
where 


co 


f (x) = >) x"/n! (2n — 1)! (34) 


n=1 


Since the expansion (34) is in powers of r, it is an expansion in the number of phonons involved in the 
scattering process. The condition that it is necessary to consider only one-phonon processes is, obvi- 
ously, x « 1, Since 6% = 1 we get, if we take into account Eqs. (14) and (17) 


(Py»— p)? 1 (E — E,)? 


PI St (3) 
Hence we get the following condition for the initial energy 
(m/M) (E,/0)? <1. (36 ) 


If inequality (35) is taken in the opposite sense, the main contribution comes from many-phonon proc- 
esses. In Eq. (34) there are many terms which are important. Using the Stirling formula and differen- 
tiating with respect to n we find the value ny for which the expression under the >; sign is maximum 


Inx + In (1/1) — 2 In (29 — 1) + O (1/1) =0, 119 = (x/4)*h. (37) 


In this way we find the most probable number of phonons which will be emitted for a given angle of scat- 
tering and energy loss (which determine r and e¢), 


My = */a (re2)"s (38) 


If © tends to zero we must obtain the scattering by a free nucleus. From Eqs. (14) and (17) it follows 
thatas 0 > 0, r~> ©, ¢€ + ©, For large values of x one can obtain the following asymptotic equation 
for f(x) 


F (2) = (x/4)' (Bm) exp {3 (x/4)'4}. (39) 


From Eqs. (26) and (28) we find 
W=6r/4 for T=0. (40) 


If we perform successively the various limiting transitions we get 


—2W = 

5 2 (rs 8) > F B(r—e) =8 [MOP _ az], (41) 
do k= mm «(PoP 42 
ee = E(t HA a — AE]. (42) 


This is, as can easily be seen, the cross section for scattering by a free nucleus. Indeed, the 5-function 
in Eq. (42) assures the conservation of energy provided momentum is conserved (the momentum taken 
up by the nucleus is equal to pp — p). Integration over the angles gives 


do 4x (a?) /ME max for 0<Ey)—E<AEmax (43) 
dE (0) for E, — E > AE max; or E,—E<0, 
where 
AE max = E-4Mm/(M + m)?. (44) 
Integration over the energy gives 
o = 4x (a?). (45) 


In the figure we have given as an illustration the cross section d’0/dQdE for a given angle of 207 asa 
function of the relative energy loss AE/E,) for M/m = 9. The value of 8 was taken to be 3. In this case 
the thermal factor (40) coincides with the thermal factor for the Debye spectrum. It can be seen from the 
figure how for increasing E)/O the cross section tends to the 6-function (42) since for the scattering by 
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a free nucleus the energy loss is simply by the angle of scattering 
from the laws of conservation of energy and momentum. For E/@ 
= 100 the width of the curve is still fairly large. In a real crystal 
the approach to a 6-function will, apparently, occur fast owing to | 
the possibility of knocking a nucleus out of the lattice, a process 
not considered in our paper. 

The calculations, using Eq. (34), can be simplified by using the} 
circumstances that for x $ 10 the series (34) converges very 
rapidly, while for x 2 10 the asymptotic formula 


log f (x) = 0.8207 -a' + Flogar — 0.5875 — 0.1028 2". (46)| 


is correct with a large degree of accuracy. 
Energy distribution of neutrons In conclusion the author expresses his gratitude to A. S. Davy- 

scattered by a crystal over an angle — doy and V. M. Agranovich for valuable discussions and sugges- _ 

of 90°. The numbers indicate the tions. 
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QUANTUM KINETIC EQUATION FOR PLASMA WITH ACCOUNT OF CORRELATION 


IU. L. KLIMONTOVICH and S. V. TEMKO 


Moscow State University 
Submitted to JETP editor December 13, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 132-134 (July, 1957) 


A quantum kinetic equation has been obtained for a system of particles with Coulomb interac- 
tion. This equation differs from the known quantum kinetic equation by the fact that correlation 
of the mutual positions of charged particles has been taken into account. 


A quantum kinetic equation for a set of interacting particles can be obtained by solution of the system ci 
equations for the quantum distribution functions f, and f,.!*? In this case the function f; which enters 
the equation for the distribution function f,, is expressed approximately in terms of the functions f,; an 
f,. For a solution of this system of equations, quantum conditions for the vanishing of correlation at in-+ 
finity are necessary. However, as was noted by N. N. Bogoliubov, the solution of the equation for the de2 
sity matrix (or, correspondingly, for the quantum distribution function) can be reduced to a solution of t! 
equation for the quantum function Fg with classical boundary conditions. Here fs =YsFg, Yg is the 

symmetrization operator for s particles. In the case of systems with central interaction, the equations: 
for F; and F, have the following form: 
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etre Fig a Jnl soe 
3i m dq = Gapny (Pld—4' — 5 2(r—e+)) —O(g—g' + 4 a(e—e)|)Nexp {eq —p) 


Hit'(g’ — p')} (1 + Pro) Fo (q, 9’, 1, 1/3 t) ede! dy dy! dq! dp’; (1) 


OF» p OF. Bi Orere  t 4 4 ; 
at + ix og, + maa — GaPRN|P (|G — FAC) |) — (ln — a2 + 5 AC — BN] exp fins — Pr) 


ni 


+ it, (Ne aa P2)} F, (91, Je, Na» Nas t) dt, dt, dy, dn. oe Qn \ [® ( a—q — = ity ) =) ( Qg—-gt 2 it, \) eiti(%—Ps) 
* (LE Pag + Pas) Fs (dur ar 4's as Pas B's t) dedmndg'dp’ + aareaa \[ (ia —9/ — 4 ae) 
ait 
Th ( pi Decree, | eft?) (1 + Pyg + Pas) Fs (Gas Ga» Gus Pr Nha» P's t) Atedypdq'dp’. (2) 


Here @ is the energy of interaction of a pair of particles, n is the number of particles per unit volume, 
and Pi, is the permutation operator for a pair of particles. Limiting ourselves to consideration of pair 
correlation, we can write 


Fo(91» Jo. Pr Por t)=Fi(q, pr; t) Fi (qo, Pos t) + 2 (G1s Jar Pr» Po; 2) (3) 


and a similar expression for F3. The function g is small in comparison with the first term for weak 
interactions. 

In the case of short range forces or for a region in which we can restrict ourselves to pair interaction, 
we obtain a kinetic equation for the quantum distribution function F, corresponding to the equation for 
the density matrix which was obtained by Bogoliubov and Gurov.®? Here F, is expressed only in terms of 
the derivative of the function Fy. 

: We have considered Eqs. (1) and (2) for a system of particles with Coulomb interaction. If the inter- 
action is weak and the correlation distance, determined by the exchange interaction rex is less than the 
correlation distance of the Coulomb interaction of the particles rp, then for the region r > rey the equa- 
tions for F, and F, are simplified and in the similar case take the following form: 


OF, (p, t i 1 f 1 4 
ooh, = aarz \[P(la— x h(u— «)|)— Ollg+ x h(t — t) ) exp {7% (4 — pi) 
+- its (Qe — P2)} (1 + Pye) £ (9, Ni» Nei Fy) dt dt, dy, dy, dq dpe; (4) 


AC Lo As TAN Ore i ear ny peed We) — © (|q—(rr—ps)9 + F4(4—%)!)] 


: : a he ; 4 
X exp {ity (1 — Pr) + ite (Ne — Po)} Fi (M1, t) Fe (Ne, t) dey dt, dn dy, dd + (Zn) a) NK ( P= —(Pim pe)? — oeke ) 
0 


itn : 
=o (iq—9'— (pr — pa) 0+ 5 he \)| exp {iq’ (x —")/4)} (2-79 8 (py — TE) Fy (nyt) Fa (o,f) Pile’, 8) 


— ebstn-79 (py — = E™) Fy (a, £) Fy (must) Fi (0%, #)) dp" db dg’ deg de’ da* 


nim ((S[o(}a—4a'— (ar — 99 — Fae) — © (19 -F (rrp 9+ 5 HI] 


~~ (2x)o he 
x (ei(m—P) Fy (q,, t) E(— 4's Pas P's Fi) — ef —P9 Fy (M1 t) 8 (9's Pa» P's Fi) dp’dbdq’drdn. (5) 


The function depends on the time only through F; (p, t). Equations (4) and (5) proneiorm as fh — 0, into 
the corresponding equations of Sec. 11 of the well-known monograph of Bogoliubov. . 

To obtain the kinetic equation we must express the function g in terms of F, and substitute in Eq. 
(4). However, Eq. (5), the equation for g, is very difficult to solve exactly for F,; therefore, for the 
solution of this equation we have made use of the method of expansion in terms of a small parameter. ; 
Here we have considered the case in which the motion of the isolated particle does not disturb the statis - 
tical equilibrium of the totality of charged particles being considered. ae then get the kinetic equation 

for the function F,(p; t) from Eqs. (4), (5) [asa result of transformation of the brackets ]: 
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dw(t;p) nu v (Ip’— p\/#) v (Jp— p’|/R) lane a 8 (p-+-pi— p’—pi) 8(E+E,— E’—E}) 
at (arch) x eee p)/h; (p’+P)/2) + 1+B ((p—p,)/h; (p +P,)/2) (P+ Ps , 


% [(1 Ew (p)) (1 Ew (py) @ (p') @ (py) — (1 Ew (p') (1 (3) @ (Pp) w (P1)] dpa dp’ dp. (6) 


Here 


w (ts p) = (2n)* nF, (t; p); v(\k|) = |e ® (1q)) dg; E (p) = p/m; 


foe) 


B(k, p) =|Re rie [\ fetta eH] exp {0k (p! — p) + ix (n—p')}w(n) dd dedndp’ so = In. (7) 
0 


An expression is omitted in Eq. (6) which corresponds to consideration of the effect of the particles of | 
the system upon one another. Equation (6) (for B = 0) goes over into the quantum kinetic equation ob- | 
tained by Bogoliubov and Gurov.’ If it is assumed that all the functions w in Eq. (6) depend on the time, 
then this equation can be regarded as the quantum analogue of the well known kinetic equation for a clas- — 
sical system with Coulomb interaction, obtained by Landau,° in which, however, the divergence at large 
distances is automatically eliminated by account of correlation. If we consider that the motion of the indi- 
vidual particle with momentum p (or of an outside charged particle moving in a plasma) does not disrupt 
the thermal equilibrium of the particles of the system surrounding it, then Eq. (6) for h ~ 0 goes over 
into the Fokker-Planck equation for the plasma.® In the stationary case, the solution of Eq. (6) coincides © 
with the Fermi or Bose distribution.’ For B in the case of systems obeying Fermi statistics, for com- 
plete degeneracy, we find after expanding in a series: 

il 4 (Fe) 1— kp /Fpo 
rik? —— 2ri k2 \ APo 1+ kp / po 


B(k, p) = (8). 
Hereurp =:( p3/127mne? y/ 2 is the Debye radius for the Fermi distribution, and py is the limiting mo- 
mentum. 
We take this opportunity to thank Academician N. N. Bogoliubov for discussions on the present aspects 
of the problem and D. N. Zubarev who read through the manuscript of the work for the comments he made? 
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ENERGY SPECTRUM OF CASCADE ELECTRONS IN LIGHT MATERIALS 


I. P. IVANENKO 
Moscow State University 
Submitted to JETP editor December 15, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 135-138 (July, 1957) 


The energy spectrum of cascade electrons in showers produced by a primary electron or pho- 
ton in light substances has been computed. A brief analysis of the numerical results is given. 


Betow we present the results of a calculation of the energy spectrum of cascade electrons in light ma- 


terials in electron-photon showers, carried out by the method of moments.! Recursion formulas have 
been obtained which make it possible to obtain all moments of the distribution functions for electrons with 


TABLE I, The Function {Np (Ep, t, E)}P 


0,6; 0.03 0.6; 0.06 0.6; 0.1 0.6; 0.2 


0.6; 0.4 


1.4; 0 |1.4; 0.06]/1.4; 0.2 | 1.4; 0.4] 1.4; 08 


0.0303 | 0.0277 | 0.0240 | 0.0203 | 0.0133 |0.0035 | 0.063 |.0.056 | 0.043 | 0,030} 0.012 
0.0747 | 0.0681 | 0,0591 | 0.0498 | 0.0326 {0.0085 | 0.156 | 0.137] 0.106} 0.073] 0.029 
0,102 0.0927 | 0.0805 | 0.0679 | 0.0444 |0.0115| 0,214] 0.188] 0.144 | 0,100] 0.039 
0.117 0.106 0.0918 | 0.0775 | 0.0505 |0.0134 | 0,246 | 0,215] 0.165] 0.114] 0.045 
0.122 0.110 0,0958 | 0.0808 | 0.0526 [0.0137] 0.260] 0.226 | 0.173] 0.120 | 0.046 
0.419 0,107 0.0927 | 0.0783 | 0.0508 |0.0132 | 0.256 | 0,224 | 0.169] 0.416 | 0.045 
Ond12 0.0998 | 0.0869 | 0.0734 | 0.0475 |0.0123 |.0.243 | 0.209] 0.159 | 0.109 | 0,042 
0.402 } 0.0914 | 0.0793 | 0.0670 | 0.0432 |0.0442 | 0.225] 0.192 | 0,146 | 0,100 | 0.038 
0 
0 
0 
0 
0 


oooo°o°ocsS 


0812 | 0.0743 | 0.0622 | 0.0526 | 0.0337 |0.0087 | 0.183] 0.154] 0.116 | 0.079 | 0.030 


.0652 | 0.0566 | 0.0494 | 0,0418 | 0.0266 0.0069 | 0.151 | 0.125 | 0,094 | 0,064 | 0.024 
.0505 | 0.0431 | 0.0377 | 0.03419 | 0.0201 0.0052 | 0.121 | 0.099 | 0,073 | 0.049 | 0.018 
.0340 | 0,0280 | 0.0245 | 0.0208 | 0.0128 |0.0033 | 0.086 | 0.068 | 0.049 | 0,033 | 0,012 
.0180 | 0.0138 | 0.0122 | 0.0104 | 0.0064 |0.0015 | 0.052 | 0.038 | 0.027 | 0,017 | 0.006 
0.0073 | 0.0044 | 0.0040 | 0.0035 | 0,0016 — |0.028]0,0418]0.042| 0.007 | 0.002 


PWWNWNNMERROOOCSO 
CNOMRWORMRNOUMWE 


530.4 | 550.4] 5;0.8] 5;2 


5; 0 | 5; 0.03 


0.110] 0.095 | 0.085} 0,071 | 0.057] 0,020 | 0.147] 0.142} 0,132] 0,105 | 0.094 ten 
0.274 | 0.245] 0.212]0.176]0,140] 0.049 | 0.374] 0.360 | 0,373 | 0.264 | 0.232} 0.139 
0.381 | 0.340] 0.292] 0.241]0.191] 0.065 | 0.527] 0.505 | 0,466 | 0.366 | 0.319] 0.189 
0.444 | 0.395 | 0.338 | 0.278] 0,218] 0,073 | 0.623} 0.594 | 0.546 | 0.426 | 0.367; 0.214 
0,475] 0.420] 0.358] 0.294]0.227] 0,074 | 0.676] 0.642 | 0.587 | 0.455 | 0.386 | 0,223 
0.479 | 0.424 | 0.355] 0.291 | 0,220} 0,068 | 0.698] 0.658 | 0.598 | 0.458 | 0,380 | 0.216 
0.462 | 0.405 | 0.340]0.277/0.206}| 0.060 | 0,686 | 0.644 | 0.582 | 0.442] 0.361 | 0.199 
0.437 | 0,384 | 0.317] 0.257|0.189} 0,052 | 0,661 | 0.616 | 0.554 | 0.417 | 0.335 | 0.180 
10.374] 0.324 | 0.262]0.211}0.148] 0.036 | 0.585} 0,539 | 0.479 | 0.353 | 0,272 | 0.138 
: 0.272] 0.219}0.174]0.418] 0,024 |0.518}0,473] 0.416 | 0.304 | 0.224 | 0.108 
0,266 | 0.225] 0.178] 0.140]0.090} 0.015 | 0.4514 | 0.407 | 0.355 | 0.251 | 0.179 | 0,080 
0.204] 0.170} 0.430]0.101}0.059| 0.004 |0,366]0.326]0.280]0,192] 0.126 | 0.047 


3;0 | 3;0.06 | 3;0.2] 3;0.4] 3; 08 3; 2 


SOSCOOUNCAWOORNOUUw Ee 
S 
oo 
a 
© 


0.141 | 0.114 | 0.083 | 0.062 | 0.030 0.275 | 0.239 | 0.204 | 0,131 | 0.076} 0.021 
0.093 | 0.072 | 0,049 | 0.035 | 0.010 0.201} 0.174 | 0.140 | 0.085 | 0.040 | 0.008 
0.036 | 0.024 | 0.042 0.103 | 0.082 | 0.063 | 0.031 | 0.010 


0.050 | 0.038 | 0.027 | 0.009 
0,025] 0.018} 0.014 


energies higher than E in a shower produced by a primary electron or photon with energy Ep. Explicit 


analytical expressions have been derived for the first two moments of the functions and numerical values 


105 


0.008 


0.001 


0.070} 0.052 
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we 10; 0 | 10; 0,03] 10; 0.4 | 10;0.4 | 10;0.8} 10; 2 15; 0.2 | 15; 0.4 15; 0.8 15; 2 
| 

0.4 0.207} 0.197] 0,182] 0,154}0.142] 0.108} 0.206 0.202 0,193 0.18 0,179 0.145 

0.3 0.5371 0,510] 0.469 | 0.396} 0.563} 0.275} 0.551 Ov539 0.506 0.490 0,457 0.363 

0.5 0.742] 0.703 | 0.644 | 0.557} 0,502] 0.371} 0.785 0.761 0.695 0.681 0,620 | 0.487 

OR. 0,939 | 0.887] 0.811 | 0.664} 0,590} 0.429) 1,023 0,970 0.908 0.815 0,771 0 588 

0.9 1.046 | 0.984 | 0.897 | 0,726 | 0.637} 0.454) 1.471 4.103 1.022 0.910 0.842 0.629 

i ee 1.123] 1,054 | 0.955} 0.759] 0.653] 0,451} 1.310 4.216 1.116 0,982 0.878 0,635 

1.4 1.134}1.059| 0,958} 0.753 | 0,638] 0.430} 1.358 4.250 1.140 0,995 0.870 | 0.614 

1.6 1.123] 1,.044]0,951 }0.731]0.610] 0.401} 1,378 12298 4.140 0.987 0.844 0.580 

2.0 1.054 | 0.973 | 0.872 | 0.659 | 0.533} 0,331} 1.356 4.218 1.092 0.929 0.759 0,494 

2d 0.977 | 0,897 | 0.800] 0.593} 0.466} 0.276} 4.304 ALS) 1.027 0,864 0,681 0.424 

2.6 0.892] 0.814] 0.722]0.524]0.400} 0.224} 4.225 4.077 0,949 0.789 0.604 0,356 

on 0.7741 0.701 | 0.616 | 0.435 ]0,317] 0.164} 4.106 0.960 0,837 0.685 0.498 0,274 

3.5 10.633] 0.568] 0.494 ] 0,336 | 0.231} 0.104} 0.946 0.809 0.698 0.560 0,384 0.194 

4.0 0,508] 0,451 | 0.388 | 0,254}0.163} 0.064] 0.790 0.667 0.583 0.448 () ,289 0,128 

5,0 0.315] 0,274] 0.229 | 0.138]0.075| 0.014] 0.521 0.431 0.360 0.274 0,158 0,054 

6.0 0,189] 0.1614 } 0,130 | 0.072 | 0.031 0,326 0.266 0.217 0,160 0 084 0.018 

taO) 0.441 | 0,093 | 0,073 | 0.037 | 0.012 0.195 0.158 0.127 0.091 0,045 0.006 

8.0 0.065] 0.053 | 0.040 | 0,019 | 0,004 0.114 0,091 0.072 0,050 0,024 0,003 

TABLE II. The Function {Np (Ep, t, E y}t 

saa 0.6; 0 |0.6; 0.06] 0.6; 0,1] 0.6; 0.4] 4.4; 0 1.4; 0,06] 4.4; 02 }1.4; 0.4] 1.4;0.8] 3;0 | 3;0.06] 330.2] 3;0.4] 3;0.8 | 3; 2 5;0 | 5; 0.03] 5; 0.06 
ee 
0.4 |0.814 0,803 }0.778 |0.874 0,805 | 0.954 | 0.934 | 0.912 | 0.904 | 0.876 | 0.826 || 1.028 | 1.015 | 1.006 
OFS OPOLs 0.488 }0.430 |0.655 0.495 | 0,861 | 0.810 | 0.757 | 0.709 | 0.666 | 0,544 || 1,046 | 1.0114 | 0.990 
0.5 |0.300 0.263 |0.186 |0.487 0,272 | 0.767 | 0.698 | 0.625 | 0.559 | 0.500 | 0.337 |} 1,025 | 0.975 | 0,946 
0.7 0.105 |0.049 |0,356 0.415 | 0.677 | 0,587 | 0.513 | 0.432 | 0.370 | 0.187 |] 0.976 | 0.918 | 0,883 
0.9 0.008 | 0,591 | 0,507 | 0.419 | 0.340] 0. 268 | 0,081 |} 0.911 | 0.848 (0.809 
41.2 0.473 | 0.392 | 0.304 | 0.229 | 0.156 ‘0,796 | 0.731 | 0.691 
1.6 0),.341 | 0.270 | 0.193 | 0.129 | 0.063 0.636 | 0.574 | 0.536 
740) 0.236 | 0.179 | 0.117] 0.066 | 0.041 0.486 | 0.432 | 0.397 
2.3 0.174] 0.127 | 0,077 | 0.037 0.389 | 0.340 | 0.310 
2.6 0.124 | 0.088 | 0.047 | 0.017 0.304 | 0.262 | 0,235 
3.0 0.074 | 0.049 | 0.021 | 0.002 (),212 | 0.178} 0.156 
ma 0.033 | 0.018 | 0,002 0.127 | 0.102 | 0.086 


5; 0.4 


0,994 
0.960 
0.905 
().836 
0.760 
0,643 
0.493 
0,363 
(), 281 
0.212 
0.140 
0),.076 
0.035 


0.1 
0,3 
0.5 
0.7 
0.9 
ded 
1.6 
2.0 
2,3 
2.6 
3.0 
3,9 
4.0 
5.0 
6.0 
7,0 


5; 04 


0.973 | 0.949 | 0.929 | 0.884 


0.907 | 0.847 | 0,797 | 0.687 
0,832 | 0.749 | 0.677 | 0,527 
0.752 | 0,656 | 0,571 | 0,399 
0,671 | 0.570 | 0,476 | 0,297 
0.555 | 0.453] 0.350 | 0.181 
0.416 | 0.324 | 0.231 | 0.081 
0.300 | 0.224 | 0,140 | 0.021 
0,230 | 0.165 | 90,091 

0.171 | 0.118 | 0,053 

0,111 | 0.071 | 0,018 
0,058 | 0,032 

0.025 


5: 0.2 5; 08 6s 2 


10; 0 


156 
376 


RP ep Pee ee 
on 
ww 
a 


10; 0.06 


118 
.276 
.302 
. 368 
341 
. 249 
,075 
886 
750 
626 
482 
338 
234 
103 
0.043 
0.049 


SOCCOCCOF FB BR BRR 


10; 0,2 


.069 
152 
180 
167 
.126 
.030 
874 
712 
600 
497 
380 
264 
178 
.075 
0.029 
0,010 


SOO DCCOCOFRP BRE R 


10; 0,4 


0414 
081 
077 
042 
987 
832 
727 
976 
474 
384 
283 
187 
119 
041 
0.044 


eoooocoooocrR FRR 


10; 0.8 | 10; 2 


1.013 | 0.955 
1,007 | 0.864 


0.970 | 0.71 


0.912 | 0.671 
0,842 | 0,582 
0,726 | 0.460 
0,570} 0,322 
0,429 | 0.214 
0,338 | 0.150 
0.260} 0.100 
0.177 | 0,054 
0.104 | 0.014 


0.050 


is) 


15; 


Scoocoe ee See & — == 


0.03 


193 
480 
658 
793 
785 


749 


.607 


15; 0.06 


182 
449 
612 
694 

717 


RPE RP RPP Pe BPR 
lop) 
] 
bo 


15; 0:2 15; 0.4 | 15; 08 45; 2 
4.140 1.102 1,078 4.006 
4.340 1.240 gale 0,988 
1.452 1.307 4.201 0.942 
1,498 W322 1,186 0.878 
1.495 1.300 1.139 0,804 
1.429 1.220 ORY 0.684 
1.274 1.066 0.864 0,527 
1.090 0.895 0.686 0, 388 | 
0.950 0.770 0.566 0,300 | 
0,818 0.654 0.459 | 0,226 
0.658 0.517 0.339 0.147 
0,491 0.376 OR223 0,077 
0.360 0.269 0.141 0.033 | 
0.185 0,130 0.048 

0.112 0.061 0.012 


0.046 


have been obtained for primary-particle energies Eo from 0.6 to 15 and values of E from 0.03 to 2% 
The distribution functions for electrons with energies higher than E in a shower, produced by a pri- 


Pp It 
mary electron {Np(Ep, t, E)}° or photon {Np (Ep, t, E)} , as in Ref. 2, has been approximated by a 
sum of Laguerre polynomials lie and ut (x) respectively. 


* The energy of shower particles in cascade theory is measured in units of g8 where B is the critical! 
energy for the given material and q is a constant equal to 2.29. | 
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The results Ge the calculations of these functions are shown in Tables I and II.* An investigation of the 

ee functions (cf. for eae: Refs. 2 and 3, in which this type of analysis was first applied ) shows 
at in the present case the error in the electron energy spectrum is approximately 10 percent. We may 

note that the method of moments is so far the only method which makes it possible to deteruuine with rea- 
sonable accuracy the average behavior of an electron-photon shower in the energy region being considered 
In calculating the moments, the photon absorption coefficient o has been assumed constant and equal to ite 
asymptotic value 0 =0). However, in computing the distribution functions the photon absorption coeffi- 
cient has been assumed equal to oy jpn = 0.65. As follows from the results of Ref. 1, this method makes it 
possible to take account of the approximate dependence of o (E) on energy, leading to better agreement of 
theory and experiment. The value 0.65 corresponds to the value of Onin in air; the computed curves, 
however, apply to the development of showers in materials with atomic number Z approximately up to 30 


3 4 : 
with good accuracy.” The numerical results which have been presented may be useful in the analysis of 
certain cosmic-ray experiments. 


1 
ape P. Ivanenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 86 (1956), Soviet Phys. JETP 4, 115 (1957). 
I. P. Ivanenko and M. A. Malkov, J. Exptl. Theoret, Phys. (U.S.S.R.) 32, 150 (1957), Soviet Phys. 
ETP 5,112 (1957). 


3 < 
oe P. Ivanenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 491 (1957), Soviet Phys. JETP 5, 413 (1957). 
P.S. Isaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 374 (1955), Soviet Phys. JETP 1, 379 (1955). 
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CONTRIBUTION TO THE THEORY OF SCATTERING OF LIGHT NEAR POINTS OF 
SECOND-ORDER PHASE TRANSITIONS 


M. A. KRIVOGLAZ and S. A. RYBAK 
Institute of Metal Physics, Academy of Sciences, Ukrainian S.S.R. 
Submitted to JETP editor December 25, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 139-150 (July, 1957) 


The scattering of light by ferroelectric and ferromagnetic crystals in the vicinity of second- 

order transition points is considered. Calculations are performed both for single component 
crystals and for solid solutions. By way of illustration light scattering by BaTiO; type crys- 
tals as well as by Rochelle salt or KH,PO, type crystals is examined. The effect of an exter- 
nal field on the scattering is investigated. 


I. Ginzburg! has shown that at temperatures close to the temperature of a second-order transition there 
occurs additional scattering of light which is particularly intense near the critical point, that is, near the 
point where the curve for second-order transitions merges into the curve for transitions of the first 
order. This effect has been experimentally detected by Iakovlev, Mikheeva, and Velichkina? who investi- 
gated the dispersion of light in quartz near the point of the a = @-transformation. Herein we shall carry 
out a further theoretical investigation of the problem, primarily where ferroelectric materials are con- 


* In the first line of each column of the tables the first number denotes the energy of the initial electron 
or photon and the second the energy of the secondary electron. 
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; ; , 0 
cerned. We shall explicitly take into account the anisotropy of the fluctuation of the dielectric constant ¢« 


(for light), which obtains even in cubic (or almost cubic) crystals, and the depolarization of light associ- , 
ated therewith. We shall investigate the influence of the electric field on the intensity of scattering. in 
addition to the case considered by Ginzburg, when there are only square terms in the expansion of de in. 
powers of the components of the polarization vector, we shall also examine the case which obtains in cer- 
tain ferroelectrics (for example, in Rochelle salt), when this expansion also comprises linear terms. We. 
shall also consider the scattering of light by solid solutions of ferroelectrics. 

2. The additional scattering of light near the second-order transition points is associated with the in- 
homogeneities of the dielectric constant «°, caused by the fluctuation of the internal parameters that char- 
acterize the long range order in the less symmetric phase (in the case of ferroelectrics, such internal 
parameters are the components of the polarization vector). Near second-order transition points inhomo- 
geneities of this type can always be regarded as static. For anisotropic crystals the question of scattering 
of light by inhomogeneities of the dielectric constant, caused by thermal vibrations of the lattice, has been 
examined by Motulevich.’? Carrying out exactly the same examination for light scattering by the static | 
distribution of the inhomogeneities of the dielectric constant tensor, we find that the intensity of the scat- | 


tered light is i 
Wim % 
, ; ‘ 3 2 | 
i y oV2 Ny Se -9 eel 
Ty = Keke Temtapr py COS 81°C Ba} Di Pasa eae Oo 


a,B=1 
Here J, is the intensity of the scattered wave, Jo is the intensity of the wave incident on the crystal, V 
is the volume of the crystal, c is the speed of light, R is the distance from the point of observation to 

the scattering crystal (the size of which is assumed to be appreciably smaller than R), k; and ky are 

the wave vectors of the incident and scattered waves (in the crystal), e! and e” are the unit polarization 
vectors of these waves (having the components en and e%, where the indices a and B designate the re- 
spective Cartesian coordinates), n, and ny are respectively the indices of refraction for the incident anal 
scattered waves, and 6, and 6, are the angles between the electric field vectors and the induction vec-._ 
tors in the incident and scattered waves (in the crystal), respectively. The factors K,; and Ky take into} 
account the decrease in the intensity of the incident and scattered rays in passing through the crystal-air 
interface and can be calculated by means of the familiar formulas of crystal optics.* Lastly, ¢€ aB de- ff 
notes the q-th Fourier component of the deviation of the bel, B component of the dielectric-constant tensoy 
from the mean value 


Sapq = yes em dr, (2) 
4 


where q =k, — ky. In deducing expression (1) it was assumed that rotation of the plane of polarization in} 
the crystal is absent or can be neglected. It was further assumed that light absorption in the specimen is: 
negligible. 

In the case of cubic crystals, in which the index of refraction is independent of the direction of the wave). 
vector and of the polarization vector and the angles 6, and 6) are zero, the expression for the intensity) 
of the scattered radiation is simplified to 


3 2 


1 p2 
> Fapq &, & 
a“, B=1 


Jy wtV2 
ag a Ky Ky 16n2c4 R2 


(33 


The change in the dielectric constant connected with the fluctuation of polarization in this case is also a 
tensor (not a scalar) quantity. 

The further examination will be carried out in terms pertaining specifically to ferroelectric crystals. | 
In the vicinity of the temperature Ty) of the transition to the ferroelectric state we can retain only the 
first terms of the expansion of the components of the tensor eB in powers of the components of the po- 
larization vector: 


Beats + hap, + Py + dap, v8 Py Ps, (4 


* Repeated reflections from the other faces of the crystal, which greatly complicate the picture, can be 
eliminated by blackening these faces. | 
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where the coefficients do not depend on the polarization. Here and below summation from 1 to 3 over all 
twice-repeating indices (in a given term) is implied. The polarization vector P can be regarded as con- 


oe of aes value P and a fluctuating part AP. Replacing P in (4) by the sum P+ AP, we de- 
termine de, op retaining only the terms linear in AP,» and then, invoking (2), express the Fourier com- 


ponents of the dielectric constant tensor in terms of the Fourier components of the polarization vector 


Pvq 


Eapq = hag, y Prq + Qap, v8 Ps Pryq- (5) 
Substituting (5) in (1), we obtain the following formula for the intensity of the scattered light, connected 
with the fluctuations of the polarization: 


dy D, SDA Dae So ar 
oy, = 5} F (1 ’ 2) V [rap.y apr! + 4hag.y her RB’ 8! Ps a 4hap.y8 apr jy'd! PsP3) eb el, e5 ey (PyqP iq a ged code) (6 ) 


where the function 


: AV 
F (1, 2) = Kika qgacpe qe COS 1: cos, (7) 


may be regarded as independent of the temperature. 

The mean values of the squares and products of the Fourier terms constituting the fluctuation of the 
components of the polarization vector can be determined by means of the thermodynamic theory of fluctu- 
ations. The distribution of fluctuation probabilities, as is known, is given by the expression 


w~exp(—AQ® /kT), (8) 


where A® is the change in the thermodynamic potential incident to the appearance of fluctuation. In the 
case when the polarization of the crystal undergoes fluctuational changes, A® can be written in the form 


4 OP, OP 
AD = z\ [eapAP APs + Aapys se oH dt. (9) 

V 
Here ¢g is the thermodynamic potential per unit volume,* Aapyé is a fourth rank tensor and Xy and X5 


are Cartesian coordinates (y and 6 = 1, 2, 3); the last term takes into account the changes in the thermo- 
dynamic potential incident to the appearance of inhomogeneities in the fluctuation distribution; terms with 
higher order derivatives can be disregarded, provided (as in the case of scattering of light ) the predomi- 
nant part is played by sufficiently smooth fluctuations. 

The thermodynamic potential per unit volume of a ferroelectric in the presence of an external electric 
field E can be written as y ={(P) — EP, where f(P) is independent of E. Hence differentiating the 
equilibrium conditions ¢y = 0 with respect to Pg; we obtain 


Gag = 0" f /OP.OP, = OE. / OP. (10) 
Comparing Eq. (10) with the equation for the dielectric susceptibility tensor Kop :Py = KepEg» we find 
that the derivatives Pop are components of a tensor that is the reciprocal of the dielectric susceptibility 
tensor: 


team (11) 


Replacing the fluctuations AP, by their Fourier expansions 
AP, at »; (Pax Tiss So Pa Eaize) (12) 


from Eqs. (8), (9), and (11), we obtain 


o~ exp | — ger >; («ag + Aapys Ky x) (Pex Bis =F Piss Pox} : (13) 


* For simplicity of notation we shall designate the partial derivatives with respect to g through indices: 


9a =20/oPy Pe = 99/2, ete. 
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By means of the distribution of probabilities (13) we can express the mean value of the products of the 
Fourier components corresponding to any value of k in terms of the elements of the matrix that is the 
reciprocal of the Kap + AgBy6s Ky Kg. Substituting the values so obtained for the case of kK =q in place 


Dit pe, .46p*.-p ples : 
of PyqPy'q* PrqPy’q in Eq. (6), we obtain 
= F (1 : 2) kT [rxp, Y hyg!, y a. Ahag, y haps, >/5/ Ps, +> 4a, 75 harpe, >/5! Ps Py] en eu, eh ey (xyy7 — Ayyyy! qv dy. ( 14) 
0 
In the case of scattering of light, when the wavelength is much greater than the lattice constant, the 


second addend in the last factor in (14) — except for a narrow region near the temperature of the second- 
order phase transition, (where some components of the tensor Kop vanish) —is appreciably smaller than 


the first term. In this case the expression for the intensity of the scattered light assumes the more sim- 
ple form 


a = F (1.2) RT (ap, herp. -F Shae, y Mere vePar + 4hap, 18 Avrenwer Ps Pylievel ence, ays (15) 


0 


All the quantities in formula (15) can be determined from independent measurements, Thus AaB, y 
and ap yo? according to (4), can be found, for example, by investigating the influence of an external 


electric field on the index of refraction, while the constants in expression (7) for F (1, 2) can be deter- 
mined from ordinary optical measurements. Thus formula (15) enables us to calculate, in the general 
case of a ferroelectric with an arbitrary structure, the intensity and polarization of the part of the scat- 
tered light associated with the fluctuations of polarization. If the second addend in the last factor of Eq. 
(14) cannot be neglected, a more complicated formula must be used for evaluating Jy/J 9» Components of 


the tensor Ags, v6 entering into (14), which are also important in determining the intensities of scat- 


tering of x-rays, thermal neutrons, and other types of waves at temperatures near the second-order tran- 
sition temperature, can be determined from comparisons of theory with experiment. They can also be 
calculated with the aid of the statistical theory of ferroelectrics based on a specific atomic model. 

In many crystals all the components of the tensor ) ab, y vanish identically, owing to the requirements 


imposed by symmetry of the crystal. In particular, this occurs in crystals with centers of symmetry in 
the nonferroelectric phase. (It was exactly this case that was examined in Ref. 1.) Temperature depend- 
ence of the intensity of the scattered light near the second-order phase transition temperature T) differs 
markedly for crystals in which AaB, y = 0 as compared with crystals in which eB, y #0. In the first 


case with T = Ty, when P =0, according to (14) the intensity of the scattered radiation associated with 
fluctuations of polarization becomes zero.* With T < To the ratio J,/J) increases very quickly, attains 
a maximum value and then falls off. When roy B,y #0, the intensity of this scattering is not zero even 


with T > Ty. The ratio J,/Jo attains a maximum at T= Ty and then decreases with further reduction 
of the temperature. 


*It must be emphasized that in the present contribution we consider only scattering by fluctuations of 
polarization and do not take into account scattering by thermal oscillations or by fluctuations of the inter- 
nal parameters characterizing the short-range order the orientation of the dipole moments of different 
cells. The presence of inhomogeneities associated with fluctuations of these internal parameters must 
lead to additional scattering, which must occur both above and below the temperature To. There is rea- 
son to think, however, that in the most ineresting cases in the vicinity of the critical point for crystals 
with Ay Byy = 0 or near the usual transition point for crystals with ws Bey #0, when the intensity of the 


scattering under examination here becomes anomalously great (see below), the scattering by fluctuations 
of the short-range order parameters plays a relatively insignificant part. It should also be noted that 
roy By and Ay B,y6 entering into the deduced expressions for the intensity (in which only fluctuations of 


polarization were taken into account) must be determined for constant values of the short-range order 
parameters, corresponding to thermodynamic equilibrium. Consequently, generally speaking, these quan- 
tities will differ somewhat from the corresponding quantities determined from the dependence of the equi- 
librium value of €° on the intensity of the electric field, inasmuch as in the last case the short-range 
order parameters as well as P change. 
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For the purpose of a detailed investigation of the dependence of the intensity of scattering on the tem- 
perature and on the intensity of the electric field we shall examine below certain specific cases of ferro- 
electrics. 

3. Let us start our examination with crystals of cubic symmetry (in the nonferroelectric state ), having 
e center of symmetry, and in which the spontaneous polarization is directed along the cubic axis. In par- 
ticular, barium titanate, one of the important ferroelectrics where practical engineering applications are 
concnerned, possesses such symmetry.*® For simplicity let us assume that the electric field is directed 
along the ferroelectric axis which we shall choose as the OZ axis. 4 

In crystals of this symmetry all the components of the tensor op vy vanish identically, while the ten- 


sor op, 6 in the nonferroelectric state has only three nonzero components: M4, 41> Ade, 12 and Aqy, 42. In 


the ferroelectric state the crystal has tetragonal symmetry with which the nonzero components of the ten- 
sor AaB, y6 are those identified by the indices 11, 11; 33, 33; 11, PAS Wak; BS See eA, PS: aly 11832" aL, Se 
13, i. (If the crystal has a center of symmetry, M1, 13 = 413,11 = 9.) Below the transition temperature 
the dielectric susceptibility tensor has two nonzero components: K33 and Ky = Koo. 


It follows from Eq. (5) that in the given case in the region where one can neglect the terms square in 
q the intensity of the scattered light is 


Ju/Jo= F (1, 2) PRT (4055, x5 50 (63) (€2)” EAD, onan (Ch e* + eb €2)? + Bhaa,a3 Aa1,s9 %an Cher (CL Or + ele 
“+ Misia aa [((€1)” + (22)°) (@3)” + (e3)° (ei) + (@2)°) + 2 (Let + e222) 5 e5]}. (16 ) 
Neglecting the relatively minor tetragonality in calculating the factor F (1,2) we can set 
P(Y.2), Sak TK atVei/ 1 OnzetR*, (195) 


Equation (16) enables us to determine the dependence of the intensity of scattering on the orientation 
of the polarization vectors of the incident and scattered radiation relative to the crystal axes and to inves- 
tigate the depolarization of the light. Thus, for example, if the vectors e! and e? lie in a plane perpendic- 
ular to the Z axis and are mutually perpendicular, the intensity of scattering according to (16) goes to 
zero. On the other hand, if these vectors have components parallel to the Z axis, then even if e! is per- 
pendicular to e” the intensity of scattering is not zero. In the narrow temperature interval near Ty, 
where one cannot neglect the terms square in q, the dependence of the scattering intensity on the direc- 
tion of the vectors e! and e* becomes appreciably more complicated. Above the temperature Ty, as has 
already been noted, the scattering associated with the fluctuations of polarization in the crystals of this 
type vanishes. 

In order to find the spontaneous polarization and the dielectric susceptibility tensor, which, according 
to (16), determine the temperature dependence of the scattering intensity, let us make use of the expan- 
sion of the thermodynamic potential per unit volume g in powers of Pg, introduced in other investiga- 
tions® — !2 on the basis of the theory of phase transitions of the second order:'3 


3 3 
P= % + 1/ga(T —T,) P? + 1/4 Bi Pt + 1/2 Bs > P?, Py 2/6 CiP® + 1/2 Ce > PS, P2, + CaP) P? P; — EP. (18) 


I 
a, a=) ,o/—=) 


The expansion has been carried out to terms containing Py to the sixth power inclusive, in order to allow 
for a more detailed examination of the vicinity of the critical point where the intensity of scattering be- 


comes particularly great. 
The equilibrium value of the spontaneous polarization is determined from the condition gy =9 (a= 1, 
2,3). In the examined case (when P || OZ), if E = 0, the solution of this equation is of the form: 


Die pea By eV Bi dal (TD) ocr. (19) 


The dielectric susceptibility tensor can be found by substituting (18) in (11). Bearing in mind the equi- 
librium condition g3 = 0, we obtain that with E =-0, the nonzero components of the tensor Kop are de- 
scribed by 

Die alt — To) SBP, 5C,P* = 4a(T)—T) + 2BiP = 2ByP* + 4C,P* — 4a(T. —T) 


YA 
— Bi /C, + BV BEF AC, (ToT) fea = Was BaP! + CaP (20) 
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Substituting (20) and (19) in Eq. (16), we obtain 


= ead) 
- = F ae 2) kT {[2)3s,s8 (63)? (e3)? ac 2hi1,93 (ey e? aE es e3)? ae 433,33 i133 e5 e (ei et ar e3€ 2)] (Bi a 4aCy (To T)) 
0 


$28, [((et)® + (eL)?) (€8)® + (eB)? ((e8)* + (GRY) + 2 (Che + e569) C5051 / (Ba + CaP )}- a) 


3 

At the critical point where the second-order phase transition curve becomes the first-order transition 
curve, B,=0. Consequently near this point, where the phase transition curve By, can be represented in | 
the form of the expansion b(p —p,) (here p is the pressure and pg is the critical pressure), the scat- 
tering intensity becomes particular great, as may be seen from (21). The greatest contribution near the 
critical point is made by the first three terms in expression (21) (provided, of course, the constant By 
does not by chance also become small near the critical point). The temperature dependence of J,/Jq is 
determined primarily by the factor [B+ 4aC, (Ty — Tye, If Bz > 4aC, (To — T), then 


(Bi + 4aC, (T) — T))~“ = 1/6 (p — Pe), (22) 


that is, the intensity of scattering near the critical point must be strongly dependent on the pressure. In 
the vicinity of the critical point even a small decrease of temperature below the phase transition temper- 
ature results in the opposite condition: B} « 4aC,(Ty) — T). In this case, with some approximation, 


Jef eye fo 7): (23) 
If the transition corresponds to the critical point (p =pcg), the relationship (23) begins to hold on condi- 
tion that the terms with Ayy! vp? Gy Gy can be neglected. 
Ina first-order transition at the transition point aC,(T — To) = 3B3/16, that is, 
[Bi + 4aC, (T) —T))+ = 2/By 
and J,/Jo is also approximately inversely proportional to the difference (p—pg). 


In the presence of an electric field parallel to the Z axis the scattering intensity can be determined 
from Eq. (16), replacing P by the solution of the equation 


a(T--T,)P+B8,P?+C,PP=E (24) 
and determining K33 by means of the first part of the equality (20) for 1/k33. Specifically, in weak fields 
Pia Poa Henk, (25) 


where Py and Ko33 are, respectively, the values of spontaneous polarization and the dielectric suscepti- 
bility 33 with no field. In this case application of the field will lead to replacement of the factor [B} 
+ 4aC, {Ty —T)] '/* in Eq. (21) by 


(Bence (i ry) = 


(By + 6CyP)) Xoag E | (26 ) 


(By + 2C,P5) Po 


Changes in the factor (B, +C,P?)! can be neglected at temperatures close to the phase transitiontem- Jj 
perature, when C,P? <«< B,. It will be seen from Eq. (26) that if the electric field is parallel to the spon- | | 
taneous polarization, the scattering intensity decreases, while if the field is directed in the direction oppo- } 
site to the polarization, the intensity of scattering increases. In view of the fact that in the vicinity of the 
phase transition point the dielectric susceptibility is very great while the spontaneous polarization is 
small, there should be observed in relatively weak fields a strong influence of the electric field on the 
scattering of light, i.e., a unique electro-optical effect. Thus, for example, assuming Py ~ 104 cgs elec- 
trostatic units (~ WE the saturation polarization for BaTiO3) and Kko33 ~ 500, we obtain that the electric 
field substantially changes the intensity of light scattering when the field intensity is of the order of 103 — 
104 v/cm. 

Proceeding in an analogous fashion one can readily obtain the expressions for the scattering of light by 
ferroelectrics in which the spontaneous polarization vector is not directed along the cubic axis at T < Tya\| 

4. Crystals such as Rochelle salt and KH,PO, exhibit piezoelectric attributes not only in the ferroelec- 
tric but also in the nonferroelectric state.!4? Fluctuation of the polarization in such crystals even in the 
nonferroelectric region produces a proportional fluctuation of the deformation. Inasmuch as deformation 
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of the crystal in turn changes the dielectric constant (for light ) by an amount proportional to this defor- 
mation, the components of the tensor i awB, in Eq. (4) for crystals of this type are nonzero. In these 


crystals there is a preferred ferroelectric axis (OZ) at temperatures above the transition temperature, 
while in the vicinity of this temperature only the fluctuation of the component P, of the polarization vec- 
tor becomes abnormally great. As follows from the generalformulas (14) and (15), in the nonferroelec- 
tric region the terms containing the components of the tensor AaB, v6 vanish, In the ferroelectric region 


these terms can be neglected near the transition temperature, As a result Eq. (14) in the given case as- 
sumes the form 


dato g(1 »2) i Cre + Bssyqy + ER q, Vy) (27 ) 
where the quantity 
G (1,2) = F (1,2) RT (rap,5 4%)” (28) 


can be assumed to be temperature independent near the phase transition temperatre. This quantity de- 
pends on the direction of propagation of the incident and scattered waves and on their polarization rela- 
tive to the crystal and can be determined through measurements of the index of refraction (for different 
values of k and e) and its dependence on the electric field intensity. If the values of rap, vo and P37 


(where P3y is the saturation polarization) are much greater than then somewhat below the tran- 


ap,’ 
sition temperature it is necessary to take account of the terms containing rag y6° In this case g(l, 2) 
will strongly depend on the temperature: ; 


& (1,2) = F (1,2) RT [(hap,a + 2hap,a3 Ps) ef e2)?. (29) 


In order to determine the temperature dependence of the intensity of scattering let us make use of the 
expansion* of the thermodynamic potential per unit volume in powers of P,.! 


? = % + /,a(T —T,) P24 Pit Spl E,p,. (30) 


It follows from Eqs. (11), (30), and (28) that in the nonferroelectric region above the second-order phase 
transition temperature T )k33 = 1/a(T — To) and that the intensity of scattering is 


Ji /Jo = & (1,2) /[a(T —To) + Basvgy + Assy 9,9,/1- (31) 


Thus, in contrast to the case of BaTiO, crystals, scattering of light by fluctuations of the polarization 
occurs in the present case not only in the ferroelectric but also in the nonferroelectric region. Moreover 
the intensity of scattering becomes abnormally great not only in the vicinity of the critical point but also 
near the second-order phase transition point. (The sum Ag3,,d,4," becomes comparable with a(T-Tpo) 
only at very small values of T — Ty.) 

Below the temperature T) the spontaneous polarization is determined by expression (19) and the scat- 
tering intensity, according to (27), (11), (30), and (19), equals (cf. Ref. 15): 


dite 21,2) C, / [4aC, (Tp>—T) + B? — B, V Be + 4aC, (Ty — T) + CiBgavgy + Cy Assy 99 y/I- (32) 


If Bz > 4aC; (Ty — T), then 
Ja /Jo = & (1, 2)/[2a (To —T) Baar, + Assvy’ 9,4] (33) 


The inequality B? > 4aC,(T) — T) always holds in the case of ordinary phase transitions of the second 
order as well as in second-order phase transitions close to the critical point if Ty) — T is sufficiently 
small. In the case of transitions close to the critical point, however, the inequality BI « 4aC, (Ty — T) 


begins to obtain at relatively small values of To — T and in this case 


* In the expansion (30) it is assumed that the component of the strain tensor Ugg are already ex- 


pressed through the polarization P 3 ( proportional to them) and eliminated from the expression for the 
0 . the tensor Ugg is also eliminated, i.e., 


thermodynamic potential. Analogously, in the expansion of ¢€ ap 
the expansion (4) is carried out not for a constant deformation but for a constant pressure, 
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Jai de eih2 \/Aao=T) iss Bazvqv + Asavy' Jv Vv]: (34)) 
In the case of a first-order phase transition close to the second-order transition, utilizing the expres-« 


sions'® for the second derivatives of the thermodynamic potential, we find that above the transition tem- 
perature in the nonferroelectric phase 


Jy /Jo = g (1,2) C, / (3By/16 + CiBssvqv + Ci Assy Fv Vv; (35)) 


while below the transition temperature in the ferroelectric phase 
Jui does CCL ZyGy/ [3By / 4 + CiBsavqv + Cy Assvw Jv Jv) (36 )j| 


Thus, if C,A33y~"-dy ay «< B?, then in case of a phase transition the first order to the ferroelectric phase? 
the intensity of scattering is reduced by a factor of four. 

5. The above analyses pertained only to single-component crystals. In binary solid solutions, in addi- 
tion to fluctuations of the polarization, there are also fluctuations of the concentration of one of the solu- 
tion components. These fluctuations are not statistically independent (cf. Ref. 16), which can lead to the © 
appearance of new effects. | 

When there are concentration fluctuations Ac (with constant polarization), the components of the ten- 
sor cop change by amounts A Ac proportional to Ac. Consequently in solid solutions, where there : 


be 


are fluctuations of both the ee and composition, the Fourier component of the dielectric constant; 
is defined by an expression which is a generalization of (5): 

fap,q = [Aag,q + 2hag, v8 Ps] Pyyq + hag, 4 €q, (37° 
where Cq is the Fourier component of the concentration while the quantities A ap, 4 can be Se el as 
independent of P near the transition temperature. These constants correspond to changes in é° arp with | 
changes of c at constant values of P,. They are connected with the constants ro, ” corresponding to 
changes in ef 
sition) by the simple relationship 


B with changes in c at equilibrium values of P, (which vary with changes in the compo- 


hag,4 = Aap, a— Sp ae 
Substituting Eq. (37) in (1) we find that the light scattering intensity is expressed through the mean 
values P vq Py! Q Pyq cy and leg |2 . These mean values, as before, can readily be found by considering 


the terms proportional to AP, AP p, AP,Ac and (Ac y in the expansion of the thermodynamic potential.) 


Carrying out the same calculations as for the single-component ferroelectric, we find that in ferroelectrif) 
solid solutions the scattering intensity associated with fluctuations of polarization and composition is give) 
by the expression 


Lele = F (1,2) kT [Axpe, iA a/B’, v Kis a 4d ‘ap, 1 arp’, y's! Py Ki a Aha, 75 Ps Py Kez} ey ety ee CGy. (383 i 


[instead of Eq. (15)]. 

Here i and i’ go through 1, 2, 3, and 4 (while y and y’ run through 1, 2, and 3), the quantities K; er i 
are matrix elements of the matrix that is the reciprocal of the matrix Kj, while the matrix elemental Hl 
the latter matrix are 


02 


Kiv = Oi = xii Wachee "lA Kgs Kyi oie With =e 2ieo Kia = s3e0 (399) 
Since the equilibrium condition g, = 0 is fulfilled at all concentrations, we have 
doy / dc = Daal dP / dc a Cac —— QO. 
Therefore 
Pac = — Pao dPw | de = —x-1 dP. / de. (4005 


In the nonferroelectric region the derivatives dP dc equal zero and the fluctuations of the polarization? 
and of the composition are statistically rece nendeall In the ferroelectric region some of the derivatives 


E 


t 
x 
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Pac are nonzero; consequently these fluctuations become statistically dependent. Further the derivative 
fcc near the second-order phase transition temperature can be written in the form 


Gee = N (Op, / Oc — Og / Oc), (41) 


where N is the number of molecules per unit volume and wa and Hp are the chemical potentials of the 
first and second components of the solution in the nonferroelectric region. 

Thus all the quantities entering into expression (38) for the intensity of scattering by solid solutions 
of ferroelectrics, just as in the case of single component ferroelectrics, can be determined by means of 
independent experiments. To find these quantities one must determine the index of refraction and its de- 
pendence on the electric field intensity and the concentration, the static dielectric susceptibility tensor, 
and the dependence of the spontaneous polarization and the chemical potentials of the components on the 


Beer eMs In the immediate vicinity of the transition temperature the tensor Kjj should be replaced 
y, 


Ki + Bin gy + Ainy qv qu (i,i’ = 1, 2, 3, 45, = 1, 2, 3), 
where Bij, and Ajj"py near Ty can be regarded as temperature independent. 


In the case of cubic ferroelectrics in which the spontaneous polarization is directed along the cubic 
axis and which have a center of symmetry, AaB, i =( with i= 1, 2, and 3, AaB 4 = 46 aB and the only 


one of the derivatives yy, that is nonzero is 3c. In this case for T < To, we obtain the following ex- 
pression for the intensity of scattering 


4P2x9 2 


J 9 2\9 2 2 9 a 2 
as = F (1,2) kT ‘i —(¥5,)%38/ Poe [133,33 (e3)? (e3)? + A133 (e\e = €5€3)? + 233, 33h11,3363€3 (eie; + €305)| 


+ his,13P 11 [((e1)? 4+ (e2)2) (62)? + (€8)? ((€2)2 + (€2)2) +2 (ete? + ebe®) eke} 
4gPO,%3 (ete?) 


Poel 1— ($52)" Xa3/ Poel 


42 
: DO 1.2 Tee 4 
[A33, 3€3€3 + M41, 33 (C11 + €2€2)] + Se , (42) 


Ce ae (950)? %33 
where F (1,2) is defined by Eq. (17). In the nonferroelectric region with T > To 


he F (1,2) RT /900 at 


In solid solutions there is thus scattering of light by fluctuations of the concentration with T > Ty as well. 
The intensity of scattering increases in the ferroelectric region. 

The intensity of scattering can also be expressed in terms of the constants entering into the expansion 
(18) of the thermodynamic potential in powers of P,. Invoking Eqs. (19) and (20) and the expression 
3¢ = —aPdT)/de which is valid near the transition temperature, we obtain 


YF (220 V BEF 44Ci (ToT) *| gee! (eee Ia. (8)? (C8) 


Jy 
JoFi (1,2)kT 


a qu 


= [Bi + 4aC, (T)—T)}"| 1 — a? (= 


2 1 ,2)2 Wy ro ale 12 aT rs 12 1p) 
+ Misas (C1€1 +22)” + 23s,s3h11,3303€3 (€1€1 + €2¢2)] — 24a ar (ele?) [Agg,g3@3@3 + Aat.a3 (€101 + C2e2)] 


2 eo : / 

+4 V B AGC, (ig — 1) a [((et)2 + (€5)2) (3)? + (e3)?((ei)? + (¢3)”) + 2 (erer + e263) e3€5]}- (44) 
2 2: 

In solid solutions the critical point lies at the point where the second-order phase transition curve goes 

over into the decomposition curve.!%!3 According to Landau," instead of the condition B, = 0, which is 


true for single component crystals, we have at this point the condition 
co By = 8/g (adT'g | de)?. 


It is evident from (44) that in solid solutions there should also be observed abnormally great scattering 
in the vicinity of the critical point. This scattering is associated both with fluctuations of the polarization 
and with fluctuations of the concentration. Even if the index of refraction is only weakly influenced by the 


polarization, i.e., if the values of A ap, v6 are small, extremely intense scattering of light (provided A, 


is not small) due to fluctuation of the composition should be observed in solid solutions close to the crit- 


ical point. 


In solid solutions of ferroelectrics such as Rochelle salt or KH,PO,, where the components of the ten- 
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sor Jp, ry (y =1, 2, 3) are nonzero, in ordinary second-order phase transitions (far from the critical 


A 


point ) fluctuations of the composition near the temperature Ty play a relatively minor part in the scatter: 
ing of light. Hence above the transition temperature, where c= 9, we can as before use expressions 
(27) or (31). Below the transition temperature in the ferroelectric region one should replace 1/k33 by 
(1/K33)L1 — (@3¢)*k33/Pec] in the denominator of (27). In terms of the thermodynamic theory of phase 
transitions of the second order this reduces to replacement of 2a(Ty) — T) in the denominator of Eq. 
(33) by 


2a (Ty —T) {1 — a? (dT o/ de)? / 2By eccl- 


=I 


6. The results deduced above, after appropriate modification of the designations, can obviously be fully 
applied to transparent ferromagnetic crystals. The results obtained by means of the theory of phase tran- 
sitions of the second order can also be applied to antiferroelectric and antiferromagnetic materials in the 
absence of an external electric field where the former are concerned or a magnetic field where the latter | 
are concerned. In the presence of an external electric field the state of an antiferroelectric is character- 
ized by two vector parameters and the formulas for the intensity of light scattering, just as in the cases 
discussed above, can be obtained on the basis of the thermodynamic theory of phase transitions. !8 

All the expressions given above pertain to the scattering of light by a single crystal having no domains, 
A single crystal of this type can be realized by placing the ferroelectric in a capacitor.’ Our results can 
also be applied to the scattering of light by individual domains provided their dimensions are appreciably | 
greater than the wavelength of the light. If, however, the dimensions of the domains are of the same order 
of magnitude or smaller than the wavelength, then in addition to the scattering examined above there must’ 
also be evinced an additional extremely intense scattering by the domain walls. 

In addition to scattering of light by the fluctuations of the polarization and the composition, in crystals 
there is always also some scattering connected with lattice vibrations. The intensity of this part of the 
scattering can be calculated? if the elastic and elastic-optical constants of the crystals are known. Both 
types of scattering can often be partially separated experimentally inasmuch as they depend in different 
ways on the temperature and external fields. 

It would be of great interest to carry out an experimental investigation of light scattering near the poiny 
of second-order phase transitions in different ferroelectric materials with simultaneous measurements oF 
the static dielectric constant, the index of refraction and its dependence on the electric field and the com- 
position. 


eed 


CONCLUSIONS 


1. We have deduced equations for determining intensity and polarization of light scattered both by sin-| 
gle-component ferroelectrics (or ferromagnets ) of arbitrary structure and by solid solutions. All the | 
quantities entering into the expressions for the scattering associated with fluctuations of the polarization} 
(magnetization ) and of the composition can be found (or evaluated) by means of independent measuremenr | 
of the index of refraction and its dependence on the external field and the composition, static dielectric 
constant and the concentration dependence of the spontaneous polarization and the chemical potentials (foo 
solid solutions ). 

2. If the expansion of the dielectric constant (for light ) in powers of the components of the polarizatio# 
vector contains linear terms (the case, for example, in crystals such as Rochelle salt or KH,PQ,), then 
both below and above the second-order phase transition temperature there must be observed anomalous]: 
great scattering. If there are no linear terms in this expansion (for example, in crystals such as BaTiOdy 
then scattering of the type in question will occur only in the ferroelectric ( ferromagnetic ) region and wil ‘ 
be absent (in single component crystals) above the transition temperature. 

3. The temperature dependence of the intensity of light scattering by crystals of the BaTiO, and crys-) 
tals of the type of Rochelle salt and KH,PO, was evaluated by means of the thermodynamic theory of phas# 
transitions of the second order. In crystals of the BaTiO, type (both in single component ferroelectrics | 
and solid solutions ) particularly intense scattering should occur near the critical point on the second-orch 
phase transition curve. . 

4, There should be observed an appreciable change in the intensity of scattering by ferroelectrics in 


an external electric field; this should occur in relatively weak fields (for BaTiOg3 type crystals, in fields || 
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of the order of 10? — 104 v/em ). In the vicinity of the critical point the scattering should be strongly de- 
pendent on the pressure, 
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ON THE EFFECTIVE FIELD IN A PLASMA 
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The Bogoliubov equations for the “partial distribution functions” are used to compute the effec- 
tive field acting on charged particles in a plasma. It is shown that the effective field differs 

from the mean field by a small quantity of the order i/N where N is the number of particles 
within a sphere whose radius is equal to the Debye radius. This result also holds in the pres- 


ence of a magnetic field. 


As is well known, the electric field acting on an individual particle of a medium is not equal to the aver- 
age field in the medium. For example, in a gas of free dipoles the effective field Eeff is given by the 
Lorentz formula Eff = E + 4nP/3 where E is the average field and iB is the polarization of the me- 
dium. This formula is obtained on the assumption that the molecular Be cee tis impenetrable 

we i if it were placed inside a cavity in a polarized medium. 

4 Ss eas a ep ear there ve of course, no basis for such an assumption. However, the ES 
tive field in a plasma should also, generally speaking, differ from the average field because there exists 
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a certain correlation between the motions of individual particles. The question of the relation between | 
Eerp and E ina plasma has been repeatedly discussed by different authors (see Ginzburg! and the liter- « 
ature cited there ), and it has been shown that the effective field and the average field are the same. The 
most detailed proof of this assertion has been given by Ginzburg.! However, he used a method which did 
not allow him to obtain explicit expressions for the effective fields. As a result of this, in particular, 
there has remained the unsolved problem as to whether the effective and the mean fields remain the same | 
in the presence of an external magnetic field. 

In this paper Bogoliubov’s method is used to compute the effective field in a plasma. In the course of 
this computation the triple function is expressed approximately in terms of binary ones which corresponds 
to making an expansion with respect to the small parameter 1/nD? where n is the density of particles 
and D is the Debye radius. By this method an analogous expansion is introduced in establishing the con- _ 
nection between the effective and the average fields and we restrict ourselves to the calculation of only the 
first order correction. | 

For the sake of simplicity we assume that the plasma in addition to electrons also contains only singly | 
ionized ions of a single kind. We introduce the “microscopic density” of particles in phase space | 


F. = 518 (r —ta(£))3(v — vi (8) 


for the electrons and 
F; = $8 (t — te (2) 8 (v — va (4) 
k 
for the ions, where the summation is taken over all the electrons and ions respectively. It can be easily 
shown that in the absence of a magnetic field these functions satisfy the equations 
5 OF 


aF, 2 1% 
FN) sata Cy 


OF 


aF, : 
sr + WV) Fi + ap Em 5° = 9: (2) 


which correspond to the system of Newton’s equations of motion for all the electrons and ions. In (1) an 
(2) m is the mass of the electron, M the mass of the ion, and E,, the microscopic field, which can be 
obtained from the equation 


div En, = 4re\ (F;— F.) dv, (3), 


but in doing so one must omit in (1) and (2) the self-field of the electron or of the ion which is situated at; 
the particular point in space. 
Equations (1) and (2) can also be written 


e é oF; e Oo r—r’ , , r , , iy oa 
Eee) RS es \ F.(r, v, t) {Fi (t’, v’, t) — Fe (t", v’, t)} dr’dv’ = 0, (4)) 


i ov. \i reels 


i e OF ; e oO r—r’ 
se + VY) Fit ap Bo a + ine NTRP 


at Fi (r,v,¢) {Fi(t’, v’, t) — Fe(t’, v’, t)} dr'dv’ = 0, (5)) 


where in accordance with the stipulation made above the point r =r must be excluded in carrying out the? 
integration over r’. In Eqs. (4) and (5) Eg represents the external field; it satisfies the equation 
div Eo = (0) 

We shall go over from the exact microscopic equations (1) — (5) to a statistical treatment, and in orde» 
to do this we shall average all the quantities over a certain set of initial particle distributions. This meanr 
that we regard the exact densities Fe and Fj as random quantities. We shall denote the average values 
of Fe and Fy by fe and fj. The averaging of Eq. (3) yields 


divE = dre (f;— fe} dv, (6)) 


where E denotes the average, i.e., the macroscopic field. On averaging (4) we obtain an equation which 
contains the binary distribution function: 


Of, of, CannG r—r’ Hcl 
a HV) fe Bo ie Ww Tree Mer (Ps Vit V5 8) — fee (OWS, Vs} dr’dv’ = 0. (7)) 
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Here 


fenliy Val oV sit) =i Cr (PA VAC ERY 0) 


(the brackets denote averaging ) is the binary distribution function for electrons and ions. With respect to 
the average value of FeFe we can see that, strictly speaking, it is equal to 


i 


<Fe(r,v, t) Fe(r’, v', t)> = < 318 (r —1j) 8(v—v,) 8 (r’ — 14) (wv! — v,) 
j 


+ CD) 8 (tf = 83) 8 (v — vj) 8 (r’ — 1p) 8(v’ — v= 8 (F— 8’) 3(V —V’) fe(r, Vy £) + fee (tr, Vit’, Wt), 


jek 


where the binary function fee is the “non-singular” part of the average value of Para: However, since 
in the integration over r’ we have excluded the point r’ = r the term with the 6-functions turns out to be 
unimportant in the present case. 

We assume that the electrostatic interaction energy of the particles is much smaller than their kinetic 
energy, i.e., e’n!/3 « kT, which is equivalent to the condition nD? > 1. This condition is almost always 
fulfilled. It is evident that under this condition the correlation between the particles is very small, so that 
we may write f(r, v;r,v, t)=f(r, v, t)f(r’, vs t)+o(r,v3r,Vv, t) where ~g is a small quantity. 

In accordance with this, Eq. (7) and the analogous equation for fj can be brought into the form 


af a, a ne 
ae + WV) fee BG SN EE Cert, vst’, W's 1) — ee (t vir", V4 E)} dr’dv’ = 0, (8) 
Of; . of; 2 0 —r’ Pe) Wen Se Pn / Cm 
=r + WV) fit aE OY + =) ee (eH (VE, VS) — Gie (F, Vi’, v's f)}dr’dv’ = 0. (9) 


Our problem consists of finding the functions 2 ap: In order to do this we shall set up equations for the 
binary distribution functions. We shall here discuss in detail only the equation for fg; —the discussion of 
the other equations can be carried out in a completely analogous fashion. 

We multiply Eq. (4) by Fj (2’, v’, t), replace in(5) r,v by r,v and after multiplying it by 
Fe (r, v, t) we then add the results and take the average. Taking into account the fact that 


eV ACO N GL) hg (TW) Ul cep (Ty, Vit 5 Viok otV.s Det O( Lo ia) 0 (Yew) ap aes) 
etc., we obtain 


eee e? (r—r’) Fe; GA aa ei 


a hay Vinee), 2 Of, e ee 
v’ m|r—r’|® ov ST ae ov’ 


; Xs) 
aa ++ (VY) fer + (W'V’) fei = Eo + 4p Eo 5 


2 — u” 
oe \ agp et (t, vir", Wt, V5 t) —feie(t vit’, vist, vf} dr’dv" 


{feilt Vit 5005 Vt) <— [ele(laY> Faas Go Maat) Otc Moe, (10) 


CO r’—r” 
| 
SME TOF \ jr’—r’ [8 


In accordance with the assumption made earlier concerning the smallness of the correlation, we write 
Pe WaT VERS Viet i FAL, Vet) KT Wo DLE Vo t)+f(r,v,t)o(r’,v';r’, v’; t) 
328 alte BLNIEE CAR FD TD a Pr, 5 OU VL Vat) (i Velo Vin hv ot) 


and neglect the last term on the right hand side. Then on taking (8) and (9) into account we obtain from 
(10) 


j & ‘— oF; 2 ) e 09,; 
0o,-: bp “pow has e2 (r —r’) Of. PER e2 (r r) Tene 9 ere 
ee + (VV) Ge: + (V'V') Get = ee a ft iT rs Pe av me Ea 4 ie ov 
2 SA a ees Bei + apes \ eet {oi (t’, V5", v"; t) — ie (0, Wr”, VW"; t)} dr"dv” 
~ Mi{r—r’|® ov M|r’—r|? dv’ m OV jr—r"[s % 
oF; yr" " uy Sitectle Ww, uo " 
= di ( ar a (Pee (Fs Vit", Vs E) — Pei (Fs VI ; t)} dr"dv". (11) 


The quantities appearing on the right hand side of this equation are small, but they cannot be simply 
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neglected since they turn out to be essential for large and for small values of |r —r’ |. In contrast to 
the method adopted by Bogoliubov” of expanding in terms of a small parameter, we shall solve (11) in the { 
following way. First we solve the stationary equation. We set | 


mv? 


E=0, fe=n(sz¢r-) ex? (—Ter)> f= n(aer;) &P(— gar) eee = feet — Fl) 


etc., where n is the density of electrons (and ions), Te the electron temperature, and T; the ion tem- | 
perature. We substitute this into (11) and in accordance with the assumption that Te # Tj we neglect the | 
velocity of the ions in comparison with the velocity of the electrons. Since v is arbitrary we obtain 


. 2 e —r’ , 1 , | 
Ves (1) + pre = epee te ae) peer tH (Hel) ae (12) 


For r > e*/kt we may neglect the first term on the right hand side and from this, taking it into account 


thatey —= 0..as Ja °,. ~we- obtain: 
| 


z 1 , , , EH | 
Xe (1) — ge \ parry OO) de Va Sess (13), 
In a similar fashion we can obtain equations for yee and yij 
Z 1 , v4 , 3 4 
ee (0) — Fe \ Tey (tet (0) — ee ar’ = — ae (14) 
2 4 . i ; 4 2 
Oe Nees Cee ee (15) 


The solution of the system of equations (13) — (15) is 
Kei (7) = — Xee (7) = (e°V/kTe) er, xis = — (€7/RT;) e—"/P/r, (16} 
where D is the Debye radius: 
D = {kT,T ;/4ne*n (Te + T;j)}!. 


At distances smaller than e?/kT Eq. (12) does not have a sensible solution. This is explained by the 
fact that the coincidence of particles of opposite sign, i.e., the formation of bound states, turns out to be 
statistically more favorable. Therefore, strictly speaking, a quantum mechanical treatment is required 
for the investigation of this region. However, one can make classical mechanics serve the purpose if one 
entirely excludes all elliptic orbits whose formation is not very probable as it requires triple collisions. 
In doing this it would be necessary to solve Eq. (11) without assuming a Maxwellian velocity distribution. 
Such a solution presents no difficulties but requires awkward calculations. Since the region of small 
(r —r ) occupies a small portion of the correlation region and makes only a small contribution to the 
final result, we shall not undertake this task. We shall simply neglect the first two terms in the right hand 
side of Eq. (11), which is equivalent to neglecting the bending of the particle trajectory as a result of col- 
lisions. In accordance with this we shall in future exclude collisions with impact parameters smaller than) 
Po = e2/kT. 

We shall assume that the functions f, and f; do not differ appreciably from the Maxwellian ones. 

Then one can substitute the solutions Pap = fofexag (lr -r'| ) found above into the right hand side of Eq.. 
(11), which is small in terms of /ap.. By limiting ourselves to the linear approximation for the field 
we substitute the stationary solution also into the last two terms in the left hand side of Eq. (11). From 
this, after setting for convenience Pap = Pap Fr Pop? we obtain: 


, 


996; 


a tt (VV) Gei + (v'V’) G5 = — am E (r,t) yer (Jt —r’|) fe (rv, t)fi(r’,v’,t) 
+ Et) yer (it —1'|) fe (tvs 8) fies V4 8); (17), 
096; ’ phate i deine { af, (rt, v’, 2) 
7 + (VV) 20: + (WV) 20 = | ov f(t’, vst) — pital f) ee VO ee (18), 
where U(r) =—e’e “r/ D/y, Analogous equations may also be obtained for gee and jj. 


If one substitutes the solutions of these equations into (8), (9) then terms of the form Pap will give 
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rise to the collision term (see Appendix), while Pop will give the correction to the average field. We 


. . : e 
define the effective fields Eer¢ for the electrons and Eott for the ions by means of the relation: 


Ba SE hee Vv, i) sa {yi (hy V pte V ot) = Cae (he Va E GiVent) Or av. 


r—r’ |8 
Then the kinetic equations can be written in the following form: 


eee ey) rely SAN EPO of; V , 2 i 6 
at CMa yay ete el ia WN) it aie ag gz Rethi = ET), 


where St denotes the collision term. 


In order to find explicit expressions for the effective fields one must solve Eq. (17) and the analogous 
equations for gee and gij. In Eq. (17) we may neglect terms proportional to the ion velocity, and its 
solution is then given in the form: 

t 


gei (t, Vir", v’; t) =— felv) fi (v’) ( - Prev (tet ert = ve ae (19) 


ey) 


—c 


where we have taken the functions fg, fj outside the integral having assumed that they do not change over 
a distance ~D and during atime ~1/wy where wy =vV4me‘n/m is the plasma oscillation frequency. 

Substituting (19) and the similar solutions for Poe and Vii into (8) and (9) we can easily obtain ex- 
pressions for the effective fields. Since they depend on the velocity of the particle in a fairly complicated 
manner we shall average over this velocity. The terms with gge and gj; evidently drop out as a result. 
We set E~ eit and we neglect in (19) the dependence of E on r by assuming that the wavelength A 
> D. Then uptoterms in 1/nD? we obtain 


E(1—73/l2enD9(T; +T.)?] for © <op, 


E~ —— E! "i Uv =| —— 3)5 3) 
« eff >v x ey E[l — (0/ie) V2 Tl 2n*nD3(T +7.) E for «© S>W. 


(20) 

We see that in a plasma the effective field coincides with the average field under the condition nD*® > 1 
which is usually fulfilled. For example, in the ionosphere, where according to Ginzburg! n ~ 10%, T ~ 
300°, we obtain Eeff — E ~ 10-5E. 

The difference between Eeff and E increases as the density increases and as the temperature de- 
creases. However, even in an electric spark,4 where n~ 10!7 | T~ (4X 10%); the difference is Eggf 
—E~10°E, ice., still negligibly small. 

The calculation of the effective field can be easily generalized to the case when a constant magnetic 
field H is present. For this it is sufficient merely to add to (17) the Lorentz force term —(e/c)v X H. 
For a field sufficiently weak so that = eH/mc « wy this leads to the same result as before, while in 
the opposite case when Q > Wy. 


oe H (HE) 
5 KS ’ 
ec eT AT) Pe eae (21) 
mE for ® >) 


We see that the frequency w = is not distinguished in any way. This can be easily understood since 
during the transit time of the electron through the correlation region which is of order ~ 1/wy no reso- 


' nance effects have time to make themselves felt, 


It is easy to see the physical reason for the difference between the effective field from the average field. 


In the equilibrium state a correlated electron“cloud” is formed near each ion. When an electric field is ap- 
{ plied this “cloud” is displaced with respect to the ion, producing an additional field directed oppositely to 

| the average field. In a strong magnetic field such a “polarization” occurs only along the magnetic field, 
which accounts for the form of formula (21). 


APPENDIX 


For the sake of completeness we shall briefly examine here the manner in which the collision term 


| originates. We shall consider that the functions f, and fj; vary sufficiently smoothly that they remain 


essentially constant over a distance D. Then it is possible in Eq. (18) first to neglect the time derivative 
and second to assume that Pej = Poi (¥ - r’,v,v. ). On introducing a cylindrical coordinate system with 
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the z axis directed along v—v, and on setting gygj=0 for z=— we obtain from (18): 
” : 4 Of,(v) , 1 of ; (v’) ( U(V 2 + 22) . 
Ge (0, 9,2; V, Vv) = i By LEW) = 5 Le WY) ery \ Poe a eee 


—oo 


and similarly for gj; and One: 
Substituting this into (7) and carrying out some straightforward calculations we obtain the collision 
term in Landau’s form:° 


Tez ie u2 jn — Uj Of (Vv f Of p (v’) ‘ 
suf) = (2 jn(QJoy Zi a fs We fa) — ha 
2 


1 us m dv ¥ 
a & j ou j 


Gs 


Herne. 0,8 —e,1, Wy. = vy — VK is the k-th component of the relative velocity, and py) is the minimum 
impact parameter. | 

We note that in such a derivation the cut-off at the maximum impact parameter is taken into account | 
automatically, while if Eq. (11) had been solved more accurately, the cut-off at the lower limit would also. 
have come out automatically. 
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linear case by the method used by Adirovich to obtain the decay law for crystalline phosphors. 
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Decay processes are considered for non-equilibrium carriers generated uniformly throughout 
the volume of a semiconductor. The decay law is found for the concentration of non-equilibrium 
carriers in a semiconductor containing a small concentration of recombination centers (traps ), 
for arbitrary departures from thermal equilibrium. Approximate expressions for this law are 
obtained for various ranges of variation of the concentration of the non-equilibrium carriers. 
These expressions correspond to various kinetic patterns of recombination. It is shown that 
alongside such well known patterns as the monomolecular and the bimolecular, there is also a 
type of recombination at a steady rate corresponding to a lifetime proportional to the concentra- 
tion of the non-equilibrium carriers. This occurs at low temperatures in semiconductors in 
which the recombination cross-section for the minority carriers is much larger than that for 
the majority carriers. 


A paper by Adirovich and the writer! examined the problem of the existence of characteristic times of 
stationary and nonstationary electronic processes in semiconductors. In this connection a law was ob- 
tained for the decay of non-equilibrium carriers in the case of low generation level and arbitrary concen- 
tration of traps (recombination centers ). 

When the concentration of traps is sufficiently large, the characteristic times turn out to be different 
from the characteristic times of the stationary processes, as found by Shockley and Read.? In the present 


_ paper a study is made of the kinetics of the nonstationary process of decay of non-equilibrium carriers 


for the case of small concentration of traps and arbitrary level of generation, and the laws of the process 
under these conditions are found. 


1. STATEMENT AND SOLUTION OF THE PROBLEM 


During the process of decay the kinetics of the electronic processes, for uniform generation, are de- 
scribed by the equations* 
dn/dt =— Aenp, + Betty, m+Pr=M»- Gp/dt=—A,pn,+ Bry, p—n—ny=N,—Nyg—'. (1) 
The separation of the concentrations into equilibrium and non-equilibrium parts (n = ng + n’, and so on) 
leads to the following way of writing this system: 
dn'/dt = — Apron’ + Ae(M + ny) nt = Aen’ pt, dp’/dt = — Ayneop’ + Ah (Po + Pr) pt = Anp’nr; 
pon +m, pp=—Mt, (2) 


and linearization of the system with respect to the excess concentrations is possible only in the special 


case of small levels of generation. We shall carry out the calculation of the decay law in the Beit non- 


We assume that the concentrations of electrons and holes localized in the traps (recombination centers ) 
are small in comparison with the corresponding concentrations in the zones. In this case 


LD (3) 
dn’ | dt ~ dp’ /dt. (4) 


* In the present paper we adopt the notation of Refs. 1 and 2. 
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° , , « 
Equating the expressions for dn’/dt and dp’/dt from the system (2) and replacing p by n, we arrive 
at the following expression for the concentration of non-equilibrium electrons localized in the traps 


Mi (AePro— Ant 0) 2” 


Me = Aa, +m) + Ay Pp + Py) + (Ae + An)” (93 
Introducing the lifetimes 19, Tpo» Tno»” 

fone Oe. pepe, pL ist aaa bane ruta 
we put the relation (5) in the form: 

N's = (poP.0 — Tnofeo) H’ | [(Mo + Po) To + (tp0 + tno) 7]. (7) 
Substituting nt from Eq. (7) into the first equation of the system (2), we get the differential equation 
dn (Mo + po) n’ + (n')? 
z dt (ty + Po) Ty 2’ (Fp F Tro)’ 


and integration of this under the initial condition n =An at t=0 gives the desired decay law 


(8) 


1—t)/(*p0 +9) 


t \ n’ Coane re 


exp (—— =) = Bn \ 1+ (ro + Po) / An 


Let us now determine the physical conditions corresponding to the assumptions (3) and (4), on which the. 
decay law (8) is based. Since p’ =n’ + nj, the assumption (3) and (4) are equivalent to the inequalities 
ni<n', |dni/dt|<|dn'/dt|. 

From expression (5) it follows that 


| AePto — Ab"to | e AePto + Abto < Ny 
| Ay (% +,) + Ay (Py + Py) +2’ (Ay + AQ) Ag (my +11) + Ap (Po + Py) a(nj+n,+Po+P,) ’ 


’ 
ne 


where a is the smaller of the ratios Tpo/Tno and Tyo/Tpo [see Eq. (6)]. 

An analogous estimate can also be obtained for the ratio of derivatives | dn;/ dt | /| dn’/dt |. Conse- 
quently, at small concentrations of traps! Nt « a(m) +ny+Po+p;,), Eq. (8) gives the decay law for the 
concentration of non-equilibrium carriers at arbitrary levels of generation. 

This discussion shows that at small concentrations of traps the non-equilibrium concentrations of elec- 
trons and holes in the zones are practically the same: n’ =p’ + pt sp’, not only for n’ >> Nt, which is 
trivial (or pt = Nt), but also at moderate and small levels of generation, and also at any stage of the 
decay process. Therefore the processes in question can be characterized by a single lifetime of a non- 
equilibrium electron-hole pair,’ given by the expressions: 


, 


eS an fide Mea enane (9) 


The complicated form of the decay law (8) is due to the fact that + depends on the level of generation, 
According to the Shockley-Read formula?” Ty can be larger or smaller than Tpo + Tyo. Let us con- 
sider separately the two cases 


ZT > Tpo + Tno> (10) 
T) <S Tpo + Tno- (11 | 


In the first case one can distinguish three ranges of variation of the concentrations in which the decay | 
law is approximated by simpler expressions, corresponding to the monomolecular and bimolecular pat- 
terns of recombination. In fact, for large generation levels, 


n' >No + Pos (12! 
the decay law (8) can be written in the form:* 
(y Z24 To No + Po t see n’ No + Po ( an To 
\ cee An Ting eee In An ay iia | moan 


* By transforming Eq. (8) by means of the limit relation (1+ a )1/ we for a@—0 and taking loga-: 
rithms, we get the expression given in the text. 
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or, using Eq. (10), we get: 


My + Py Croan Wate Pa n+p fe i te B.S 19 t . 
as To In eo ie Sar To ~ In A 3 Tor (12) 
Then for 
Ny + Po | Louis Pollen oe eaaee 5 
= | in = Ol~J me 0 (14) 
the decay law is exponential 
ne Anexp{—t] (tp ++ no)} (15) 
and for 
n+p n+p Se as 
= © [lin a *|s ae oe (16) 
it is hyperbolic 
1 /n’ = t/ (1) + po) % + const. (17) 


In virtue of the condition (10) both the inequalities (14) and (16) are compatible with the condition (12) of 


a high generation level. The monomolecular law (15) corresponds to larger values of the ratio n’ (no + Po) 
/ than the bimolecular law (17). 


For small levels of generation 


<< Ny + Po (18 ) 


| by steps analogous to those in Eq. (13), Eq. (8) takes the form: 


t n’ ag +7 +3 , 
const -— — =] 220 i iON 5 aa To n 
To as <0 (1 satae) fgg (19) 
Using the relation (10), we get 
ie n’ t 
oy SP i In eae We + const. (20) 


| But by inequality (18) one always has 


SS 


See nN a 
Ny + Po No + Po 


Consequently, at small concentrations of the non-equilibrium carriers the decay law is given by the ex- 
ponential 


amen int (21) 


For the opposite relationship between the lifetimes, given by the inequality (11), the conditions (12) 
and (16) are incompatible, and therefore the bimolecular decay law does not appear. In this case the ap- 
)proximating expressions are exponentials: Eq. (21) for small values of n and Eq. (15) for large values. 
In the case of exact equality 


a {> = Tro 4 Tn0 (22) 


these two exponentials are the same, and it can be seen from Eq. (8) that the decay law is described by a 


single exponential 


n’ = Ane-*'*, t= % = Tpo = Tno (23% 


throughout its entire course. 
Let us consider in particular the case 
T) <K Tpo + To: (24) 


\In this case, for small values of n’, 


a region of linear decay can be distinguished before the exponential 


‘region. 
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In fact, referring to Eq. (19) and using condition (24), we get the relation 


, Ud ib 
a ajo 2 0 ig const ae ee (25 


a= 
ny =p 12, no ae oe Ny + Po a + ooh 


in which it is possible to satisfy the inequality [ cf. Eq. (17)] 


an | bi By Bia) UR (26 
No + Po ot Po 


To 7% Tho 
Consequently, in the range of values satisfying the inequalities (18) and (26), the decay law in the case 
(24) is of the form: 


n’ = const — t (My + Po) / (*po + Tno)- (27 


We note that when (24) is satisfied the exponential decay law holds for 


eee oes (28 
- T po + Trg 


n’ In n’ 
No + Po I No + Po 


2, DISCUSSION OF RESULTS | 
According to Ref. 4* the inequality (10) is equivalent to | 
Ny >> Ny > Py > Pi and Pto => Ntos (29a 


if the trapping level and the level of the dominant impurity are located in the same half of the forbidden 
zone, and 

Py > Ny | Po | Pri, No > Pro» (296i 
if they are in different halves. 


Similarly, (11) is equivalent to either 


No Shh > Pi > Po (30a: 


or 
Ny > Py > > Po- (30k 


We note that n; and p, give the amount of thermal ejection of electrons and holes captured in the traps 
Consequently, the inequality (10) corresponds to a greater value of the thermal ejection, and on the othe? 
hand when (11) is satisfied thermal ejection does not play any important part. 

The exponential decay law corresponds to a monomolecular kinetics of recombination, i.e., to const 
lifetime (tT independent of n’). This is realized for small levels of generation [T = To, Eq. (21)] and 
for very large levels [T = Tp) + Tno, Eq. (5)]. In the former case the equilibrium degree of filling of the 
traps is conserved; in the latter case the limiting degree of filling of the traps by electrons and holes is: 
determined by the non-equilibrium carriers themselves and depends only on the effective capture cross-- 
sections.tf 


* From Eq. (6.2) of Ref. 4 we get for an electron semiconductor (1+ ethyl By foes) eli ye 
: ; : -2 
which gives the relation Day 


[oo 25*) et oo -BF)) oo 


which leads to the relations (29a) and (29b). In the treatment of a hole semiconductor one must replace 
Bo by. FP -and ‘ysby~I/y (=A) 7A): 

j Indeed, the constants Be and By for thermal ejection of electrons and holes are determined by tha 
system of equations (1) and the conditions of thermodynamic equilibrium: 


Be = AgnoPto/nto = Aen, and Bh = Apponty/Pto = AnPr- 


+ Of course, small values of n’ can be obtained not only for small generation levels, but also in the? 


late stages of decay for large An. Therefore it is more correct to speak of small and large disturbanc 
of thermal equilibrium. 
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Phe equality T)= Tpo * Tno (to which the exponential law (23) corresponds over the whole range of 
variation of the concentration of the non-equilibrium carriers ) holds in two cases: 


. (a) If the equilibrium filling of the traps coincides with the limiting value corresponding to large gen- 
eration levels, i.e., for 


| M0] Pio = Nt | Py = To / tno = Ae/ Ab, (31) 

| No = Nim = troN 1 / (tp0 -+ tno), Pro = Pto = tno / (po + tno): (32) 
(b) If the equalities 

No = Py, Po = Nh. (32a) 


hold. In case a the filling of the traps does not depend on n’, and therefore the process of recombination 
occurs by the monomolecular pattern. Case b occurs for location of the trap levels and those of the dom- 
inant impurity in different halves of the forbidden zone. Then for small generation levels! the recombina- 
| tion is determined not by the equilibrium degree of filling (Pto» Nto) but by the existence of a “thermal 


barrier.” The equalities (32a) also lead at low generation levels to the relations 


| 7A RG A SSCP a le Rom PR (33a) 


\if the lifetime is determined by the recombination of non-equilibrium empty traps with equilibrium elec- 
trons (electron semiconductor ), and 


Be/ AyPo = tro / tno = Ne | Pros (33b). 


‘if the lifetime is determined by the recombination of non-equilibrium filled traps with equilibrium holes 

/ (hole semiconductor ). 

_ Thus if at small generation levels the ratio of the thermal ejection and recombination of the carriers 

captured by the traps, expressed by the relations (33a) and (33b), turns out equal to the limiting degree of 

\filling at large generation levels, then also there is monomolecular recombination during the entire course 

of the process of decay of the non-equilibrium carriers. 
According to Eqs. (29a), (29b), and (12) the bimolecular recombination described by the hyperbola 

{17) occurs for appreciable values of the thermal ejection and for large concentrations of non-equilibrium 

carriers. The existence of the thermal! ejection brings it about that even at large generation levels the 

filling of the traps is still far from its limiting value given by Eq. (31). 

In fact, using Eqs. (7), (10), and (12), we get: 


eae 


Tnotto— ™noP to.» 


Via Pit Py Pig (My -+ Po) To P. (34a) 
: i TO Diet j 
f At =Mot At =Nto + A UGEEBS Fi on’. (34b ) 


But, unlike the case of small disturbance of thermodynamic equilibrium, for which one can assume that 
‘the filling of the traps is still that characteristic of equilibrium, we have here 


: Pip 21 |S My (35a) 
Jif (29a) holds, and 
typ >| P| > Pro (35b) 


for the case of (29b). 

| Consequently in this case the recombination given by the system of equations (2) is determined by 
‘erms that are quadratic in the non-equilibrium concentrations. Indeed, according to Ref. 4, if the life- 
\:ime is determined by the recombination of the minority carriers, then, using Eqs. (3), (12), and (35a), 


“we get: 


AN e* po ary) (n’)? (36a) 


Chie Pees = : 
oor warp et Ayp Wy (ny + Po) To p (Mo + Po) Fo 


dl 


‘n this case the traps are emptied by thermal ejection, and everything is determined by the recombination 
+f the non-equilibrium holes (p’ >> no + Po) with non-equilibrium filled traps (nt = Dio). Boul eee. 
alk . * 7 ; 

. | role is played by the recombination of the majority carriers, then, taking into account the re- 


vations (3), (12), (29b), and (35b), we get: 
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AeN tT no Dn, (n’)? (36b 


Mtr nr Sa he 


ze 


Here, owing to the location of the trap levels and the dominant impurity levels in different halves of the 
forbidden zone, the traps are filled up, and everything is determined by the recombination of non-equi- 
librium electrons (n’ > np + po) with non-equilibrium empty traps (pt >> Pto). Thus we indeed arrive 
at Eqs. (36a) and (36b), which give the hyperbola (17). 

From the relations (7), (12), and (16) one can obtain the inequality 


Sn' > N+ Po 


a(n +m + Po +p1) /|1n MEP 


where a is the smaller of the ratios Ae/Ah and Ap/Ag. Consequently, the best conditions for the bi- 
molecular recombination (the widest range of variation of n’) correspond to large values of the thermal 
ejection (the quantities n, and p,). In fact, the thermal ejection of carriers back into the zones is the | 
main effect hindering the establishment of the limiting degree of filling of the traps. Therefore the great 
the thermal ejection, the wider the range of variation of n in which the filling of the traps is still far 
from its limiting value even at large levels of generation. The conditions for the greatest thermal ejectic 
are realized at temperatures corresponding to the maximum in the curve of tT) as function of the recip- 
rocal temperature 1/T, in semiconductors having narrow trap levels. 

Of particular interest is the region of the linear decay law, corresponding to increase of the lifetime 
with increase of the generation level. The necessary condition for the realization of such a process is thw 
inequality (24), which can be fulfilled only if tp) and Tyo are quantities of different orders of magnitud 
namely: for an electron semiconductor, if 


Tno = Tyo» (37a: 
and for a hole semiconductor, if 
Tp > Tno- (37 


In this case, at low generation levels, according to Eq. (27), a region of variation of n’ can be distin: 
guished in which the rate of recombination is constant. Because of the smallness of the thermal ejection 
of carriers into the zones the limiting degree of filling of the traps is established for small disturbances; 
of thermodynamic equilibrium (i.e., Pt and nt are constants). In this case the system (2) (for an 
electron semiconductor ) takes the form 


dn! [dt = — Ag(no + m1) pp = — Acttyp,, dp’ /dt = — Aynyop’ + Ap (Po + Pr) Py — Anp'ns 

aie Dr = — nN. (36 

Substituting into the first equation of the system (38) the value of Pt given by the relations (32), we get 
—dn'} dit = AN ytnoMo | (to 4: To) = Mo! (Ta0 + tno)» (3° 


which for the case considered of an electron semiconductor (ng > po) indeed gives the linear decay law 
(27). Indeed, in this case, because of the smallness of the thermal ejection (ng > n;,) the traps in the 
equilibrium state are almost completely filled with electrons and everything is determined by the recom 
bination of non-equilibrium empty traps (pt > Pto) with equilibrium electrons (n = ng + n’ = No, n < Ng 
But owing to the limited number of traps and the smal] 
ness of the recombination cross-section for an electre 

= in comparison with the corresponding cross-section f¢ 


—) 
Ss 


holes, the traps are at once filled up with non-equilib-' 
rium holes (p} ~ N;) and remain in this state for all 
: n > Nt Therefore in the range of variation no + pg 
> n’ > Nt the rate of recombination will be constan: 
i | as is indeed expressed by Eq. (39). 
~ * - = a We alls that the lifetime given by such a scheme ot 
they recombination will be proportional to the concentratio 
of non-equilibrium carriers. In fact, by Eqs. (9) and! 
I—T-=T)=300°K, JI--T = T,, = 220°K, 111 —T =100°K (39), we have: 


SBS VN DW HF WO WS GY 
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The pone ( 4) is realized at low temperatures in semiconductors in which the recombination cross-section 
of the minority carriers is much larger than that of the majority carriers. 

The sere epee decay curves of non-equilibrium carriers for a semiconductor with the composition 
Ng = 2.5 x 10 cm", N, = 2.5 x 108 em™3, FE, — Et = 0.2 ev, and A, = Ay, for various temperatures * 


CONCLUSIONS 


1. The kinetics of the decay of non-equilibrium carriers in semiconductors containing a small concen- 
tration of traps is complicated. In some ranges of variation of the concentration of non-equilibrium car- 
riers a dominant part is played by simple recombination schemes, which makes the decay law approxi- 
mately exponential, hyperbolic, or linear form. 

2. Besides the thoroughly studied monomolecular (tT = const) and bimolecular (Tt = A/n’) types of re- 
combination kinetics, in a semiconductor there can also occur a situation of constant rate of recombination, 
which corresponds to a lifetime proportional to the concentration of non-equilibrium carriers, T = An’. 
Recombination occurs in this way at low temperatures in semiconductors in which the recombination cross- 
section of the minority carriers is much larger than that of the majority carriers. 

3. Under definite conditions as to the composition and temperature, expressed by the equality T) = Tpo 
+ Tno, the decay of the non-equilibrium carriers follows the monomolecular pattern throughout its entire 
course, 

In conclusion the writer expresses his gratitude to Professor E. I. Adirovich for valuable advice and 
his constant interest in this work. 


1&1. Adirovich and G. M. Goureau, Dokl. Akad. Nauk SSSR 108, 417 (1956), Soviet Phys. “Doklady” 1, 
306 (1956). 

aw, Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952) [see collection I]lo.1ynpoBOAHHKOBbIe 
3.IEKTPOHHble mpHCopb! (Semiconducting Electronic Devices ), edited by A. B. Rzhanov, IIL, 1953, p, 121]. 

3,1. Adirovich, HekoTopbie BOMpOCbI TEOPHH JIOMHHECICHUHH KpHcTasnoB (Some Problems of the 
Theory of Luminescent Crystals), GITTL, 1951, p. 151. 

4 Adirovich, Goureau, Kuleshov, and Chuenkov, Trudy (Trans.) Phys. Inst. Acad. Sci. U.S.S.R. 8, 126 


(1956). 


Translated by W. H. Furry 
23 


* The critical temperature Tey is determined from the equality Tpo + Tyo = To» when the decay law 


throughout its course is the exponential n’ = Ane-t/T, 
We have 


No = 2 (2mmkT)/h?)3/? = 2.5 x 10% cm™. 
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The so-called “fluctuation-dissipation” theorem of Callen and his coworkers is used to develop 

a spectral theory of thermal fluctuations in an isotropic visco-elastic continuous medium. The 
mechanical and thermal parameters of the medium in this case can possess any frequency dis- 
persion consistent with the dissipation condition. Correlation functions of wk-amplitudes (am- | 
plitudes in Fourier time-space expansions ), have been found for stress, deformation, velocity, | 
temperature, and entropy fluctuations. With the help of these functions, the spectral intensities 
(giving the spatial correlation at a frequency w) and also the spatial correlation functions of | 
quantities which are not decomposed spectrally have been calculated. The results are of inter- 

est in the spectral theory of Rayleigh light scattering. 


1, INTRODUCTION 


Tue problem of the spectral description of thermal fluctuations of quantities which characterize dissipa- 
tive systems, has undergone an important development in recent years. The introduction of certain fluc- 
tuating “external” forces, connected with the quantities under consideration in the same energy sense as 
in the connection between generalized coordinates and forces, has proved to be an extraordinarily effec-. 
tive means for the solution of this problem. The action of a “thermostat” on this system is replaced by 
the action of these random “external” forces, whose statistical properties are such that they produce just’ 
those fluctuations which are actually observed in the real system. In this case, inasmuch as the basic 
problem is the reproduction of the spectrum of the fluctuations, the necessary statistical characteristics 
of the “external” forces are reduced to their correlation functions. 

The first such problem was solved in 1927 by Nyquist! and was applied to the current fluctuations in at 
electric circuit with lumped constants. Nyquist introduced a random external emf €(t) which produces 
thermal current fluctuations I(t) in the circuit —a procedure which also appears in the researches of 
Langevin? and De Haas-Lorentz? on the theory of Brownian motion. In contrast to those authors, however: 
Nyquist transformed to the spectral representation of these random functions and, on the basis of thermo- 


dynamics and the equipartition theorem, obtained the spectral intensity of the emf, 6 e : 

Much later (1951-1952), the Nyquist theorem was greatly generalized by Callen and his coworkers.! 
They extended the whole approach to the case of an arbitrary dissipative system, the state of which is de-: 
scribed by some number n of discrete parameters £é j(t). Corresponding to this, they introduced n gen 


eralized “external” forces fj(t) and established the form of the correlation matrix f, ie. . The derig 
vation of this so-called “fluctuation-dissipation” theorem was given in the papers referred to, both on the: 
basis of classical statistical thermodynamics, and on the basis of quantum theory. By these means it was! 
demonstrated that the correlation functions are proportional to the mean energy of the oscillator e(w, T? 
Second, what determines the correlation matrix of the “external” forces (this is the impedance matrix of! 
the system under consideration) is the natural extension of the concept of impedance to an arbitrary dis-- 
sipative system.* 


* It should be noted that in 1941 Leontovich® had come very close to the formulation of this general thee 
rem, but he did not carry his derivation to the explicit expression of the correlation functions in terms of 
the impedance matrix. In the text of L. D. Landau and E. M. Lifshitz on macroscopic electrodynamics 
(which will appear shortly), the derivation of the theorem of Callen and his coworkers is given a more 
complete systematic-spectral form. 


130 


a 


*Much earlier, E. M. 
‘for the case of a viscous liquid in the absence of dispersion 


120; see Ref. 20). 
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Sometimes we aee not interested in lumped systems, described by the ordinary differential equations 

Ng ei of functions é j Gt); but in distributed (in we general case, three dimensional ) systems, the 

uc ua ions in which are described by a set of random fields &,(t, r) which satisfy partial differential 
equations. For example, we may be dealing with the fluctuations of an electromagnetic field (here, we can 
also include thermal radiation ), or with fluctuations of mechanical and thermal parameters which charac- 
terize the state of a continuous medium. 

The problem of the spectral description of thermal fluctuations, as applicable to the electromagnetic 
field, was solved in 1952 —first, for a quasi-stationary region (by Leontovich and the author®), and then 
for the general case of a system of Maxwell’s equations.’ The Nyquist theorem served as the starting point 
of these researches, so that the introduction of “external” electromagnetic fields and the establishment of 
the form of the correlation function for its spectral amplitudes was carried out on the basis of a series of 
physical considerations, and not formulated by any regular method, Nonetheless, these basic elements 
were found to be valid. They allowed one to erect a consistent theory of thermal electric fluctuations® 
which includes as limiting cases the classical theory of thermal radiation (the approximation of geometric 
optics ) and the theory of Nyquist (quasi-stationary region). Subsequently, this general theory was com- 
pleted and extended in several directions by Levin’ and Bunkin,!® and was also applied to a series of more 
specialized problems, !! among which was the construction of a macroscopic theory of molecular forces of 
cohesion (E. M. Lifshitz" ), 

Landau and Lifshitz (in the textbook of macroscopic electrodynamics cited above ) have demonstrated 


that the results of Callen and his collaborators could be applied in a regular fashion to distributed systems. 


They made use of the division of a continuous system into small volumes and, correspondingly, of the sub- 
stitution of difference spatial operators for differential ones. Applying this method to the Maxwell equa- 
tions, they derived those correlation functions for the “external” electromagnetic fields, which were in 
fact guessed in Refs. 8 and 10. 

Starting out from the work of Landau and Lifshitz just cited, I modified the application of the “fluctua- 


_ tion-dissipation” theorem for distributed systems (making use of the expansion of random fields in some 


complete set of functions ) and obtained formulas! which are used below for the construction of the spec- 
tral theory of thermal fluctuations in a viscoelastic continuous medium, 
Application of the “fluctuation-dissipation” theorem to the linearized equations of the theory of elastic- 


ity permits us to give a complete spectral description of the thermal fluctuations in the continuous medium 
_ for very general assumptions on the frequency dispersion parameters of this medium.* An arbitrary de- 


pendence is possible, compatible with the condition that the medium be a dissipative system. The theory 


_ developed below, which does not specify the mechanism of the dispersion, is purely phenomenological, 
_ Among the problems for which the results flowing therefrom are of interest and of direct application, we 
can name first of all the spectral theory of Rayleigh light scattering, an account of which I hope to give in 


a separate paper. 


1, INITIAL EQUATIONS 


We limit ourselves to the case of an isotropic medium, the mechanical properties of which can be char- 
acterized by two elastic moduli, while the thermal properties are characterized by the scalar coefficients 
of thermal conductivity and thermal expansion (in addition to the heat capacity ). 

All these parameters of the medium being functions of the frequency w (or, more precisely, of z=iw) 


are, generally speaking, complex. ah 
Thus, for example, the elastic moduli, for which we may take the bulk modulus K and the shear mod- 


-ulus p, have the form 


K = K (#’) + iwi (@), p= p (0) + ion), (tel) 


‘where K and p are the ordinary bulk and shear moduli, and § and 7 are the volume and shear viscos- 
ities. The medium can be either a solid (amorphous ) body, for which p #0 at w=0, or a liquid [u(0) 


-=0]. Since, in the presence of dispersion, 
must even in the case of a liquid start out, not from the hydrodynamic equations, but from the general 


the shear modulus cannot be set identically equal to zero, we 


Lifshitz drew my attention to the analogous theory developed by him and Landau 
(by the method set forth in Ref, 14, Secs. 117- 
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equations of the theory of elasticity. The presence in liquids at high frequencies of fluctuating deforma- 
tions of this same type as in solids brings about an added optical anisotropy and therefore is important 
for the so-called “wing” in the theory of Rayleigh light scattering.® 

Deviations from thermodynamic equation of state of the medium under consideration, along with the 
random fields of such quantities, as well as the displacement s and the velocity v of the particles of the 
medium, the deformation tensor ugeg, the stress tensor Typ» the temperature T and the specific (per 
unit mass) entropy S can all be described (under known limitations, see Ref. 14. Secs. nk and 118) by 
certain parameters fj the number of which it is not necessary to limit and which characterize all pos- 
sible internal processes. 

For thermal fluctuations in a medium which is thermostated, the random fields of all these quantities 
(understood as fluctuating deviations from the corresponding equilibrium values 


So = 0, Vo = 0, Uaeg = 0, ede. == 0, seas So; Ejo a 0, 


are statistically stationary in time and homogeneous and isotropic in space. These small deviations sat-_ 
isfy a system of linear differential equations which consists of the linearized equations of the dynamical 
theory of elasticity, the linearized equation of heat transfer, and the kinetic equations for the parameters | 
£j. We assume that these latter equations are purely temporal; consequently, for the transition to the | 
spectral description (d/dt ~ iw), they are converted into the linear algebraic equations with complex co~. 
efficients. With their help, eliminating all the parameters £j, we retain for the description of the behav-: 
ior of the medium only the mechanical and thermal quantities mentioned above. As a result, we get for 
the spectral amplitudes of these quantities, the usual equations of elasticity theory and heat transport 
theory, but with the coefficients depending on z=iw. Thus the dispersion of these coefficients expresses: 
in terms of the phenomenological theory all the internal kinetics of the medium under consideration.* 

For the fields Ugp» SaBr % = T/To, and S, we have, consequently, the linearized equations of mo- 
tion: f 


100 9Va = 05x / OXe, (1.2) 

Ue iOSe, (1.3) 

Sug = 2p Uag + K (U—C9) bag, (1.4) 
Uap = 1/2 (OSa/ OxXg + OSg / OX), (1.5} 


: ’ Uis 
USS lige = VS, oi eg = ap —-z Sap, (1.6} 


and the linearized heat-transfer equation 


1009S = xA%, (1 7 | 


In addition to the elastic moduli K and p, these equations also contain the (spectral) coefficient of 
thermal conductivity x and the coefficient C which determines the dependence of the deformation on the 
temperature. The deformation tensor ugg divides into: (1) the trace u=ug,, which is equal, with op} 
posite sign, to the relative compression, and (2) the deformation of pure shear UQB» the trace of which 
vanishes. Such a division is especially convenient in the theory of light scattering. 


*The considerations set forth are only the continuation of those which were introduced by Leontovich 
and developed by the researches of him and L. I. Mandel’ shtam,'®!" which touched on the relaxation mect 
anism of the dispersion and absorption of sound waves in liquids. In Ref. 17, in addition to the linearity oc 
the equation for j and the condition that é j # const. only for deviations from thermodynamic equilibriur 
an inertia-free (relaxational) character is assumed for the change of each of the é;. This latter condi- 
tion, according to which the differential equations for the separated variables &é j have a first order, is 
not generally obligatory. The most general requirement of the dissipativity of the system is sufficient. 
On the other hand, the assumption that the equation for & j does not contain spatial derivatives of the 
mechanical and thermal quantities is essential, since only under these conditions can the equations for th: 
spectral amplitudes Ugg» Sag» T, S be represented in the usual form under the allowance of only fre- 
quency dispersion of the parameters of the system. 

fIn order not to encumber the formulas we shall not use the index w to indicate that all the equations 
are written for the spectral amplitudes at the frequency w (v,, and so forth), 
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Since the number of variables in the system just described is greater by one than the number of equa- 


tions, it is necessary to introduce an additional relation which, naturally, ought to be linear. We write it 
in the form 


Pol pS = =e + D9 (c=cu,), (1.8) 


taking here as the coefficient for o the same C as enters into Kq. (1.4). This is dictated by the condi- 
tion of symmetry of the spectral kinetic coefficients (see below, Sec. 3). 

If dispersion is absent, i.e., if K, », C and D do not depend on frequency (and consequently are real), 
then all the given equations are valid for spectrally non-decomposed quantities and the laws of thermody- 
namics become applicable, i.e., the state of the system is uniquely defined by six “mechanical” and one 


“thermal” variables, for example, Tgp and +. From the group of equations (1.4), and from (1.8), it fol- 
lows that in this case the coefficients have the following thermodynamic meaning: 


=o L (Ham cm (3) -—B(M) mary Depers( 29) <n0($8) <a O18 


where fT is the isothermal compressibility, a is the coefficient of thermal expansion, and Cp is the 
heat capacity at constant pressure. 


Making use of the well known thermodynamic relations 
oT) = Polp(Br—Bs), Cp/Co = Br /Bs=z, 


_where fg is the adiabatic compressibility and cy is the heat capacity at constant volume, it is easy to 
obtain the value of one combination of parameters which enters into what follows, namely: 


D, = D—C K = pol ov. (1.10) 


2. GENERAL FORMULAS FOR THE CORRELATION AND SPECTRAL INTENSITY FUNCTIONS 


Let &(t, r) be the random field of any of the quantities considered (scalar quantities or components 
of a vector or tensor) and let &,)(r) be the corresponding spectral amplitude: 


} -+co 
(tt) = | ea (elegans (2.1) 


—c 


In turn, we can represent (as is frequently convenient) &.)(r) in the form of a three-dimensional 
Fourier integral 


--oo 
f(r) = \ Eonelk® dk, (2.2) 


le) 


so that 


+00 


E(t, r) = [| ben tfoe ten do dk. (2.3) 


Py 


—o 


As a consequence of the statistical stationarity of these fields in time and their spatial homogeneity, the 
| correlation functions of the wk-amplitudes of any two quantities é(t, r) and n(t, r) (inparticular, 7 
= £) have the form 


t 1" —— 
Sek ‘lak! 


{ * * * * 
In view of the isotropy of the fluctuations, the spectral wk-intensity, which we denote by ok Nwk» in the 


' case of scalar quantities § and 7, depends (in addition to w) only on the absolute value of the visteuger k. 
| It then follows from (2.4) that the correlation functions of the w-amplitudes that are not spatially de- 


(oleae (ek): (2.4) 


= 
ok lak 


composed is 


ie Poe = spp) ig) PO =o), (2.5) 
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where the w-intensity which multiplies 6(w — w’) is equal to 
-+oo 


bo (r =o p) No (r) a \ Fok ee elke dk. (on ) 


—o 


For scalar quantities, this intensity depends (in addition to w) only on the absolute magnitude of the vec- 
tor p, i.e., on the distance between the two points under consideration. 
Finally, according to the same general rules, we define the space-time correlation function of the fields 


Etter es) Jand 7 ter )t 


+00 +00 
Wen (t, 0:) = EC +r pyr = \ E (r+) 7, (Fe*do =| Et, Chott) dea dk. (2.7) 


According to (2.6) and (2.7), one needs to know only the wk-intensities for the calculation of any correla. 
tion functions. We note that for the theory of Rayleigh scattering, the w-intensities (2.6) are of immedi- | 
ate interest. These give the spatial correlation at the frequency w. Let us now set down the formulas | 
giving expressions for the spectral intensities of the “outside” fields'? which are necessary for what fol- | 
lows. | 
Let the fluctuations be described by the set of random fields é(M)(t, r), m =1, 2, ..., to which corre; 
spond the fluctuating “external” forces with volume densities f(™)(t, r) such that the changes in free en- 


ergy inthe volume V associated with their operation take place with velocity 


m V m V 
Further, let the spectral amplitudes of the fields €(™) and f(™) be connected by the equations 
fe (0) cea Arn UV) ca a(Gy, (2.9} 


where the Amn(V) are linear spatial differential operators. Then we have for the matrices of the spa- 
tial correlation functions (w-intensities ) of the forces f'™) 


FL + p) f(r) = iH (@) {Anim (— Vo) — Amn (Vo)} 8 (0). (2.10) 
Here 
h o 
H(o) = 7 coth 42, (2.11) 


h is Planck’s constant divided by 27, © =kT is the temperature of the system in energy units. In the 
classical region (fw « 9), 


H (w) = 0 / 2x. (2.12) 
The following expression for the wk-intensities of the “external” forces follows from Eq. (2.1): 


foe Se = — Vial Eaves (2.13 | 


We now return to the problem of interest —the thermal fluctuations in a visco-elastic isotropic mediur 


3. SPECTRAL INTENSITIES OF THE EXTERNAL FORCES 


For the description of the fluctuations in a visco-elastic medium, it is appropriate to take as “passive? 
variables & (m) t, r), the velocity v of flow of the medium, the stress Top and the reduced tempera- 
ture $=T/Ty. The generalized forces f(™)(t, r) which should be introduced in correspondence with 
(2.8), will now be the external momentum with volume density P, the external deformation 
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Uop* and the external sources of heat with volume densities 


; Q. Thus the power developed by these 
forces is ; 


dE ee ; 90 
Spe = — \ {vP + FapU ap ai 9Q} av. 
Vv 


The spectral equations (1.2), (1.3), (1.5), and (1.7), if we eliminate the displacement s from them, 
change to the following upon introduction of the external forces: 


1009U x, = ee —i1oP,., IOUgg = : (= =) 1oU ag, 1009S = xAd — iw -- : (3,1) 
Solving (1.4) for the deformation, we obtain 
Uap = Sap / 2 + (3 / 9K) Bug + (C9/3)x0, (3.2) 
where, in accord with (1.6), we use the notation 
SSS Sua, Ing = Sag — 5 Sap. (323%) 


Equations (1.8) and (3.2) permit us to eliminate the deformations Uae and the entropy S from (3.1). 
As a result we obtain ten equations for the variables Yor Top» and 3, which we now write in the form 


(2.9), i.e., solving them for the w-amplitudes of the external forces. Moreover, making use of the sym- 
metric tensor Ogg, we rewrite the latter in the form h(Sog + Og,). Thus, 


 —— 


he 


external deformations Ugg. 


og = 2HUggt+KUS yg. However, our choice of 
much more convenient from the computational viewpoint. 


ade 
210 


Pa = — 00a + 


Va(Soa+ Se)) Ug = ae Veta _ Sop t pe +( Doake: Bye Ce 
3 1 4u, 


Q=— = — p94 22%. (3.4) 


In such a description, a comparison of (3.4) with (2.9) easily allows us to establish the form of the 
matrices of the operators Ajy(V), which ought to be symmetric in the given case (absence of fields of 
the Coriolis type), and which actually satisfies this condition, as already specified in (1.8). Not writing 
out the elements of this matrix (although 30 of the 55 elements are equal to zero), we at once obtain the 
wk-intensities of the external forces, made up from Eq. (2.13). We limit ourselves in this case to the 


_ classical frequencies, i.e., we use the expression (2.12) for H(w). The intensities are then 


PIPE 0, Eels = 09 Ge (3.5) 
UasU nv = — tai {x (= — ae) (Bantov + Bonde =F bagun) +5 (S— Ze) Pasdenh (3.6) 
TaG =a (C—O). (3.7) 
U@ =—a d—-4), (3.8) 
where the notation 
d= D+x«T pk? / io. (3.9) 


has been introduced. 
It follows from (3.5) that the external momentum P=92, i.e., it would have been possible to do without 


it from the very beginning. One could have foreseen this, since the center of mass of the system should 
remain at rest in the given arrangement of the problem, and such can be guaranteed only in the absence of 


the field P. 


* At first glance, it would appear more natural to introduce the external stresses 2), rather than the 


In essence, both methods are equivalent. As substitution of the second equa- 


tion of (3.1) in (1.4) shows, the introduction of Upp is equivalent to the action of the external stresses 
“passive” variables and generalized forces turns out to be 
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There is no necessity of our using Eqs. (2.6) and (2.7) to calculate the w-intensities and space-time 
correlation functions of the external forces Ugg and Q. These functions are necessary only to obtain | 
the spectral statistical characteristics of “passive” variables —the velocity v, the stress Og; and the 
temperature 3, and in addition the others —the deformation Ugg and the entropy S, which are express¢ 
in terms of ogg and 9 by Eqs. (3.2) and (1.8). We shall now proceed to do so. 


4, SPECTRAL wk-INTENSITIES OF THE STRESS AND TEMPERATURE 


In order to express the wk-amplitudes of the quantities vq, %qp, and 9 in terms of the wk-ampli- 
tudes of the external forces Ugg and Q, it is necessary to solve (3.4), rewriting it for wk-amplitudes 
(V — ik) and considering that P = 0: 


80, = hasan — eae pore. (4.1) 
(Rade + kp) / 20 — cag / 22 — (5 /3K + C9) bag /3 = Une, (4.2) 
Co/3 +d =—Q. (4.3 


The notation of (3.3) and (3.9) is used here. Using the symbols | 
d, =d—C°K, Nees As A Cae | 


Ay = p90? — (K + 4/ap) 2, Az = 2? — Qpk®, As = poo? — 4/phk?, Ag = poe? — ph? (4.4) 


(the last of these is necessary somewhat later ) we obtain the following result: 


o = — 2K pouav + AU — AiCQ}, (4.5) 
oe = {9nKCV + A,CKU — A,Q}. (4.6! 
2op ok, f Qu —5,,7- = pe a | 
Ug, = — oF Ugattp— 5 [ (3Kd + pd,) V -f (Kd — = jd) U—CKQ}. (4.5 
9, mi bb esis ea fe \ zh 
Sh = — Ung — EUs + Urals) by — 58 (2 (Ra + id) V + (Kd — 2 pay) 0 —CKQ} 
U 4 ofi4 \ oO 
3 = — ‘ 
+ aR {(2eV + AU) dy — CKQ}, (4.8) 


where U=Ugq, V = Uagka kg. Expanding the expressions for the wk-amplitudes of the quantities vg. 
Tap: and 3 in terms of the wk-amplitudes of the external forces Ug B and Q, for which the wk-inten- 
sities are known [ Eq. (3.6) — (3.8)], we can now compute the wk-intensities of these quantities. We omit 
the rather cumbersome intermediate equations and immediately write down the final results, pertaining 
to oy gp, 9, and 4. This suffices, since all the intensities which contain vg, ug g» and S$ can then be 
obtained with the aid of Eqs. (4.1), (3.2), and (1.8), respectively (see Sec. 5). 

Making use of the symbols of (4.4), and further introducing 


bx = Rake /R?—8ep/3 (xa = 0), (4.9) 
we have 
7 (ess (e) (em = NS NN 7) ~~ / dsp,a2?— dKk2 2 4 ow! , 
Sap uy <- tite (21)4 1@ { (p z p) [Bud po + 96n%xy a ‘Si 8..60n9 + 30x05 y ( a cee a a 1) sam Pt ( ce ae 1) (Bapkeky 


9 sy kik k Ry Se wl uw 2 ap a 
+ Bavkghy + Ogukaky + Bpvbaky, — 42H )] + 43.68, | 4 | (dd°K* —d; dR} , (4.10 


YyL2> _—s —+t [Ff 
Mp and B2'E (ee ig SE 
ee (2r)*1w \ A Ne z 


* 


amir aoe ca Akad ) 


~ (2n)* iw 


f 
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20R25° mt i — e+) + 
Drie a8 (ORC R Eee, 4,13 
28 (27x)4 2( (ee A* ); ( ) 
ue 80 fA.Ck . ACR A 
i eee pe we SES eres * A 
for (2)4 1 A a —(C~C)K(4—)f, (4.14) 
vos ) A Ay 
OO gpa ew (eine al 
eral’ a): (4.15) 


5. SPECTRAL wk-INTENSITIES OF THE VELOCITY AND THE DEFORMATION 


As has already been noted, the wk-intensities of all the remaining quantities can now be found in the 


form of a linear combination of the intensities (4.10) —(4.15). Thus Eq, (4.1): 


Po. = Rgoag + he = 


us to obtain any intensities containing the velocity. For example, it follows from this equation 
that 


Bap lord ‘Say k 
an , s* a rv y * * 
ES te aie {hake op, hag Pee ete geet 7 3 | 


— an expression in which it remains to substitute Eqs. (4.10) — (4.12). In this manner, we find 


2 () U. we Y 2 al is 4 = ofa 4 ep 
Oe 3 = (2n)4 ipo (( Ag a ) (82,7 — kaka) oe Rakes [<a (Ka aL Cy pd; = aS (K d oh 3 p d:)}} A (5.1) 
= ea. eras kkk, ~ ud Bd 
weer, TF (zr)4 i er =e At) (Gas eta Onn —2 ae ) + 2h2ouy ae = 7. 1 )f , (5.2) 
30k, (Kd Kd 
ee ara (— 7 3) ae) 
+ tee (he Dow chen Al \ 
im — arte ge RE Ca 


Similarly, with the help of Eq. (3.2), from which it follows that 


Wg = %g/2p, w= o/3K + CS, 


it is not difficult to compute the wk-intensities of the deformation. We give the corresponding expressions, 


_ since they are necessary for the theory of Rayleigh scattering: 


Fe 2 
Dea ae Ore f defriee ci\fs autinice. 32 ie 8 ~~ /| dipyo®— dK =1) 
Uegeuy _o (nie (7 € a ) [uP + Opn Oxy 3 Ox89ny + Boacdnv( qe Pera 
ey? ; . kkgh, ky ere ae 
Ee BAP na 1) (Bankok + Bavkan + Baubaly + Bovleak, —4 pre ) + 8ap8uv ae (did K” —~ d; dK) , (9.5) 
as _ OFS en (K(d—CC'K") _ ks (5.6) 
Yast = Gr) ie | KA fae 
—; @ [Asc Asai “ie este 
Wu = Gaye hes Fa Ce a ae (5.7) 
ers CK Feou 
7 Oe a wocpe Gr Eee 
Ege) ~~ (2r)#1@ (5 uA ib (5.8) 
mae Q (eke ee 
halal (2m)* 1 A KA° (5.9) 


By the same method, we can obtain the mutual intensities of deformation and stress. We set down only 
one of them —for the scalar quantities u and o (the relative density and pressure ): 


=f ,t * on ff, / Ke 
(3) A3d\ ie K fisltene tS K) —C(C—C"*)K’ GE iW )}. (5.10) 
(27)4 1 A KA 


. 
usc = 
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So far as the wk-intensities containing the entropy S are concerned, they are easily computed by 
means of (1.8). However, we shall not carry out the corresponding derivations since they are not of much, 


interest. 


6. SPATIAL CORRELATION 


Making use of the wk-intensities, we can compute, by Eq. (2.6), the corresponding w-intensities which > 
give the spatial correlation of the quantities under consideration at the frequency w, while from (2.7) we | 
find the correlation functions of the spectrally-nonexpanded quantities. | 
For the calculation of the integrals (2.6), it is not difficult to carry out integration in k space over | 
the angles, after which there are left single integrals over k, which are taken with residues at the poles © 
which determine the roots k; of the dispersion equation. It is not difficult to see [from (4.5) to (4.8 )] 


that the dispersion equation divides into two parts: 
A=0, Ap=0, | 


where the first defines the roots k,; and k,, corresponding to the compressional waves and heat waves: 


py = 10 2 (PER), PSiot PDK EDM, RS sa Keen (6.1) 
2%, (K + M) { 

while the second defines the root kj, corresponding to shear waves: 
13 = poe? / (6.2) 


In (6.1) the following notation was introduced: 


%1 = %0oT'p, D1 = D—C?K, M = 4/qu. (6.3) 


It should be emphasized that the determination of the roots kj and, it seems, the computation of the w-in- 
tensities also, does not require a concrete form for the dispersion law, i.e., the correlation at a frequency 
w can be found for an arbitrary frequency dependence of the parameters of the medium. The root kg 
plays a role only for velocities vg and tensor quantities un B? Ugg: the scalar quantities o, 3, u and! 
S naturally are not connected with shear waves. 

The spectral correlation lengths are naturally determined by the path length (reduced by a factor e) 
of waves of different types. As an example, let us introduce the w-intensity of the temperature 3: 


( P ey en ihie (1 i ey ew ihe] + compl. conj | 


cen 
FoF OL) = see {h 
If the thermal conductivity x - 0, then, in view of the fact that k, ~ 1/VK,, the correlation deter- 
mined by thermal waves remains (for each p) suitable small in comparison with the correlations deter- 
mined by the compressional waves. 
For spectrally non-decomposed quantities, if we limit ourselves to the case tT = 0, we have, in accord} 
with (2.7), 


+ 
ge (0, ) = & (é, r of p) 7 (t, r) = \\ Fon tok eike dodk. (6.4: 
— 75) 


For the calculation of W;,, it turns out to be much more effective to carry out the integration initiallyy 
over w. The fact is that the integral 


-++-oo 

Tin (k) = \ Boxee, do (6.55 

is evaluated in a number of cases with the help of certain general theorems from the theory of residues, | 

which permit us either to do without a concrete model of the dispersion laws, or to limit ourselves toa 

precise statement of these laws only for certain ranges of the parameters. We set forth these theorems, , 

omitting their proofs (although they are very simple ), and not pursuing the most general form. 

Let the path of integration IT run along the imaginary axis z=iw and close up at infinity to include 

the left half plane (in which all the roots of the dispersion equation of our dissipative system are found 


| 


} 


— eee —== 
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for real k). Further, let f (z) be the Hurwitz polynomial of degree N, and g(z) a polynomial of de- 


eae =N which does not have common roots with f (z). Finally, let a and a@ be real positive numbers. 
en 


4 B(@) {z= 2) g(— 2) (24.2) | dz. g (co) g(a) a g(0)a 

ani ON esa F(=2) (240) fz ~ Fey - Fa) las Sa AUE ‘ 6) 

In particular, for a=a, 
4 = 
(@{%) _ g(—2)) dz __ g(a) g (0) 

eels a 12) ia} z Kes =F Coat 

For the same conditions, 
4 wn : 
j. 6 @)* 32 (2) was zd BlZanh, g(s=2) 
Base weg) se eee Ge) 
1) 


It is not difficult to see that most of the wk-intensities either themselves have the form of the half-in- 
tegral expressions entering here, or to reduce to such a form for particular assumptions on the character 
of the dispersion. Thus, for example, the intensities (4.11) — (4.13), (4.15), and (5.1) have the form of 
the integrand in (6.7), while the intensity (4.14) takes on such a form for real C (absence of dispersion 
in the coefficient of thermal expansion). The intensities (5.2) and (5.3) [but for real C and (5.4)] have 
the form of the integrand in (6.8). So far as the integrals (6.5) are concerned, [integrals of the intensi- 
ties which contain the deformations ly B and uJ], we must for their computation rely on the laws of dis- 
persion for the compressional modulus K and (or) the shear modulus p. Equation ( 6.6) is obtained for 
just that case in which use is made of a very simple law with a single relaxation time 


— Hoot to / T 
= Sey tee ee adage. © 

The expressions for Ig, (k) are so simple that the subsequent calculation of the correlation functions 
(6.4) presents no difficulties. As a result we obtain formulas in a number of cases which depend mater- 
ially on the dispersion of the parameters (containing values of the parameters for z=0 and z=), 


Because of lack of space we limit ourselves for illustration only to autocorrelation functions for the rela- 
tive density u: 


4 BF 0 Q 8 (K,, — Ko) ¥(e, a) 6.9 
Yuu (0.0) = (go pean) PO + pepe ROE oe 


where 


F (#2) exp (— | Raq | e) — F (ARq) xP (— | Boa | #) 
(Fig eae mm) P ; hy i 
The index a here denotes parameters at z =a =Ky/KaT Nf 
In the absence of dispersion in the bulk modulus (Ky = Ko = 1/By) the second term of Eq. (6.9) van- 
ishes and the first yields the thermodynamic expression* \\ 
2 At." 


¥(9, a) = F (2) = (oc? + Mak®) (Dia + *sak?)- 


ee eta), 
Yuu = THe ap ay ° 
In the case of a liquid (pp = 0), if we consider that w= —p/po: where p = fluctuations in the density, we 


then obtain the usual formula 


Yoo = OBr pe 6 (p). 


1H, Nyquist, Phys. Rev. 29, 614 (1927); 32, 110 (1928). 


2p, Langevin, Compt. rend. 146, 530 (1908). . 
3G. L. de Haas-Lorentz, Die Wissenschaft, 52, 86 (Baunschweig, 1913), 


* Calculated with account of the correlation of the displacement of the medium at different points (and, 
consequently, fluctuations of the form also of nonoverlapping volumes), which takes place in a solid, in 
- contrast to a liquid, (See Sec. 3 in Ref. 18, and also Ref. 19, in particular p. 56.) 
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Experimental data referring to the shape of the lateral distribution curve of nuclear-active 
particles near the axis of extensive showers are considered. The data indicate a small 

value of the averaged minimum angles of emission of nuclear-active particles responsible 
for generation of the nuclear-active particles directly recorded in the experiments (<4 x 1073 
radians). It is shown that Landau’s theory of multiple particle production can yield such a 
small value for the emission angle only if it simultaneously predicts a high degree of con- 
centration of energy of the incident particle on a single secondary particle in an elementary 
act of the nuclear cascade process at energies of 10!2_ 1015 ev, 


Derartep measurements of the lateral distribution of nuclear-active particles (NAP) in extensive 
air showers were recently carried out both at high altitudes and near sea level.!’” The characteristic 
feature of the lateral distribution of NAP obtained from these measurements consists in the sharp in- 
crease of the NAP flux density with decreasing distance from the shower axis up to distances S 2 m, 
the increase being as fast as 1/r at least even for the case of showers with a small total number of all 
charged particles, N = 6 X 104, 

It is the aim of the present note to show that it follows from the experimental fact of the sharp in- 
crease of the NAP flux up to r < 2 m that the emission angles in nuclear interactions of NAP which gen- 
erated the particles directly observed in the experiments!” are very small. Furthermore, it will be 
shown that in the comparison of the obtained estimate of the angles of emission with the value for the 
angle of emission of the secondary particle possessing the highest energy, derived from the Landau 
theory, an agreement between the experimental estimate and the theoretical value can be reached only 
on condition of high average concentration of energy on a single secondary particle in each generation 
of the nuclear cascade process. . 

It was shown by Greisen et al. that the steep rise of the lateral distribution function of NAP near the 
axis, going as 1/r, follows from purely geometrical considerations, on condition that the detected NAP 
are produced by generating high-energy NAP traveling in a very narrow cone enveloping the shower 
core.* 

The experimental data of Refs. 1 and 2 make it possible to estimate the emission angles of genera- 
ting NAP. In fact, since the mean free path for nuclear interaction, corresponding to 70 g/ em? 7 in 
airy amounts to 800 m for the altitude of observation of Ref. 1 (Pamir station, 3860 m) and to 500 m 
near sea level, we can estimate the angle of emission of generating particles as follows: 


y < 2/800 ~ 3-10 radians (1) 
for generating NAP in the core of a shower at the altitude of the Pamir station, and 


1 < 2/500 = 4-10 radians (2) 


*In the limit, if the emission angle of generating particles in the core — 0, the 1/r law would hold for 
arbitrarily small distances from the axis. 

+Such is the mean value of the nuclear interaction mean free path according to Refs. 4—7 in which the 
nuclear range was determined in air and graphite for NAP of ~ 10®—10!° ev. Since there is no basis for 
a decrease in the nuclear interaction cross-section for ultra-high energies than the mean free path for 
nuclear interaction for energies > 10!1 ev has to be regarded as essentially constant and equal to 70 


g/cem?, 
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for generating particles in the core of a shower near the sea level.* The minimum angles of emission are 
expected to be substantially smaller than these estimates. 

We shall compare now the estimates for emission angles of generating NAP with the value of the aver- 
age minimum angle of emission of particles which follows from the theory of Landau® for the case of 
nucleon—nucleus collision. For the estimate of the averaged minimum angle of emission of secondary 
particles in nucleon—nucleus collisions according to Landau’s theory we made use of the model repre- 
senting the collision as occurring between the nucleon and a column of nucleons of the nucleus forming a 
cylindrical volume of nuclear matter? 

We shall use the expression obtained by Landau for the angle of emission of a secondary particle in the 
ultra-relativistic case: 


Y=e*/% teo= lV 1-2. (3) 


where y is the emission angle of particle in the laboratory system of coordinates, vg is the velocity of 
the center of mass of colliding particles ( c-system) with respect to the laboratory system and A is a 
parameter of the Landau theory. 

We shall generalize relation (3) for the case of a collision between a nucleon and a cylinder of nuclear 
matter. The averaged (because of the statistical character of the theory) value of the minimum emission 
angle can be estimated taking for > its maximum value yp. The latter can be found from the condition 
(cfaRef, 8) 


L 
\ Cexp(V 12?—\*) dh = 1. (4) 
Am 

where L =-—In(A/a), A is the longitudinal dimension of the system nucleon-cylinder of nuclear matter 


in the c-system at the end of the contraction stage,t a is its lateral dimension, and C is a constant de- 
termined from the normalization to the total number of produced particles. 

Substituting X,, found from (4) into (3) we obtain the value of the averaged minimum emission angle 
in the laboratory system: 


Ymin = 2/aA"s (2/sA% +1) Mo? / E. (5) 


where E is the energy of the incident nucleon, A is the atomic weight of the target nucleus and Mc? is 
the rest energy of the nucleon (~10°ev). For the case of collision between e nucleon and an air atom 
(A & 14) we have 


X min & 2Mc? | E. (6) 


Expressions (3) and (4) by means of which formula (6) has been obtained, are applicable in the re- 
gion of the so-called non-trivial solution.!® Since the non-trivial solution should merge with the solution 
representable in the form of a traveling wave corresponding to the secondary particle of maximum energy, 
one should expect that the value of the minimum emission angle (6) will be close to the value of the angle 
corresponding to the particle of maximum energy described by a traveling wave. 

Comparing (6) with the estimates (1) and (2) of the emission angle of generating particles we con- 
clude that the energies of NAP at the altitude of Pamir station and at sea level should equal, respectively, 


ES 10” en. and £ = 6-10" Sev (7) 


in order that theoretical values of the angles correspond to experimental estimates. 
It can be now easily seen that generating NAP of such high energies can be present in the core of 
showers at the level of Pamir station and near sea level only on condition of an extremely high concentra- 


*More accurately, these levels are on the average two nuclear lengths above the shower detection 
point (Pamir station, Moscow) since the NAP observed directly are produced on the average at the dis- 
tance of one nuclear mean free path above the detectors and the particles which generate them are inturn 
produced on the average one free path higher. So 

tThe calculation was made for a cylinder of mean height H, which was assumed to be equal to the mean 
chord of the sphere with radius R = (f/uc) A!/3, where pis the m-meson mass, i.e., H = 4R/3. 
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tion of the gneney of incident particle on one secondary particle at all stages of the nuclear cascade proc- 
ess producing the recorded extensive showers * 

We shall denote Dy: q the energy fraction of the incident particle, averaged for all stages of the nuclear 
cascade process, which is transferred to the secondary particle of maximum energy. The value of a neces- 


sary for safeguarding the presence of NAP of high energy at the elevation of Pamir station and at sea level 
can then be found from the relation. 


Ie = Jay gone (8) 


Here Epo is the energy of the shower-producing particle, n is the average number of nuclear lengths 
from the top of the atmosphere to levels two nuclear lengths above observation levels. In the determina- 
tion of n it should be taken into account that for the case of showers observed in the lower half of the at- 
mosphere by conventional detectors, the mean production level is at about ~100 g/cm? below the top of the 
atmosphere.!! 

According to Sarycheva!? the energy of primary NAP initiating extensive air showers with total number 
of charged particles at sea level N =6X 10! amounts to Ey 1045 ev and the energy of particles initiating 
extensive air showers with the same number of particles at the elevation of Pamir station to E)#1.5 
x10 ev. It should be noted that the estimate of Ey from the number of particles in a shower, 
given in Ref, 12, differs by less than 1.5 from the estimate using the coefficient of the relation between N 
and Eg recently found by Greisen.8T 

For the case of shower detection at Pamir elevation n= 7 and near sea level (Moscow) n= 12, un- 
der the assumption that the interaction mean free path in air for NAP is 70 g/ em’, 

Consequently, we find for a [from (8)] the value a 2 0.5 by starting with either (1) or (2) and by as- 
suming the correctness of expression (6) for the averaged minimum emission angle, obtained from Lan- 
dau’s theory.{ It follows that this theory will yield the value of emission angles of generating NAP required 
by experimental evidence only in the case when it predicts simultaneously a very high degree of concentra- 
tion of energy, not less than 50%, on a single secondary particle in elementary processes at the energies 
of 10! — 10% ey. 

Gerasimova and Chernavskii calculated the fraction of energy of the incident nucleon carried away by 
the traveling wave.!° They found that the average energy concentration on the secondary particle of maxi- 
mum energy in the energy interval 1012 — 1015 ey amounts to about 35%. The problem of the fraction of en- 
ergy of the incident particle, carried away by the secondary particle of maximum energy according to the 
hydrodynamical theory, is extremely difficult and has not been so far worked out in any detail. 

It has been pointed out in the work of Vernov et al.'4 that in interactions of the nucleons with nucleons 
and with light nuclei at ultra-high energies, the total energy of the incident nucleon is in most cases not 
dissipated within a unique thermodynamical system. The greater part of the energy, on the order of 70%, 
remains in the nucleon undergoing the collision. The considerations of the present note do not contradict 
such a view. 

In conclusion, I wish to express my deep gratitude to N. A. Dobrotin, G. T. Zatsepin, G. A. Milekhin, 
and D. S. Chernavskii for discussion of the problems raised in the present note. 


*The deduction that NAP of high energies ( >10!! —10!2 ev) should be found in the cores of extensive 
showers at lower atmospheric depths (sea level) was arrived at earlier by Zatsepin. It was not, however, 
fully substantiated since the relation x wjin= Mc?/E was assumed arbitrarily. 

+The coefficient in the relation between N and Ey was obtained in Ref. 13 by means of very general 
considerations computing the total energy spent on ionization by all charged particles in the total atmo- 
spheric depth using experimental data on the longitudinal development of showers. 

tt should be noted that in spite of the fact that formula (6) was derived from the Landau solution 
which is approximate at the boundary with the traveling wave, this formula nevertheless yields for a given 
value of the energy of generating particle a value of Ym jn only twice as large as that obtained from a 
more accurate solution of the hydrodynamical equations (G. A. Milekhin — private communication). Since 
a is almost independent of the energy of the generating particle of maximum energy, estimated from the 
emission angle at a given level [cf. Eq. (8)], the increase in the estimated value of a due to the use of a 
slightly inaccurate formula (6) is not very considerable. 
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M1-conversion nuclear transitions are investigated within the framework of the single-particle 
model with LS coupling. 


Worn the framework of the strictly single-particle model of the nucleus M1-conversion on nucleonic 
transitions of the types n,S;/2—MgS;/z and nd, /2— 2283/2 are “forbidden”. The contribution from the 
field of the external electronic current of the transition disappears in the case of a n,s; /2—N2Si/2 tran- 
sition because of the orthogonality of the nucleonic radial functions and in the case of a n,s; /2— 0243/2 
transition because of the orthogonality of the nucleonic of the nucleonic angular functions. In these tran- 
sitions the conversion probability is determined only by the contribution of the “internal” electronic 
transition current. However the spin-orbit interaction of the nucleons and the correlation of nucleonic 
motion which results from their interaction lead to the inclusion of an interaction with the external elec- 
tronic current. The conversion probability in these cases is determined by entirely different matrix ele- 
ments than for the usual “allowed” M1 nuclear transitions (such as p,; /2 —P3/2)- The results of calcu- 
lations of K-electron conversion probabilities for various M1 nuclear transitions are given below. It is 
assumed that the momentum of the final electronic state p >» Ze’; the K-electron transition to the state 
j = 3/2,’ = +1/2,2= 2 is neglected because the probability of this transition is smaller by the factor 
~ ( Zerye/ 2 than the transition probability to the state j = 1/2,~A =-—1/2, 2= 0. The relativistic units 
h = mg = c= 1 are used throughout. 

In the model under consideration the nucleonic wave function is separated into radial and angular 
parts: 
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TX) Ra) Ora (0) ot se Ra, 


where Ry = 1.2 x 10°¥A'/3cm and & is the coordinate of the transition nucleon. The wave functions of 


the electron are designated by w jua (*) . The subscripts 1 and 2 denote the initial and final states, re- 
spectively. The electronic functions are normalized to 5555 yy7 Oyu! 6 (€—-e€’). 


1. THE VECTOR POTENTIAL OF THE M1 TRANSITION 


When a K-electron (1, j = 1/2, \ = —1/2,£ = 0) undergoes a transition to a continuum state (2; Deqa= 


el) 2, r = —1/2, £= 0) a transition vector potential A is induced in the nucleus. The magnetic-dipole 
term A; is 


AS = 91 Btn (&) Yu). 
M 


Bim (2) = e\ (Virus (2) [@1] Bry, (1) ¥% @) a: ae 2 of : 


where g denotes the Pauli matrices 


iy at) 
S939, => eae 


We divide Bi into parts corresponding to the contributions of the external and the internal electronic 
transition currents, for r=Ry and r= Rp»: 


0 0 
Bim = Bins + Bi me. 


Bim< is calculated with electronic wave functions in the field of a uniformly charged sphere of radius Rp. 
In the calculation of B{y> it is necessary to take account of the distortion of the electronic wave functions 
which results from finite nuclear size, as was done by Sliv.! However, in order to compare the relative 
contributions of different terms in the interaction of the nucleon with the electromagnetic field of the ex- 
ternal current Bev can be obtained with electronic functions in the field of a point nucleus. Neglect 

of the finite nuclear size does not introduce an essential error; allowance for this effect changes B%y, 

by not more than ~20%. By neglecting the finite size of the nucleus we obtain 


V2 taci 
At = ing eCNjJRot SV 4eCl hin, You (x); 
M 


Ate = 112 eC SERY (3Ze? + AR) K (0) SV FeCl, VO (¥)- 
M 
Here 
C; = (2p)*exp (nZe% /2p)|T (y+ iZere/p)|/Vepl(2r+ 1). Np= 2X (ZPT/VT A+); r= +V1I— Ce); 
2(1— 22) 
~ (Len (y $4) (1 — 2 / 6) — (1 +1) (1 /3) (1 —) 


’ 


oe (2e)2 2), SS 
pee ee ee eke eS yim ete say, (e+) eNO) te a 
~ (e— 1) (4 — 03 / 6) Im Q (— y) — (1 + ¢)* (2/3) Re Q(— 9) 


i ; _ 2p Ze? + ip) Ro]?* 
Fe PCr Dak ao + + Zee Sp 1 2p i pair) ny On COR 
e + ip 


+ iZe*e |p; 24 +1; 2ip Ry} . K (x) = {{1 —*/s (Ze*)? — 1/, ARo] « — 0,6 2%}; 


Q (7) = ei (¥ + iZe’e/ pF, (7 + 14 iZee/p; 24 +1; 2ipR,); 


T= ein ges REL Ds @, = 32Ze? [23 '@, = 3Ze” /2 -P ARG; 
ac iuad ~ y+ iZe%e/p 


Ais the nuclear transition energy. 
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2. M1 NEUTRON TRANSITIONS 


iis transition probability Wy, is determined by the matrix element of the interaction operator: 
=(11,e/2M) (oH), where py is the Ege moment in nuclear Bohr magnetons: H,, = =— 1.97. 
oF is easily seen that the potential A}, makes no contribution. Indeed, 


Ais ~ éYY im (6); curl AS ~ Yin ra) 


and does not contain the radial variable £. It can thus be seen that in an M1(sj/2 — 84 /2) transition the 
matrix element of the operator 7 vanishes as a result of the orthogonality of the radial functions and in 
a d/o — Sq /2 transition because of the prenosopalty of the epee ecm functions. A nonvanishing 
contribution is made only by the term Al. this is proportional to x’. 

We obtain 


= "oe exe, 2 pn Ag 
Ht < = 0.1 eC \N/SERY (320 + AR) [5 / 5 ( SVieCliin. Yo @) ee (> V¥ Chij., Vit] sale 
M M 


The first term makes a nonvanishing contribution in an s;/2—8;/2, transition and the second term in an 
S1/2—d3/p transition: 
94y (Ze2)2vt1 


Von or Gy FOE 


(=z) p2 (3Ze? + AR,)*RoY* p2r-1S?E exp (nZe?e/p) |TV (x + iZe*e/p) ?| <Ria,|27| Rua.> ? Psi 


1 * =i 2 é yu" oAy (Ze2)2+1 eRy\2 he 
Ps= GF Ch+H 2 ay se Cin ime Vk] Oran) | , Wmis—a = 9-775 ape 2, (3Ze 
MyM, 
+ AR, REM per-182x) exp (nZe*e/p) |T (1 + iZe*e/p) I? <Rinny| 2?| Riad Peas 
A A cits. z +1109 2 
Peace (2y -+ 1) (21, + 1) 2 | pa V 4r CimMivs <Qrm, | oY int | wale 


MM, 
It is assumed that the nucleon is in the field of the nuclear core with angular momentum J so that 


Qrm = >) ComPU mV ry (8)- 


my 


For Pgg we obtain 


Pog = 2 (2Iy + 1) 0° (Lyd 1/95 "fals) 


For P.q inthe special case J = 0 


Pe Ole ely, 
and in the general case J # 0 
Psa = 2 (21, + 1) w? (I,J 13/2; 1/ele) for an si), ds, transition; 
Poy = 2 (2F, + 1) w? (1,J 17/2; | 3/ole) for a dy, —> 81, transition, 


where w(abcd; ef) are Racah coefficients. 


The probability of y radiation is obtained in these cases by employing the potential of magnetic dipole 


radiation (a light quantum with polarization vector Ey and wave vector A) 
Ayo = tAx V 2n/A 2 (ex Yim (A)) fa (Ae) Yom (8), 


where f, is a spherical Bessel function. We oes 
y. 4 Rie 2A7 0* * =] 2 
Mis—s = 7693 ys Pn | <Righ, | x? | R;, AD ek, ssi iss = 4n 2 (e, Yim (A)) (Qh, | oYim | QnM> 
M 


ee), (@, ¥9m A()) <Qr.a4| oY 74 m | Qnm >. 
M 


ARs Be it 
Wise = 4350 WWE ie INS | <Ri,a, | 2?! | Rigs >? Los La = (CEES >; 


My Mer 


M1-CONVERSION NUCLEAR TRANSITIONS 
In the same special cases as for ee and Pa we obtain 


Lss = 6 (21, + 1) w? (J 14/a; Yole); Lea = 3 (2g + 1)/4 for J =0, 
and for J # 0: 


Lea = 6 (21, + 1) w? (/,J 1/5; 1/,/,), for an s,), > ds,- transition; 
Len 6 (ly 4-1) w? 


(11J1"/o; 3/oly), for a ds,—%), transition. 


3. M1 PROTON TRANSITIONS. EFFECT OF THE LS INTERACTION 
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LS proton coupling leads to an additional proton-electron interaction term; the interaction operator for 
proton transitions is 23 


He = (ne, 2M) (@He) + eD (x) (o [ZAs)). 


We neglect the contribution of A <, which is one order smaller than that of the first term ~ (oH <). 
For the probability of M1 proton transitions with K-electron conversion we obtain: 
In an s —S transition 
we Saag ss ! (Zerit oa Ete 7% In 12 72 %& 
Miss OT 0) [Py + HP ~p exp (= e ¢/p) | Hh (x Ae ize e/p) | J 
5 Ri a (GAD (x) Rin = 0105 2 pe 


* 2 
MRo “ap (3Ze? Si ARo)<RiprdlX?|Ri,a,.> Pes 


In an s —d proton transition 
5 94y+2 4 (Ze2)2V Fh f 
Wmisi= rpg NG 0) TT Gy DF p?*—1 exp (xZe?e/p) | [ (7 + iZe?e/p) |? ue 


(Rigas | 22D (x) | Rad 
ey Ss) Raat Rees x x 2 
em 0, 1 ik. = Ri * (3Ze? le AR») CRpr | x* | Ria) P54. 


Here M is the nucleon mass ~ 2 x 10°, 

The value of J should be calculated with the correct electronic wave functions outside the nucleus, as 
was done by Sliv ,' but for comparison of the relative contributions of the two matrix elements we use the 
approximate value of J withp > Ze’: 

= (2p) 1(e— i? (1 + ae ycosy%, S=(1+ es e=(1+ e) 
Then for the ratio 6 of the matrix element ~<2|x2]1> to the matrix element ~ <2|D(x)x’|1>, using 
the rough estimate (see Ref. 3) 
CID ay al ye DAK) oy 2X7 I, 


Din) en 00 aus 
we obtain for s —s transitions 


2 Ba) 1 
bee = DS AREA (8268 + ARo) 


up : 
MRo y cos’ 
? 


and for s —d transitions 


Osa = 0,4 Oss: 


We present a brief table of estimated values of 6,, for A ~1 as a function of Z: 


ZO 20 30 40 50 «60 70 80 90 


ds5 = 0.015 0.037 0.067 0.096 0.14 0.195 0.24 Oro MOE39 
Unlike the conversion transition, 


M 1; radiation is completely determined in both s —s and s —d tran- 
sition by the spin-orbit term. For ans —s transition 


Wise = 8/az@?REA® |< Riana! 7D (x) | Raa. PLssi 


and for an s — d transition 


Wiss = 2/ ne Rok Pe ae ee D(a Rise | lesa’ 
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Since we cannot neglect the interaction between the magnetic moment of the nucleon and the field in 
Wri sqand WY sae in these M1 proton transitions the conversion coefficient depends on the nuclear 


matrix elements. 


4, EFFECT OF NUCLEONIC INTERACTIONS 


Thus far we have been considering the ideal case of a strictly single-particle model with LS interaction; 
this does not exist in reality and one can only speak of a certain degree of approximation. The interactions 
between core nucleons and the nucleon undergoing the transition result in a departure from the model, 
since the single-nucleon functions become nonorthogonal. They also result in the inclusion of the inter- 
action between the nucleon and the external electronic transition current, thus strongly increasing the 
probability of a conversion transition. This interaction also sharply increases the probability of a radia- 
tive nuclear transition. We shall roughly estimate the effect of nucleonic interactions for a neutron inter- 
action (Vsj/4, — US4/) when a single ns; proton is situated outside of the closed shells. It is assumed that 
the independent-particle model is a good zero-order approximation and that the interaction between nucle- 
ons can be taken in the form of the 6 function potential 


V(\Bn—Ep|) = 3 En — $), 


where C is the spin operator with average value of the order 10-*6 Mev-cm?, The nucleonic interaction 
also affects other cases in which the proton is in an sf state. But the calculation then requires a speci- 
fic potential and a finite range of nuclear forces as well as the inclusion of tensor forces, thus making it 
much more difficult to obtain even a rough estimate. 

The zero-order neutron functions will be denoted by 9, (x), g, (x), J lo|? dx = 1, and the proton functions. 

y fi My), Usx= land 0Sy=1 (x= £,/Rosy =< p/Ro). The two-particle wave functions will be obtained 
id Beniirbation theory: 

Don (% Y) = yy (2%) Fa (Y) + Bn O% YD) 


with conservation of the spin of the system; yy), is the spin wave function of the system. 
Assuming that contributions are obtained only from terms with identical radial wave functions we obtain 
for the probability of K-electron conversion 


, 94y+1 24 Ze2)2vt1 : 
W basse = —3— aE Tope Dp EXP (#Ze%e/ p) | T(r + iZete / p) a" Ase, 


where Sane Me er 
ae nM, 1c | XM,” a XiaMy IC | XM» iy liek (x) ®, (x) Py (y) dx A 
Ree, Sr aa 
4 
Ass = +1 eh +1) >) | pa V 4eCUM ina Xtoamte| (pop + tan) Yat |ram> 2s 
MyM 
or 


Ass = (tp — Pn)? 2(212 + 1) w® U4/a1*/23 Yele); 
and for the probability of gamma radiation 
Wee — (e? / 3M’) Irs oe 


where ; 
Bss = Chas) > | dz >; Coen (A)) Lams | (Spttp + Saltn) Yin nan: | 
M,M2r M 
or 


Bss = (p — ten)? -6(27 2 + 1) w? (Ly2/o14/o; 1/o1e)- 


~ 2 
Here €9 ~h*/ 2MR}3 in me dinaty, units; 44,n are the principal (radial) quantum numbers of the nucleonic 


states. The integral J f? n?v Py dx can be calculated with single-particle nucleonic wave functions and a simple 
potential field. 


We have neglected interaction terms which do not vanish in a strict single-particle model. 
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The ratio of conversion probabilities for a proton transition is 


(W)rs me 4 M?R4 


Wee 9 (Up — H,)2 
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a? | <2 | x°D (x) | 1> 


aCe : 
Here (Hy me Pandas = 4 Aare and the subscripts LS and np refer to the LS and n—p interactions. We again 
make use of the rough estimate 


| <2 | *D (x) | 1) ~ 9,6 AW" <2| x? | 1) 
and obtain with A® 100Rp)* 1.4 x 10 4a? 
(Wim)zs | (Won) np = 4-100, 
and for the ratio of the matrix elements 
(Win )is/(W yap) 2 0,02 / a. 


Since the independent-particle model does not describe reality, the participation of other configura- 
tions in a real nuclear state must be of the order a~ 0.02. Therefore even for proton transitions we may 
neglect all terms except that representing a two-nucleon interaction. The conversion coefficient then is 
independent of the nuclear structure and agrees with the usual value for “allowed” transitions.! The con- 
version coefficient may be expected to differ from its usual value only for nuclei where the nucleon under- 
going transition is in the field of closed shells or where there are other nucleons identical with it outside 
of the closed shells. 

The proton-neutron interaction in Mi transitions considerably alters the probability of y radiation. 
Data obtained by Groshev and Demidov* from a study of y rays emitted in the capture of thermal neutrons 
by nuclei, in the range 11 = Z = 20, show that transitions occur mainly in a p3/ neutron state by emission 
of an E1 quantum. When the target nucleus is of the N- He} type, the (S4/2,84/2) M1 transition is relatively 
weak. For target nuclei with an additional odd proton the intensity of M1 transitions increases by a factor 
of ~ 30, evidently as the result of the neutron-proton interaction. 


'L., A. Sliv, J. Exptl. Theoret. Phys. (U.S.S.R.) 21, 770 (1951). 
23. H. D. Jensen and M. Goeppert-Mayer, Phys. Rev. 85, 1040 (1952). 
3D, H. Grechukhin, J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 513 (1956); Soviet Phys. JETP 4, 448 (1957). 
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It is concluded from an analysis of the experimental data that in the absence of large fluctua- 
tions in the longitudinal development of extensive air showers the energy spectrum in the 
region E $109 ev and in the lower third of the atmosphere satisfies the condition 1.3 =s =1.2 
(if electrons in equilibrium with ,-mesons are subtracted), s being the parameter of the 
electromagnetic cascade theory, which characterizes the electron energy spectrum. For a 
spectrum of the indicated type the lateral distribution of electrons at distances from 1.5 to 
250 m from the shower axis can be explained completely by multiple Coulomb scattering. 


The lateral distribution of electrons in electronic showers was calculated by Nishimura and Kamata! for 
several values of the parameter s (0.6, 1.0, 1.4, and 2.0) in the approximation B of the cascade theory.” 
Greisen® proposed a simple interpolation formula which describes the curves of Nishimura and Kamata 


7 As “12 =06 “24 20 


FIG. 3. Experimental depen- 
dence of the electron flux density 
on the distance from shower axis 
at sea level, shown together with 
the lateral distribution of electron 
flux density in electronic showers 
for s equal to 1.2, 1.3, and 1.4. 
r, = 80m. 


with an accuracy to a few percent. One can hope that this formula de- 
scribes correctly the lateral distribution of electrons for intermediate 
values of s as well. This would permit a detailed comparison of the 
experimental data on the lateral distribution of electrons in exten- 
sive air showers (abbreviated as EAS in the following) with predic- 
tions of the cascade theory, which may yield some information on 
the singularities of the development of EAS. Such a comparison was 
already carried out by Greisen® who made use of the experimental 
data of Refs. 4-6 and by Khristiansen’ who used data obtained in the 
Soviet Union and partially published in Refs. 8 and 9. It was shown 
that the lateral distribution of electrons in EAS coincides with the 
lateral distribution of electrons in electronic cascades with the 
parameter s +1.2—1.3, in the distance interval 1.5 — 250m at least. 
This conclusion follows more definitively from Ref. 7 and less so 
from Ref. 3, since less accurate experimental data have been used 
in the latter. 

We have undertaken an additional analysis of the results* on the 
lateral distribution of electrons in the distance interval 1.5 — 30m 
from the shower axis for two groups of showers, with the mean 
number of particles equal to 3.6 x 104 and 3.6 x 10° respectively. 
The lateral distribution of electrons was found to be identical t 
for both groups and we constructed therefore an average of the two 
distributions. This distribution is shown in Fig. 1 together with 
curves drawn according to the interpolation formula of Greisen.?® 
The units of the logarithmic ordinate axis of Fig. 1 are proportional 
to electron flux density. The coefficients are arbitrary, for the sake 


*These results were obtained by us in 1953 at sea level. They 
were partially analyzed before and published (Ref. 8). 

{If the obtained distributions are approximated by the power law 
f(r) ~r™, then for N = 3.6 x 104 we have n = 0.99 + 0.06 and for 
N = 3.6 x 10° n = 1,02 + 0.04 for the distances between 2.5 and 12m 
from the shower axis. 
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of convenience different for various values of s. The abscissa represents logarithms (common) of the 
distance from the axis. The distances are measured in units of Yr; = Egt)/B, where E, ¥ 21 Mev, B is the 
critical energy of electrons in air equal to 72 Mev, and ty is the radiation length in air in meters at the 


level of observation (ty) = 274m at sea level). 

It can be seen from Fig. 1 that the experimental distribu- 
tion for the distances 1.5—30 meters from the axis is ina 
better agreement with the theoretical curve for s = 1.3. This 
curve, as it can be seen from Fig. 2 taken from Ref. 7, evi- 
dently fits better the experimental data and over a wider 
distance interval as well. It also does not contradict the ex- 
perimental data used by Greisen.? 

The lateral distribution of electrons in electronic showers 
is basically due to multiple Coulomb scattering and depends 
on the energy spectrum of shower electrons near the obser- 
vation level. In EAS, besides multiple scattering, a certain 
role can be played by the emission angles of 7’-mesons pro- 
duced in nuclear interactions (nuclear scattering) and which 
transfer the energy from the nuclear-active into the soft com- 
ponent of the shower, and also by the angles of emission of 
photons originating in the decay of r°-mesons. The distribu- 
tion of electrons in EAS should therefore, for the same energy 
spectrum of electrons near the observation level, be not less 
extensive than in purely electronic cascades. Consequently, 
the agreement between the experimental data on the lateral 
distribution of electrons in EAS and the electron distribution 
calculated for electronic cascades with s = 1.3 signifies that 
the energy spectrum of electrons in EAS at energies E < 
10° ev* should satisfy the condition s < 1.3. 

Additional information about the energy spectrum of elec- 
trons can be obtained from the analysis of their longitudinal 
development in a single shower. There are no direct data of 
this kind. Some information can be obtained, however, from 
the altitude dependence of shower intensity. Numerous exper- 
imental datat show that the decreasing intensity @(>N) of 
showers with number of particles >N in the lower third of the 

_atmosphere can be satisfactorily approximated by an exponen- 
tial law with the absorption coefficient p = —d ln @(>N) ot 
which is independent of N and equal to 0.25 per unit radiation 
length (absorption mean free path equal to 135g/ cm). This 
is true both for the total number of showers with number of 
particles >N at the observation level and for vertical show- 
ers.® If we assume now that the longitudinal development of 
showers is not accompanied by large fluctuations, i.e., if the 
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FIG. 2. Dependence of the electron 
flux density distribution in EAS (without 
the electrons in equilibrium with p- 
mesons) on the distance from shower 
axis. Solid curves correspond to calcu- 
lations of Nishimura and Kamata for s 
equal to 1.0, i.25 and 1.4. Measure- 


ments: x — Moscow, e — Pamir. 


number of particles in showers of identical initial energy and traversed path does not vary greatly from 
one shower to another, then the change of the intensity of vertical showers with the depth can be expressed 


in the following way:?° 


é N 


: 1 f Y \ 
ver (>, t)~\ eq ey OP eae Eo [in aga |} xP { 
0 


yA (f= to) 


k(t — to, Eo) 


hota 1 
— [sain By + Ho] fo} dt. . 


*If the lateral distribution of electrons is determined by the multiple scattering, then the bulk of elec- 
trons with energies of the order of a few Bev is found within the distance of 1.5m from the shower axis 


and, in consequence, 
tribution for distances >1.5m. 
{For bibliography see Ref. 3. 


it is impossible to draw any conclusions about such electrons from the lateral dis- 
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where ty is the depth of the shower initiation level, t is the depth of the observation level, po is the inter- 
action coefficient of primary cosmic particles in air, y is the exponent of the energy spectrum of primary 
particles, A = 9 InN(t—t))/at is the absorption coefficient of particles in a shower, k(t—ty, Ey) is a 
parameter of value close to that of the age parameter s, A is a slowly varying function of Ej and t—ty, 
the form of which depends on the mechanism of shower development. 

The constancy of the shower absorption coefficient in the lower third of the atmosphere can be inter- 
preted at least in two ways: 

1. One can imagine that the showers observed in the lower third of the atmosphere are the tails of cas- 
cades originating near the top of the atmosphere. This can take place if po corresponds to the geometrical 
cross-section for the interaction of primary particles with nuclei of air atoms, and 


— h(t — to) /R(t — tos Eo) << toe 


At observation levels 650—1000 g/cm? deep the values of ya/k, In (N/A) and A will vary slowly with t, 
and formula (1) can be written as 
At] — exp [— pol 
Dyer (> NV, t)~ N-* APRA OP ee (1a) 
where k =y/k (t —to eff» Eo) and to eff is the effective depth of shower initiation. 
For the depths fulfilling the condition exp[— (KA +pUy))t] « 1, we have 


Dyert(> WN, Lowen, i.€., p= —dln Dyert (> N, t) /ot =— xh, 


Since p and « are known we can find A(t — ty eg). According to numerous experimental data? x © 1.5 for 
showers with N ~5 x 104 — 5 x 10° in the lower third of the atmosphere. Consequently, —A(t —to eff) = 
0.17 per radiation length. 

This value of the absorption coefficient is of course an average for all recorded showers. In the con- 
sidered case, however, deviations of the particle absorption coefficient in a particular shower from this 
average value, due to variations in the initiation level, should not be large. In the first approximation we 
can therefore regard the mean absorption coefficient as corresponding in the mean to each particular re- 
corded shower. 

We can explain the fact that the value —) (t —ty gfe) remains constant in the lower third of the atmos- 
phere by the assumption that the electrons of the shower are in equilibrium with the nuclear-active com- 
ponent. * 

There is a basis to assume that high-energy electrons (E> B) are in equilibrium with the nuclear- 
active component and low-energy electrons are produced as the result of cascade multiplication of the 
high-energy ones. In fact, the measurements of Nikol’ skii and his collaborators!! have shown that, in 
showers with the initial energy Ey > 5 10'ev detected in mountains, there are more than 100 electrons 
per nuclear-active particle, accounting already for the fact that electrons observed at a given level are 
produced by nuclear-active particles at a higher altitude, where the number of the latter is larger than 
at the observation level. We can conclude that the mean energy of photons originating in the 7’-meson 
decay and initiating the electronic cascades in EAS should be 2 5 x 10° ev.f In reality the mean energy of 
these photons can be still higher, since not all the nuclear-active particles generate the soft component 
of EAS with the same efficiency. 

It is known from the theory of electronic cascades that the coefficient of absorption of the shower 
particles is determined by the energy spectrum of particles in the high-energy region (E > £). In this 
theory the energy spectrum for E> is 


*If the constancy of the electron absorption coefficient in the lower third of the atmosphere were 
caused by a purely electromagnetic mechanism of shower development, then the value of the coefficient 
would be equal to the minimum value of the photon absorption coefficient which equals 0.585 for air, 
while the observed value of the coefficient is 0.17. 

{In fact, such photons produce about 10 electrons near the cascade maximum. In order to have 100 
and more electrons for one generating particle it is necessary to assume that not less than 10 photons 
are produced in the mean in every interaction. The effective energy of generating particles which may 
yield such a multiplicity should be equal to several hundred Bev.!* The effective multiplicity of meson 


production is in general less than the mean." The effective energy of primary photons should, there- 
fore, be larger than the mean energy. 
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f (E) dEw dE | E'+s, (2) 


s increasing slowly with increasing energy for showers of finite initial energy. The effective part of the 


spectrum which contributes to the absorption coefficient is characterized by the value of s determined 
from the equation 


Mm ae (3) 


where ),(s) is a tabulated function evolved in the theory, and (—A) is the absorption coefficient. 

These considerations make it possible to find the shape of the energy spectrum of the primary photons 
of EAS in the region determining the electron absorption coefficient. Since —A = 0.17, it follows from 
Eq. (3) that s = 1.2. The energy spectrum of electrons produced by these photons should not be flatter, 
i.e., the condition s = 1.2 should be satisfied. 

The fact that the electron absorption coefficient of EAS in the lower third of the atmosphere is con- 
stant signifies that the shape of the energy spectrum of primary photons (and, consequently, electrons) 
remains constant (or almost constant) in the region which determines the properties of the soft compo- 
nent of EAS.* The energy spectrum of electrons in the region of lower energies (E <f) should then, how- 
ever, be similar to the one of high-energy electrons, i.e., in the low-energy region we should have s = 1.2 
as well. 

It follows therefore from the variation of shower intensity with altitude in the lower third of the atmo- 
sphere that the energy spectrum of electrons in EAS is characterized by the condition s = 1.2 both in the 
high (E >) and low (E Sf) energy region. On the other hand, from the analysis of the lateral distribu- 
tion of electrons it follows that s = 1.3 for E = 10° ev. Consequently, in the energy region E < 10° ev the 
energy spectrum of electrons in EAS, in the absence of large fluctuations in the longitudinal development 
of showers, should satisfy the condition 1.3 =>s =1.2. 

For this energy spectrum the lateral distribution of electrons (at least at the distances between 1.5 
and 250m from the shower axis) is fully explained by multiple scattering and, in consequence, the con- 
tribution of nuclear scattering to the lateral distribution of electrons in EAS in the considered case 
should be small. An analogous conclusion was already reached by Khristiansen.! 

2. We considered the case which should occur if the shower tails were absorbed more slowly than the 
primary radiation. The constancy of the shower absorption coefficient in the lower third of the atmosphere 
(as well as a number of other properties of showers) can be understood also under the assumption that the 
tails of showers are absorbed faster than the primary radiation, i.e., when (—KA]jm) >po- In that case the 
longitudinal development of showers under large thicknesses of matter will be determined by the absorp- 
tion of the primary radiation, i.e., wo = 1/135 g/cm’. 

Although it is known that in light elements the mean free path for the interaction of protons and neu- 
trons of ~ 10? — 10° ey is not larger than 80 g/cm? (see Ref. 15) and there are no indications of its in- 
crease with the energy, such possibility, nevertheless, is not ruled out for ultra-high energies. 

Among the showers registered at any level in the lower layers of the atmosphere there should be some 
which did not attain their maximum, as well as others far beyond the maximum of their development. It 
follows from formula (1) that showers for which —KA =p will be recorded with the greatest probability. 
The same equation should, in the first approximation, determine the mean age of showers as well. The 
energy spectrum of electrons in showers of the mean age should, in consequence, fulfill the condition 
ee 1,2. 

The experimentally determined lateral distribution of electrons should also characterize in the mean 
all showers, since it is necessary to average over a large number of showers in order to obtain an accu- 
rate form of the distribution function. Since it follows from the lateral distribution that s = 1.3, then the 
conclusion that the main contribution to the lateral spread of the electrons is due to multiple Coulomb 
scattering remains valid. However, in contrast to the former case when we were able to draw certain 
conclusions the details of development of a particular shower, in the present case it is possible to state 
with respect to a given shower only that the upper limit of the particle absorption length should be smal- 


ler than 200 g/cm?. 


* This of course cannot be said for the spectrum of primary photons in general, since these photons 
are in equilibrium with the absorbed component. It is evidently necessary to assume that the above re- 


gion is gradually shifted towards lower energies. 
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In conclusion, I consider as my pleasant duty to express my gratitude to S. N. Vernov, G. T. Zatsepin, 
and I. P. Ivanenko for their participation in the discussion of the presented material. 
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HYDRODYNAMICAL INTERPRETATION OF ONE CHARACTERISTIC OF LARGE 
SHOWERS RECORDED IN PHOTOGRAPHIC EMULSIONS 
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Submitted to JETP editor January 11, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 197-199 (July, 1957) 


The experimental distribution of the transverse momentum components of secondary par- 
ticles is compared with the predictions of the hydrodynamical theory of multiple particle 
production. It is found that the predictions of the one-dimensional theory for a final tem- 
perature of Tri, = mc”/k (where m is the m-meson mass) agree satisfactorily with the 
experimental data. This permits us to draw some conclusions concerning the nature of 

™ — 7 interaction. 


Tue comparison of predictions of the various phenomenological theories of multiple particle produc- 
tion with experimental results has a decisive value for the confirmation of their validity. Such a com- 
parison made at first for energies of 2 10' ev (see Ref. 1) indicated that the hydrodynamical theory pro- 
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posed by Landau describes qualitatively all the known properties of multiple production processes. In the 
comparison of the theory with experimental data in Ref. 1, however, additional assumptions were made 
which, without regard to their nature, caused a certain undecisiveness of the conclusion. It was for in- 
stance assumed that in the collisions between nucleons and heavy nuclei there exists a system of coordi- 
nates in which the disintegration of the matter is symmetric; for the description of the collision a model 
was used according to which the particle interacts with a cylindrical volume of nuclear matter; the anal- 
ysis of extensive showers was carried out under the assumption of the independence of the nuclear inter- 
action cross-section from energy, etc. 

Taking all the above into account, it is necessary, for a direct confirmation of the theory, to consider 
such characteristics of the collisions which do not require any complementary assumptions, the correct- 
ness of which would be difficult to ascertain. One of such characteristics is the distribution of the trans- 
verse momentum components p, of the secondary particles (i.e., components perpendicular to the shower 
axis). Distribution of the values of p, can be, strictly speaking, found only from the solution of three- 
dimensional equations, which is a difficult and so far not investigated problem. Special estimates indicate, 
however, that a hydrodynamical disintegration of particles is, in its main features, determined by a one- 
dimensional stage’ and it can be therefore assumed that the distribution of the values of p, is determined 
solely by thermal motion. This means that we neglect transverse momentum components due to hydrody- 
namical motion. 

In such approximation we shall find the distribution of transverse momenta using the well-known ex- 
pression for particle density dN in the momentum interval dp,dpydp, 


dN = g (Qnhe)-* [ew AT 1}1 dp dp ype, (1) 


where g is the number of internal degrees of freedom of a particle, € is its energy, and p is the chemi- 
cal potential which, according to the thermodynamical conception, we shall set equal to zero. The minus 

sign corresponds to bosons, and the plus sign to fermions. After integration over p, we obtain the distri- 
bution of transverse components: 


co 


aN, => Oarap "dP dpe \ 


0 


dx 
exp(zVx2+ ePF1)+14 ” 


(2) 


where x = p/me; z = mc?/kT; p? = (py + p3)/me?. 
By means of the relation 


co 


dx 2 na Ps —\n-1 Pas 
lene = Vea ENS Ki (nzVe +1) (3) 


(where K, is the Bessel function of imaginary variable) and by integrating over the angle in cylindrical 
coordinates, we finally obtain 


Naw Py Ca su eaice (peal Uhr ee, (4) 
n=1 


Theoretical distributions of the transverse components, calculated for bosons for various values of T 
according to Eq. (4), are shown by the solid curves in the figure. The dotted histogram represents the ex- 
perimental distributions of p, obtained from the analysis of a single shower recorded in emulsion.’ Thanks 

to the unusual path length of secondary particles in 
de! the emulsion (16.8 cm) the authors of Ref. 4 were 
able to determine from scattering measurements 
the total momentum of the majority of particles 
(35 out of 39). This permitted us to calculate p, 
by a simple computation. 

A very similar distribution of the transverse 
components was obtained also from the measure- 
ment of the total momentum of secondary 1’-mesons 
by means of the pairs associated with them. Distri- 
bution of transverse momenta in that case was, too, 

9 characterized by a maximum in the region 1— 2p ,c" 
PL beg e (where ., is the m-meson mass). 

Several important conclusions may be drawn 


I—T =p,,02 / 2h; 2—T =u, 8 [by 8—T = Sg / 2k 
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from the comparison of the experimental and theoretical curves: 

1. The one-dimensional theory describes satisfactorily the character of the distribution of transverse 
momentum components.* 

2. Best agreement of both distributions is obtained{ for T = pzc?/k. The values T = pc? /2k and’ Ta= 
= 3 pp c?/ 2k are already difficult to reconcile with experimental data, although the scarcity of the latter does 
not permit to rule these values out. The value T = pqgc?/k is in agreement with previous indications, based 
on the analysis of other experimental results (for composition of showers see Refs. 6 and 7 and for energy 
spectrum see Ref, 3). 

3. Since the value of temperature is connected with the value of the interaction cross-section of secon- 
dary particles® (evidently t-mesons) we can conclude that in the order of magnitude the latter equals the 
geometrical cross-section of the nucleon (fi /qCc)*. ‘ 
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ON THE RELATION BETWEEN “ACCIDENTAL” DEGENERACY AND “HIDDEN” 
SYMMETRY OF A SYSTEM 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 200-203 (July, 1957) 


An example is discussed which confirms the connection between “accidental” degeneracy and 
“hidden” symmetry of a system. The symmetry of a two-dimensional oscillator is studied, and 
the relation is found between the quantization of the oscillator and that of a certain operator 

of the type of an angular momentum. 


Suppose the operator H is invariant with respect to some group G of transformations. Then the appli- | 
cation of these transformations results in the expression of the eigenfunctions of the operator H belonging: 
to an eigenvalue Ey in terms of each other, and thus gives a certain representation Dy of the group G.! As: 


* The cited calculations have shown that the introduction of the conical stage’ of hydrodynamical motion| 
predicts that the mean value of p, is 2 Mc (where M is the nucleonic mass), contradicting the histogram 
shown in the figure. It is possible that the conical stage of burst is necessary for the description of particl! 
interaction at considerably higher energies than the energy of the shower of Ref. 4 (~5 x 10/2 — 1018 ev). 

TIt should be noted that since we neglected the possible influence of the hydrodynamical transverse 
components the given values of T are, strictly speaking, the upper limits of the values. 


“ACCIDENTAL” DEGENERACY AND “HIDDEN” SYMMETRY 157 


a rule this transformation is irreducible. In the opposite case (Dy reducible) one speaks of an “acciden- 
tal” degeneracy. The study of several systems with “accidental” degeneracy, as carried out by Fock? 
(hydrogen atom), Demkov? (three-dimensional oscillator ), and Baker’ (n-dimensional oscillator), has 
shown that these systems possess in addition to the obvious symmetry group G also a higher “hidden” 
symmetry group G* On the application of the transformations of the group G* the eigenfunctions be- 
longing to the eigenvalue Ey, give an irreducible representation D% of the group G*. 

In the present paper we consider a further example confirming the connection between “accidental” 
degeneracy and “hidden” symmetry of a system. In addition, the symmetry group of the two-dimensional 
oscillator is studied and a relation is found between the quantization of the two-dimensional oscillator and 
the quantization of a certain operator of the type of an angular momentum. 

1, Let us consider a system with its Hamiltonian of the form 


He NEO 7p (1) 
where 


A f . ‘ f END 
= 2 ob te pa (3 #) : (2) 
The obvious symmetry group of the operator (1) is the group d- of orthogonal transformations of the f- 
dimensional space. Separating variables in hyperspherical coordinates, one can readily verify that the 
eigenfunctions and eigenvalues of the operator (1) are given by 


Yn, n= Ar* exp (— por) F(—n+h, 2+ f—1, por /2) VY, Ex=—1/(nt+ Sy, p=! [(2+ >), 


(3) 
=O) I, By oo 5 8 (SOF Wa DB once 


where F is the confluent hypergeometric function and ye denotes the set of f-dimensional hyper- 
spherical functions belonging to the characteristic value —k(k + f — 2) of the angular part of the La- 
placian operator. 

Noting that the functions xe for fixed k give an irreducible representation p{) of the group dy 
and that E, does not depend on k, one easily sees that the representation D, corresponding to Es 
reducible and decomposes into a sum of irreducible representations: 


n 


Da = >} DY. (4) 


k=0 
Thus we have to do with an “accidental” degeneracy. 
To find the “hidden” symmetry group of our system, following Fock? we write the equation for the 
eigenvalues of the operator (1) inthe p representation: 
2 2 Dee (Faye beset ® (p’) dp’) eae (5) 
(P* + £8) (p) = = MT (SO) er 
Regarding the components of the vector p/py as the stereographic projection of a point of an (f + 1) - 
dimensional unit hypersphere, and introducing the new function 


VeaR (p? te peyFVe@ (p), (6) 


we get the equation 


r)—_ varyan 
2 y ( , {3 
A (M) a Inf FDI2 py, {2(4—cos yj} wer ) (7) 


where dQ’ is the surface element of the (f + 1)-dimensional unit hypersphere and y is the “angle” be- 
tween the points M and M’ of the hypersphere. 

The invariance of Eq. (7) with respect to the group of orthogonal transformations dif 451) of the 
(f + 1)-dimensional space is obvious. Thus the “hidden” symmetry group of the operator (1) is the 


group df + 1)- (f+ 1) 
The solutions of Eq. (7) are the (f + 1)-dimensional hyperspherical functions Y and the eigen- 


: ‘ ; the 

values are as given in Eq. (3) ae 1/(n+! 3 ): (8) 
; eep el 

For given n_ the functions sales 1) give the irreducible representation pf dof the group d¢4 1. 


Since the system in question is the f-dimensional analogue of the hydrogen atom, our results are 
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the same as those of Fock? for f = 3. 

2. In Ref. 4 it is shown that the symmetry group of an n-dimensional oscillator is the group of n- 
dimensional unitary transformations. There is a well known connection between two-dimensional unitary 
transformations and the three-dimensional rotation group,’ so that it seems not without interest to exam- 
ine the symmetry of the two-dimensional oscillator, the more so because there turns up by the way a con- 
nection between the quantization of the oscillator and that of a certain operator of the type of an angular 
momentum. | 

According to Ref. 4, the Hamiltonian of the two-dimensional oscillator, written in the form 


H = 1/3 (aia, + 430,) + 1, 
where | 
0 * () te) * 0 
Ok oP ay Gi Noe ae CoN DAB pes tee ae hay: (10) 


is invariant with respect to transformations of the form 


2 | 
a, = >) Unia1, = i (11) 
l=1 


where Ug is a unitary matrix. 
We note that under rotations Q(a@) inthe x, y plane and under Fourier transformation @ of the 
functiong(x, y) with respect to the coordinate x, 
@y (x, y) = (20) | e-H% (, yal, (12) 


the operators a, are transformed according to Eq. (11) with the matrices 


Q@= ( cosa sin A ee ee * (13) 


—sina cosa, «% @ Al 


Let us confine ourselves to transformations (11) that are close to the identity and have determinant unity. 
They can be written in the form 


3 
U=E+ 5D a9, (14) 


where E is the unit matrix and o, are the Pauli matrices. 
The group of transformations (14) is isomorphic to the three-dimensional rotation group,! and the 
corresponding infinitesimal operators are 
i 


I,=iJy= Zon, k= 1,2, 3. (15) 


Using the following relations (valid for small a ,): 
i = a i a i a ; 
E+ ym =O10(3)0, E+ 5m, =0(3), E+ 4 ayo, =0 (F)o70($)o0(— 4), (16) 
and also using the definitions of the operators Q and & (Eq. 12), we can express the operators Jy of 
Eq. (15) interms of x and y (cf. Ref. 3): 
Jy ="/2 (xy — 0?/dx Oy), J = (1/2i) (x0/dy — yO/Ox), Jy = 3), (x? — y? — 02/0x? + 0?/dy?). (17) | 


The operators (17) commute with the Hamiltonian (9) and satisfy the commutation relations of the angula: 
momentum operators. 


The eigenfunctions of the Hamiltonian (9) belonging to the eigenvalue Ey = n+ 1 are given by 


Brung (X,Y) = (22 "ny Ing!) exp (— Sy) Hn, (x) Hn, (y), tg=n—nm, m=0,1,2,....n, n=0,1,9,..., (18) | 
where the H,, are Hermite polynomials. Introducing the notations 


j= (t+ m)/2=n/2, m= (m—n,)/2, m=—j,—j+1,... 5 7=0, Vy, %y... 
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and using the properties of Hermite polynomials, one can easily verify that the functions 


Y jm (X,Y) = Ynng (%, Y) ={n2"! (j + m)! (j — mm)!" exp (— c. r Hj.m (2) H jm (y) (20) 
satisfy the relations 


PY jn =i + J+ J3) Y jm =f +1) Vin, Sere, ST ia, (J, tid.) VU ei) G@—m- 1) Y See (21) 
which establishes the connection between the quantizations of the operators (9) and (17). 


It must be pointed out that the definition of an “angular momentum” operator by Eq. (17) combines the 


integral and half-integral values of the quantum number j . We also note the appearance in this case of 
an operator K : 


@2 2 ; 
Ty ee (2 ty? ax xa) K?— Me = 2, KY jm = (i + 1/2) Vim (22) 


analogous to the Dirac operator ® 
K = (Lo + 1) 8. (23) 


It follows from Eq. (21)! that under the transformations (14) the eigenfunctions (20) of the two- 
dimensional oscillator that belong to the eigenvalue E, = n+ 1= 2j + 1 transform according to the ir- 
reducible representation D; of the three-dimensional rotation group. Thus the group of transformations 
(14), isomorphic to the three-dimensional rotation group, suffices to explain the degeneracy of the eigen- 
values of the operator (9) and can be regarded as the symmetry group of the two-dimensional oscillator. 

In the n-dimensional case one can also restrict the discussion to the unitary transformations that 
are close to the identity and have determinant unity, but this does not lead to any interesting consequences. 


1B. L. Van der Waerden, Die Gruppentheoretische Methode in der Quantenmechanik, 1938. 
2V. Fock, Z. Physik. 98, 145 (1935). 


3Tu. N. Demkov, (J. Leningrad State Univ.) 11, 127 (1953). 
4G. A. Baker, Jr., Phys. Rev. 103, 1119 (1956). 


5p, A. M. Dirac, The Principles of Quantum Mechanics, 1947. 
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By an analysis of the polarization phenomena in the reactions N+ N+ d+ 7 it is shown how 
the condition of invariance under time reversal leads to relations between the polarization 
phenomena in the direct and inverse reactions. A generalization of Wolfenstein’s theorem to 
this binary reaction is obtained. Expressions for the various observable quantities in the reac- 
tions N+ Nd +7 are given both when the treatment is confined to s, p, and d waves 
with J = 2, and also in the general case. 


INTRODUCTION 


As is well known, the requirement of invariance under change of the sign of the time leads!~ to the con- 
dition of symmetry of the S matrix (notation of Blatt and Bidenharn? with an emendation from Ref. 3) 


U/ J 
Syst; oT = Sas ars: (1) 


For the interaction of spinless particles this condition leads to the equality of the differential cross- 
sections of direct and inverse reactions (apart from a factor of the ratio of the squares of the relative 
momenta in the direct and inverse reactions). For particles with spin, for which there appears a differ- 
ence between the time-reversed and inverse processes, this same condition leads to the equality of the 
averages over spins of the cross-sections of the direct and inverse reactions. But in the case of interac- 
tion of particles with spin not equal to zero, one can express in terms of the elements of the S matrix 
not only the reaction cross-section of unpolarized particles, but also the average values of the spin 
operators inthe direct and inverse processes. Because of the existence of the condition (1) it is of inter- 
est to consider its consequences for the polarization phenomena in direct and inverse processes and to 
try to find relationships analogous to the connections between the cross-sections for the reactions be- 
tween unpolarized beams and unpolarized targets. Such a connection has been discussed in the literature 
in a consideration of polarization phenomena in elastic scattering. Dalitz* and Wolfenstein and Ashkin® 
have shown that in the case of elastic scattering of particles with spin 1/2 from a target with arbitrary 
spin, for which the principle of detailed balancing reduces to an identity, the requirement of invariance 
under change of sign of the time has as a consequence a connection between the polarization <Oi>f of 
particles appearing from the interaction of unpolarized particles and the azimuthal asymmetry I, in the | 
scattering cross-section of polarized particles from an unpolarized target. This connection is of the form!) 


Ip = <8, >;NI, (8), (2) | 
where I)(@) is the scattering cross-section of unpolarized particles and N is the direction of the polari-| 
zation of the beam. 

As has been shown by Lakin,® a similar relation holds also for the elastic scattering of particles with | 
spin 1. 


In the present paper a phenomenological analysis of the polarization phenomena is carried out for the 
reactions 


p+p-rd+n*(A), n+p—d+z° (C), 
nt+td—>p-+tp (B), m+ d—+>n-+p (D) 


in order to find out from this example what consequences arise in virtue of the condition (1) for the more 
general case of binary reactions (nuclear reactions with two particles in the initial and in the final states)) 
The main result of this work is a generalization of the Wolfenstein theorem (2) to the case of the reac— 
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tions here considered. Incidentally we obtain general expressions for the various observable quantities in 


reactions (A) and (B) in terms of the interaction amplitude, which may prove useful in determining it from 
experimental data. 


THE S MATRIX 


We denote the relative angular momenta in the initial and final states of reaction (B) by & and &, and 
chose as the z axis the direction of the incident 7 mesons. Denoting, further, the Clebsch-Gordan coeffi- 
cients by Cia , the four spin functions of the N—N system by wy (M = + 1, 0, —1 for the triplet, 

M = ¢ for the singlet) and the spin functions of the deuteron by Ym, we write the S matrix for the reac- 
tion (B) in the form 


(} , "le i Ss. I m— 
Sa= Di Vy | (Ql+ IY" (| SPL) CR auanCon YE™ ( o)} ¢8 (3) 
m, M JU te oe 
(s is the spin of the system of nucleons). Then the S matrix for reaction (A) takes the form 
1 Ay 
Sa = Dom Dy (2b +1)" S4 |) Coram, mC YE” 0, 0) Loe. (4) 
m, M JIU 


The condition (1) requires that (2|s® Ie) = (2 Isp \2) = (&|S5 |e). (Here it is essential that the elements 
of the S matrix be defined to correspond with Ref. 3.) 

If we confine ourselves to including the interactions with mesons in only s, p, and d_ states, then the 
laws of conservation of total angular momentum and of parity permit transitions Py => {S56 (amplitude 
(0|So|1) =a), °S; — °P, (amplitude a;), *P, ~ ‘Dy (a), *Dy — *Py (a3), 3Dy + *Py (a4), Dy — 3F, (a5), 
6s = °F, (ag). In the further analysis we drop the transition *D, — °F, with J = 3, keeping the transi- 
tions with J = 2.* Then the S matrices of reactions (A) and (B) can be put in the form 


4 V4 Sp= Ye {— V 2a, (kop*) + V Ca, [3t(k¢e*)—(Kop")]} +2 V 6a, (k [b¢*]) 
+ iV 8a, {3t (ko [b¢*]) — (k [4¢"]) — 2 (Gn) (Kop*) + (k-)(ng*)}+ 7 V 5a, {3¢ (ko [49*}) — (k [4¢"]) + [(4n) (Kog*) (37) 
+ (ko) (ng*)]} + 7 V 10a, {(54? — 1) (k [hp*]) — 2¢ (Ko (4971) + L($m) (Kog*) + (Ko) (p*)] — 5é [($n) (ke*) + (Yk) (ng*)]}; 


4 V 4m Sq = (— V 2ay (ke) + V 10a, [3t (ko) — (ke)]} be + 2 V 604 (ko [9971)-+ i V 8ay {3t (Kk [¢b7]) — (ko [¢97}) 
— 2 [(gn) (kY*) + (¢k) (nd*)} + 2V 5a, (8t (k [¢97]) — (ko [¢47]) + (gn) (ko*) + (¢k) (n$*)]} 
+ iV 10a, {(5t? — 1) (Ko [eb*]) — 2t (k [~b*]) + [(ke) (net) + (ng) (kb*)] — 5t [(kog) (nd*) + (ng) (koh*)]}, 
where ky andk are unit vectors giving the directions of the relative momenta in the initial and final 
states, t = (kok) = cos 6, n = [k)k], and the vectors w and @ are constructed from the Ym and Py re- 
spectively (M # c). The quantities ap, aj, a2, ... in Eqs. (3) and (4) differ from the corresponding quan- 
tities in Ref. 8 by the factor (22 + 1) 1/2, 
In the general case the S matrix for the reaction (A) can be put in the form 
V 42 Sa = [A (ke) + B(kog)] be + 2 {C [(pn) (k$*) + (ek) (nd")] (5) 
++ D [(gn) (kot*) + (Ko) (mep*)] + E (k [9 97]) + F (Ko [ep"1)} 
(The V4 and the factor i are retained for closer correspondence with Eq. (4)). In virtue of the condi- 
tion (1) we get analogously for reaction (B) 
V 4% Sp = 80 [A (kop") + B (ke*)] + 2 {Ci(kotp) (np*) + (nd) (Ko$")] (6) 
+ D [(kd) (ng*) + (nh) (ke*)] + E (Ko [97]) + F (k [$¢"1)}- 


(4’) 


*Expansion in terms of the conserved quantity J seems more reasonable than expansion in terms of 
Q. The use of the latter can only lead to misunderstanding. For example, in the paper OS Clementel and 
Villi,’ where expansion in terms of £ is used for the analysis of the p—p scattering, is was erroneously 
found that the mixing coefficients occur in the expression for the integrated cross-section, which Cannot 
be correct (cf. Ref. 2), and which happened because of the incomplete consideration of the states with 


different values of £ fora given J. 
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With the limitation to s, p, and d waves with J = 2: 
2A = — (2a, +Y 10a,); 2B =3V 10ayt; 4C = — 23a, + Vda, + V 10a; (7) 
AD =—5Y l0agt; 4E =(83V3a,+3V5a,—2Y 10a,)t; 4F = V 6a, — V 3a, — V5a, + Y 10a, (5? — 1). 


In the general case 


A(—) =A(); B(—) =— Bd; C (—t) = C(t); Di) = — DW; EA D=—EO: FH) =F @). “(9 


REACTION CROSS-SECTION OF UNPOLARIZED PARTICLES 
The equality of the reaction cross-sections for unpolarized particles 
41) (6) = 31) (6), 
follows directly from Eqs. (5) and (6), and (with the ratio of the squares of the relative momenta omitted) 
1621 (6) = 12n 1%” (0) =| AP?+ |B2+ 2 Re[(A*B) + 2(E*F)] cos 6 (8) 
+2\)E)?4+2|F)?+ 2sin%0[|C|?+|D|? + cos6-2Re(C*D)]. 
With the limitation to s, p, and d waves with J < 2 we get from Eqs. (7) and (8) 
64x Jf) (6) = 48015 (8) = 4p2 + 12p2 + 1052 (1 + 3 cos*6) +[6(V Qorg-+ V 100,, -+ V505,)—_ 4 V 10a. 4 V lbey, 
+ 2 V 30e55] (3 cos?8 — 1) + 3 [p2 (5 — 3 cos?6) + 5¢2 (1 + cos?6)] + 1092 (1 + 6 cos? 6 — 5 cos*6) (8°) 
+ 10 / 6e,; (10 cos## — 9cos?6 + 1), Am = Pmei@™; Onn = PmPn COS (%m — an), 


which, apart from differences of notation, agrees with results previously obtained.®»9 

Before going on to the comparison of the polarization phenomena in reactions (A), we note that the 
study of reaction (B) at total meson energy E, provides a possibility of obtaining information about the 
reaction (A) at a (kinetic) energy W of the protons given by 


nS GS OD) (9) 
(M;, M, » are the masses of the deuteron, nucleon, and m meson, and € is the binding energy of the 
deuteron). 

From Eq. (9) it follows, for example, that by the use of a 7" meson beam with energy Ey = 320+ oie 
= 460 Mev (from the 680 Mev accelerator at the Joint Institute for Nuclear Research) the study of reac- 
tion (B) gives a possibility of getting information about the formation of mesons in reaction (A) at proton 
energies about 920 Mev, which considerably exceeds the energy of the particles in the accelerator. Such 
a “gain of energy” is due to the fact that in reaction (A) a considerable part of the whole energy is ex- 
panded in motion of the center of mass of the system, whereas in the inverse reaction the energy in the 


center-of-mass system does not differ by much from the value of the energy in the laboratory system of 
coordinates. 


+ 


POLARIZATION PHENOMENA IN THE DIRECT AND INVERSE REACTIONS 


1. We now examine the information obtainable from a study of the polarization phenomena. Because of 
isotopic invariance we can consider all at once the general process N + N == d+ 7, where N isa nu- 
cleon and t isa at or 2° meson. The cross-section for meson production by polarized protons in reac- 
tion (A) can be put in the form 

I) (6, 9) = Ip” (6) + pcos P (6) = 1 (6) + pl, (10) 


(p is the polarization of the nucleon beam, with the direction of polarization taken along the y axis). 
Using the formula 


(Sp) S = S. (4p) + (Sp) be + (Ip¥]S), S = She + (SY); 


we get ‘ 
161 p, (8) cos 9 = 4x Sp S4 (¢,p) SA = (np) P: (4); 


P, (8) = 21m {{C* (A + Bcos§) + Dt (Acos6 + B) + (BYE) + (AF*)] ae 
++ [sin®6 (CD*) + (FtE) + C(E + F cos 6)* + D (Ecos 8 + F)'}. 
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In the expression for P, (6) the first four terms, which give the contribution of singlet-triplet transitions 


in reaction (A), do not change sign with the replacement 9 — 7 — 6, i.e., they are symmetric with re- 


spect to 90°; the remaining terms, which give the contribution of triplet-triplet transitions, change sign 
with the replacement 6 — r — 8, ice., they vanish at 9 = 90°, 
From a comparison of the formula 


(2p) S = — [S-(p) + (Sp) be] + é ([p$] S) 
with the one we had before for (@,p)S, it can be seen that the expression for the azimuthal asymmetry, 
when the target is polarized, differs from (10? ) by the sign of the first four terms 


16x Jp, (8) cos @ = 4x Sp S4 (6p) SA = (np) P, (4); 
P, (6) = 2Im {— [C* (A + Bos) + D*(Acos8 + B) + (BYE) + (AF*)] (10’’) 
+ [sin?6(CD*) + (FtE) + C(E + F cos0)* + D(Ecos® + F)*}}. 


On the other hand, for the polarization of the nucleons in reaction (B), when the deuteron target is unpo- 
larized, we get from Eq. (6) 
12n1$” (6) <o,>, = 4x Sp Sh 6,Sp = nP, (6); (11) 
P;(@) is given by Eq. (10’). For the polarization of the other nucleon we get 
12m 1§” (6) <a,>, = nP; (6), (11’) 
P{(@) is given by Eq. (10’’). From Eqs.(7’), (10’), (10’’), (11’) and (8): 


(a1 (9, 9)> = @,( — 8, + 9); 
and from Eqs. (10) and (i1) there follows the validity of the equation: 
41%) — 31° (6) <e>,N (12) 
(the ratio of the momenta is omitted). 
Thus a knowledge of the polarization of the nucleons in reaction (B) gives just the same information as 
the cross-section for the production of mesons by polarized nucleons in reaction (A). 
Additional information can be obtained by studying the polarization of the deuterons produced in reac- 
tion (A). If in dealing with the interaction of unpolarized particles we limit ourselves to just the polariza- 
tion vector, then for it we get by means of Eq. (4’) and the formula S(Sm¢y) = i[Sg] the result 


16x 1 (6) <S), = nP, (0); P, (6)=2 Im {(AB*)+sin20(D*C)+(C+ F)*E+(D*E)+(C*F + D*E)cos 9}. (13) 


With the limitation to waves with J < 2 the angular dependence takes the form 
2 sin 6P, (8) =sin 8 cos 6 {6 V 10 eo. +9V 2&5 +3 V 1024 +2V15 215-6 V5 ega— 2 V 30 55}, 


where €mn = PmPp Sin (2m — yp). And in the general case, as can be seen from Eq. (7’), there remains 
a proportionality to the product of sin 26 by an even function of cos 6. 

Let us now consider the expression for the cross-section of reaction (B) on a polarized target. On the 
assumption that the target is polarized in such a way that only the average value of the spin vector of the 
deuteron is different from zero, the cross-section can be put inthe form (10). For <S> # 0 the averages 
<Dj, > are also different from zero, but we consider only the contribution of the term proportional to 
<S>.) Then from Eq. (6) we have 


3/2) = 12% Sp Sg (Sp) Sp = (np) P2 (6). i) 


From a comparison of Eqs. (13) and (14) we get still another consequence of invariance under time 


reversal 
31) — 41 <S),N. (15) 


The equations (12) and (15) are a generalization of the relation (2) to the case of the binary reaction un- 


der consideration. 

2. As is well known,”’” 
value of the spin vector S of the d 
structed from the spin vector. In the literature one finds the tensor 


4,6 the state of polarization of a deuteron is characterized not only by the average 
euteron but also by a tensor of the second rank which can be con- 
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introduced by Dalitz, and also the tensor To, m With the components 
Toon = V3 (82 — 83) Ei (SS) + 88}, Paar = FV 3 (88; + $8.) +i (828, + 8, 52)}, (16) 
VOT Se, 

For the elastic scattering of particles with spin 1, as follows from the results of Cheishvili!® and as 
has been shown by Lakin,® relations of the type (2) hold not only between the average value of the polariza-_ 
tion vector and the corresponding term in the cross-section, but also for the tensor terms. The corre- | 
spondence of the vector terms for reactions (A) and (B) has been established above. Let us now make the 
comparison, for our binary reaction, between the expression for the polarization tensor of the deuteron in 
reaction (A), for the interaction of unpolarized protons, and the cross-section of reaction (B) for an 


arbitrary polarized deuterium target. 
From a calculation using the formula 


[SiSz + SrSi] (Sinn) = Win (SmPm) — [Sign + Sri 

we have for the average values of the tensor Dik 

167 1) (6) {1/5 8in — (Dind} = 8in {| EP? + | F |? + cos 6-2 Re (E*F)} + Rike {| A|? + sin?6-|CP—|E? 

+ 2Re [Ct (Ecos 6 + F)]}+ ko: kon {| B\? + | D |? sin? 6 —| F 2 — 2Re[D* (E + Fcos8)]} + nim, {|C? (17) 

+|D)?+2Re[C*(D cos 6 — F) + D*E]} + (koikn + Rikon) Re {((AB*) + (C*D) sin?6 — (EF*) — [C* (E + F cos 6)] 
4+. [D* (Ecos 8 + F)]} = Dy (6) 8in+ Dz (8) Rikn+Ds (8) Roior +Da (8) 2ittx + Ds (8) (Roike + Ropki)- 

From eqs. (17) and (7’) there follow for D;, Do, ... as functions of t = cos 6 the symmetry properties 

Di(—#) =D, (t); Da(—#) = Ds (4); Dy(—t) = Da (t); Di(— 1) =Da()s Ds(—N=—Ds). (17) . 


It can be verified without difficulty that the condition (1) has as a consequence that the expression for 
the corresponding term in the cross-section differs from (17) by the replacement D, = D3. Consequently, 
a study of all the components of the polarization tensor in reaction (A) gives the same information as the 
study of the cross-section of reaction (B) for a polarized deuterium target. 

As can be seen from Eq. (17), for certain contractions of the polarization tenson, for example for 
<Dik> njn,, a relation of the type of Eqs. (12) and (15) follows from the requirement of symmetry with 
respect to change of the sign of the time. 

The expressions for <Tg > are found from Eq. (17), if we use the relations following from Eq. (16), 


20s es= V B{(Tax— Ty) QUT vy} = V 3 {(Dey—Dyy) 2 Dey), Ta = EV Oye a eee 
Vit = yen 2 — De. (167) 


The availability of polarized proton beams makes it possible to study the polarization of the deu- 
terons in reaction (A) under the action of polarized protons. We have 


<Din> = Ya Sp [Sa (1 + pty) S4 Din) /4/, Sp [Sa (1 + psi) S41; (18) 
where the denominator contains the expression for the cross-section of reaction (A), 1A) (9, g), as given 
in Eqs. (8) and (10). The polarization of the incident protons is denoted by p; the expression for the 
interaction of unpolarized particles is obtained from Eq. (18) for p= 0. Thus for polarized protons one 
needs only to consider the changes arising on account of the second term in the numerator, and to replace 
I) (6) by (6, g) in the expressions given previously. 

For the added term in the polarization vector of the deuteron we get: 
4x Sp (3p) Sd SS4 =n (np) 2 Re [(BC*) — (AD*)] + [np] 2 Re {C* (E + F cos 6) + D* (F+ E cos 6)} 
+ p-2 Re {A* (E+F cos 6) + B* (Ecos # + F)}:—k-2Re {[(pk) (A + E) + (pk,) (B + F)] E*} 
— ko-2 Re {[(pk) (A + E) + (pko) (B + F)] F*} +1-2 Re {(pk) (BC*) + (pko) (BD*) + (pl) | D2 (19) 
+ (pm)(C*D)}-+-m- 2Re{(pk)(AC*) + (pko)(AD*) + (pm)| C |?+ (pl) (C*D)}, 
where m = [kn]; 2 = [kon]. 
Analogously we have for the polarization of the protons in reaction (B) with a polarized deuterium target 


(only <S> # 0) 
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4x Sp SS (4,p) Sp = n (np) 2 Re [(B*C) — (A*D)] + p2Re {[A* (E + Fcos4)] 4 (Bt (F + Ecos 6)}} 
— [np] 2 Re {{C* (E + F cos 6) + [D* (F+ E cos 6)}} + 12 Re {(pm) (C*D) +|C}? (pl) — (A*D) (pk) — (pky) (A*C)} 
+ m2 Re {(pl) (C*D) + | D ? (pm) — (B*C) (pk) — (B*D) (pk)} — k2 Re {F* [(pk,) (A + E) + (pk) (B + F)} 
— ko2 Re {E* [(pky) (A + £) + (pk) (B + F)}}, 
from which the correspondence with Eq. (19) can be seen. The analogous correspondence also remains 


valid for the tensor terms. Therefore we shall present only the expressions for the additions to the polari- 
zation of the deuterons in reaction (A). From Eqs. (5) and (18) we have 


4 {%/5 Bix Sp (1p) Sd Sa — Sp (6,p) Si DiSa} = (np) Im {2 [nity (CD*)+ hike (AC*) + hoikon (BD*)] + (Roslin + Bonk) [(AD*) 

+ (BC*)}} + (nike + neki) Im {(pk) [C* (A + 2E)] + (ko) ((AD*) + 2 (C*F)]+ (pl) (C*D)} + (nikon + nekoi) Im {(pk) [(BC*) 
+ 2(D*E)] + (pko) [D* (B+ 2F)] + (pm) (C*D)} + (pinn + nipe) Im {[C (E + F cos 6)*] + D(Ecos6 + F)* + (EF*)} 
+ Im (AE*) (qikte + qui) + Im (AF*) (qoikn -+ Rigor) + Im (BE*) (qikon + Roiqn) + Im (BF*) (qoion + Gonkoi)» (21) 


where 


(20) 


do = [Pky], q = [pk]. 


The expression for the term proportional to 63, is the same as Eq. (10’). 
3. As a final example we shall compare the expressions for the correlation of the polarizations of the 
protons (nucleons) in reaction (B), when the target is polarized, and for the changes in the cross-section 


for production of mesons by reaction (A) when both the beam and the target are polarized. By means of 
the formula 


(Gab) be = — (by); (a2b) (bp) = — (pb) Ye + é (4 [pb]) 

it is not hard to get for the correlation of the polarizations 
12s Ip” (6) ¢ (2b) (ap) > = 4% Sp Sé (42b) (6,p) Sp = (bp) {120 15” (6) —2[| AP +| BPP + 2Re(A*B) cos6 +) EP + /FP 
— 2 Re (EF*) cos 6]} + (n[pb]) 2 Re {[A* (C + F + Dcos6)] + [B* (C cos 6 + D — E)]} — (np) (nb) {|C 2+ | DP 
+ 4Re[C* (D + F) — (D*E)]}} — 2 (Kob) (kop) {| C ? sin? 6 —] E 2} — 2 (kb) (kp) {| D/? sin? — | F [?} + [(kb) (Kop) 


+ (kp) (Kob)] 2 Re ((E*F) — (C*D) sin*6] + [(pko) (bl) + (bko) (pl)] 2 Re (C°EZ) + [(pko) (bm) + (bk) (pm)] 2Re (C*F) 
+ [(pk) (bl) + (bk) (pl)] 2 Re (D*E) + [(pk) (bm) + (bk) (pm)] 2 Re (D*F), 


(22) 


where 
Sp = Sebo + (S9). 


The expression for I5p (0, y) is obtained from Eq. (22) by the interchange k = ky. Thus, just as for the 
other tensor quantities, it follows from the condition (1) that the study of all the components of the two 
quantities gives identical information, and for certain contractions, for example for < (G n) (6, n)>, a re- 
lation of the type of Eq. (12) holds. 

From a comparison of Eq. (22) with Eq. (17) it follows that the study of the correlation of the polariza- 
tions of the protons in reaction (B) gives even more extensive information that the study of the polariza- 
tion of the deuterons in reaction (A). 

All results so far obtained for reactions (A) and (B) transfer directly to the reactions 


n+pld+r°. (C.—D) 
Furthermore, isotopic invariance provides the possibility of setting up a connection between properties 
of the cross-sections of reactions (A—B) and (C —D), since, as is well known, 
Mp tpadtn) =I (n+ pod+>). (23) 


This relation is valid for the reaction cross-sections of both unpolarized?! and polarized” particles. For 
the case of interaction of polarized particles one can prove additional relations. The primary relation of 
this sort is of the form 

<a) ,1 (8) = 2 <ad 1)” (4), (24) 
the existence of which follows from Eqs. (23), (10), and (1). From Eq. (24), in virtue of the validity of 
Eq. (23) for the interaction of unpolarized particles, there follows the equality of the polarizations of the 


corresponding nucleons in the reactions d+ —n+p and d+ 7’ —-p + p. Similar equalities hold for the 
polarization of the deuterons and the correlation of the polarizations of the nucleons. 
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The existence of the condition (1) makes it evident from the very beginning that the total information 
obtainable from the study of the direct reaction coincides with the total information obtainable from one 
study of the inverse reaction. The results of the present paper show that for the binary reaction consid- 
ered there appear, in virtue of the condition (1), relations of the types of Eqs. (12) and (15) between the | 
azimuthal asymmetry and the polarization, similar to the relation between the unpolarized cross-sections. | 
On consideration of the tensor terms it turns out that for some contractions, for ecample <Dj,>njnx, rela- 
tions of the type of Eq. (12) remain valid, Taken as a whole, the study of all the components of the tensor | 
quantities in reactions (A) and (B) gives identical sets of information. | 

If in the expressions (5) and (6) one sets C = D = E = F = 0, leaving only the quantities A and B 
different from zero, the resulting formulas will relate to a process in which the interaction of two spin- 
less particles results in the formation of a spinless particle of the opposite parity and a particle with 
spin 1. As can be seen from Eq. (13), a relation of the type (15) remains valid in this case also. The ex- 
pression for the tensor <Dj,.> takes the form 


Ax (2/38:n — (Din >} Ip (8) =| A Pike + |B |? Roikor + Re (AB*) (Roiktn + Ronki). | 

The opposite case with A = B = 0 and C, D, E, and F different from zero corresponds to the conversion | 
of a scalar particle into a pseudoscalar particle in a reaction with a particle of spin 1. The symmetry 
properties (7’) do not hold in these cases. 

The present case of a binary reaction with the spins of the particles different in the initial and final 
states is a rather general one. The generalization of Wolfenstein’s theorem to the case of binary reactions 
in which the spins of the particles do not change (and the intrinsic parities of the particles are unchanged) 
is carried through without difficulty. For the simplest case, in which the values of the spins in the initial 
and final states are 0 and 1/2, the result follows at once from the fact that the transition amplitude can 
be put in the form 


M = a(6) + 6(6) (en), 
if the intrinsic parities of the spinless particles in the initial and final states are the same, and 
M = b, (8) (sk) + 62 (6) (sk,) 


(k, and k, are relative momenta) when, for example, in interacting with a nucleon ascalar particle turns 
into a pseudoscalar particle. 


For the case in which the spins of the particles are sy = s, = 1/2, for example for the reaction 


p+T2n-+ Hej, (E) 


the validity of the consequences of invariance under time reversal that have been established for the elas- 
tic scattering of nucleons by nucleons will be obvious if we show that in this case also the expression for 
the amplitude M does not differ from the case of elastic scattering. This last assertion can be proved 
either by requiring, instead of the invariance of M, the invariance of the matrix MM’, or by considera- 
tions like those of Wright!® on'the possible transitions in the reaction (E). Either of these procedures 
makes it possible to transfer the consequences of the time reversal from the elastic scattering to the 
case of binary reactions in which there is no change of the spins (and parities) of the particles. For 
binary reactions different from elastic scattering, in which the particles in the initial state are different 
from those in the final state, there is a peculiar “doubling” of the relations of the type of Eq. (2). 

The writer is grateful to Ia. A. Smorodinskii, S. M. Bilen’kii, and R. M. Ryndin for helpful discussions. 
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A description is given of results from a determination of electron density fluctuations obtained 
by measuring the “turbidity coefficient” of the ionosphere and the energy scattered at very 
high frequencies. The linear dimensions £ of inhomogeneities at ~ 80 km, which are effective 
in uhf scattering, were also determined. The formulas employed were based on an expression 
for the scattering cross section o which was obtained with the auto correlation coefficient 

p(r) ~ exp{— (r/ E)?} . The author concludes that when the ionosphere is sounded at frequencies 
below the critical frequency, the received signal comprises in addition to the “specularly” 
reflected wave also waves which are principally scattered forward and latter reflected at 
higher ionospheric levels. In oblique distant uhf transmission through the ionosphere scatter- 
ing from inhomogeneities of optimum size makes the largest contribution. 


1, INTRODUCTION 


Ir is known that one of the principal characteristics of the“calm” unperturbed ionosphere is its “statisti- 
cal inhomogeneity,” the mechanisms of which are still unknown.!»? It has been argued that turbulence and 
in some instances plasma oscillations and waves participate in these processes. However, all such dis- 
cussions are of a very tentative nature since the theory of the phenomena is still relatively undeveloped. 
There is also very little reliable experimental information available to serve as a basis for any theoret- 
ical model. 

Up to the present time the following parameters have been determined experimentally: 

1. The ranges of linear dimensions é, of the inhomogeneities, principally at altitudes z ~ 100 — 120 
km and % 250 —350 km. From experiments with vertical sounding of the ionosphere the most frequently 


encountered values are &é) ~ 200 —300 m. ae 
2. The ranges of random velocities v, of the inhomogeneities; the values vy ~ 1—3 m/sec have 


been obtained. 
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3. The horizontal drift velocities u; at z ~ 80—120 km w ~ 70 m/sec, and at z ~ 250 — 350 km 
Ug ~ 100 m/sec,* with 


and 
(duy/dz) 959 —500 km ~ 1 m/sec/km. 


4, The ranges of the angles @ of scattered waves, for which the values 0) ~ 2 — 5° were obtained 

5. The degree of turbulence of the ionosphere Be = ag/ Zan, which is the ratio between the energy of a 
specularly reflected wave and the total energy of scattered waves; the values Bo ~ 2 —4 were obtained. 

However, there has thus far been an absence of data on the fluctuations of electron density in the 
inhomogeneities, which are represented by the quantity (AN/N)2 = (6N)°. It is quite evident that without 
knowledge of 5N it is impossible to obtain a complete physical picture of the effects under discussion. 

In particular, it is not possible to make calculations for uhf transmission to great distances, which has 
attracted much attention in recent years. 

Some methods are described below for determining 6N and in some instances é, and the experimental 
values are given. 

It is shown that the previously accepted picture of scattering in the ionosphere must be changed in 
some instances. Thus the random oscillations detected in vertical sounding of the ionosphere below the 
critical frequency do not result from backward scattering (with 9 ~ 0), as has hitherto been supposed, 
but principally from forward scattered waves (@ ~ 0) which are subsequently reflected at higher iono- 
spheric levels. This produces, in particular, the narrow angular spread of the waves which is observed 
experimentally. In oblique distant uhf transmission inhomogeneities of optimum size are the most impor- 
tant factor in the scattering rather than the angle function sin~"(0/2) which is usually analyzed in the 
literature. Calculations and measurements are brought into agreement when this fact is taken into account. 

The discrepancy found in the literature between the experimental results and the calculations is also 
apparently a result of improper utilization of the various ionospheric parameters. 

When the entire set of the above-mentioned parameters is examined itis a striking fact that they change 
very little from the beginning of the ionosphere to the region of maximum ionization, despite the fact that 
the density of neutral particles and accordingly the mean free path changes by a factor of approximately 
10° — 10°, the electron concentration by 10— 104 and the temperature by 5 —7. It is therefore very impor- 
tant that further experiments should include a detailed investigation of the altitude dependence of these 
parameters. At the end of this paper certain “dimensional” formulas of the theory of turbulence are used 
to estimate the quantities under investigation. In a number of instances the estimates agree with the 
measurements, but for a number of reasons this is insufficient for the drawing of any conclusions. 


2. DEDUCTION AND ANALYSIS OF THEORETICAL FORMULAS 
(a) Effective Scattering Cross Section 


We assume that the inhomogeneous medium V is characterized by any irregular function Ae represent- 
ing the departure of the dielectric constant from its average value ¢, and that the linear dimensions of V 
are large compared with the scale € of an inhomogeneity.+ Then the complex energy density of the secondary 
field of volume dipoles excited by the incident wave Ey exp {i(wt — kRy)} is at the point of observation 


cVe BS 


: ne Fog sin b-sing’ 
fe (EO = SEE ef (hey (ae eae 


ae exp {— ik [(R — R’) + (Rp — Ro) ]} dVaV’, (1) 


where the notation can be understood from Fig. 1, k = 27/), primes denote the values of quantities at the 
point P’ located a distance r from the point P, and asterisks denote complex conjugates. 
Equation (1) is usually calculated as follows, We separate in the double integral 


\ (Ac) (Ac’)*dV = (Ac) (Ae’)’, (2) 
V 
*The largest inhomogeneities with velocities uy ~ 200 —300 m/sec are evidently to be observed when 
the ionosphere is in a perturbed state, 
tOf course, « can itself be a function of position in the medium. 
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which is the autocorrelation function of Ac. Since for the ionosphere a good approximation of the correla- 
tion Costngicnt, especially according to experimental data on short waves,! is given by p(r) ~ exp 
(—r*/é), Eq. (2) can be written as 


( (As) (Ae’)"dV = V Aste", Kea ~;\ (Ac) 2dV. (3) 


When (3) is substituted in (1) we find that the integrand in 
(1) decreases rapidly, so that the integral is effectively con- 
tained within distances r amounting to a few lengths é. 

6 Therefore, since R and Ry are usually considerably 
greater than é, it can be assumed that the factor 


Seis 


E,Eosin 9 sin 0’/ RR’ = Ejsin? ¥ / R? 


in the integrand is almost unchanged within a radius of a 

Be eepitring Receiving few £, so that it can be removed from under the integral sign, 

posnt point after which the limits of integration can be extended to infin- 

ity. The calculation of the effective part of the energy Py, 

[the real part of (1)] at the receiving point gives after a few 

transformations 
ale wey VAe2 

Lhd Art Rane\ ne Atm Pm 


C Ae 

Ocean aie? mus ) 

3h sin (072) \ e rsin (2e sin 5 \rdr. 
(4) 


FIG. 1. The geometry underlying the 


; ; : f th 
ealculation oi the scattering cross séction: If we now introduce the scattering cross section of the 


medium, defined as the ratio of the energy Pg scattered by 
unit volume into unit solid angle to the energy pg of the incident wave, i.e., assuming 


Ps/ Po= so, (5) 
with 
Po=cV ¢ ER/4n, P,= RK? \P.dV, 


using for the ionosphere the formula 
e= 1 —4nNe?/ma? = 1 — oj, 


and assuming (AN/N)2 = (6N)2, we obtain from (4)* 


o = (3N)? eae ) sin? ) exp i = sin + ; (6) 


We must point out here that the deduction of (6) is evidently based on the assumption that all of the 
physical characteristics of the problem are contained in o. Therefore, when the autocorrelation function 
is known from experiment and a rigorous solution based on the actual mechanism has not been obtained, 
the accuracy of the calculation of the scattered energy depends on the accuracy of the approximation for 


the autocorrelation coefficient. 
An examination of (6) shows that when £/A $ 1 energy is scattered predominantly at the angle given by 
sin (0/2) ~A/ 2Qré. (7) 


Thus when forward-scattered waves, for which 6 ~ 0, can reach the receiving point the field energy at the 
point of reception is determined mainly by scattering from the largest inhomogeneities in the medium, in 
which case the smallest possible value of the angular range is obtained. In lateral scattering, when waves 
can be received only in a definite given direction 6 the optimum size of the inhomogeneities, scattering 
from which provides the largest part of the received energy, is determined by the equation do [Ore=20; 


which gives 
*Equation (6) differs from the corresponding formula derived by Pekeris,® which was subsequently 
used by Booker and Gordon! because in these two references p(r) ~ e~*/8 (see also footnote marked* 


on page 174). 
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bm = (V3 /2Vi2 =) A/sin (6/2). (7a) 


Furthermore, if we remember that the fluctuations of electron density AN must increase with N so 
that 6N* does not vary much as N changes, we obtain o ~ wy ~ N?, Therefore if the range of sizes of 
inhomogeneities is identical in different ionospheric regions the scattered 
Maximum (2) energy increases in proportion to N’. 
We shall now for two kinds of experiments consider what possibilities 
exist for determining the parameters of the ionosphere from measurements 
of the energy in scattered waves. 


Reflecting level 


(b) Vertical Sounding of The Ionosphere 


We shall assume as a basic fact that in vertical sounding of a “calm 
ionosphere”! the angular spread of the received waves is narrow. The calcula- 
tions are considerably simplified as a result. Indeed, an element of the scat- 
tering volume can be taken to be dV * 1(z6)/2) "dz so that the received energy 
at the observation point is ¥ 

2 
P,= \ posdV = ts ( pos22dz = S) aa. (8) 
\Y 2o 
where zp) and z, are, respectively, the heights of the beginning of the layer 
and the point of wave reflection with « = 0 ( wy = 1) (Fig. 2). If the dependence 
ofthe electron concentration is given by a parabolic curve, which is often in good 
agreement with experiment especially for a “quiet ionosphere,” we have 


4 


FIG, 2. The geometry 
for the calculation of the 
energy scattered during 
vertical sounding of the 


ionosphere, 2 2 : Gasca 


N ®¢ 
N (2)~ a Ze 


(9) 
z= z[l-+a(l—m)], «= 2m/%, tM =VI—(o/a)=V1—(w/\) > 


where z,, is the half-thickness of the parabolic layer and w, is its critical frequency. 

We now assume on the basis of the foregoing considerations that 6) ~ A/2mé [see (7)], that is, we shall 
take into account only a forward beam, since &) > A. If 69 is almost constant over the entire path of the 
wave the exponential term in (6)* is everywhere of the order e !. Furthermore, since damping is neg- 
lected here, po = yf 4nz? ( P, is the radiating power of the source) and the energy of a specularly re- 
flected wave is given by aj = P;/16mz%.. We have finally 


S02 : aVian a8 Zo [1+« (1—m:)] 2m +2 —2\97 dz 
e007 Tn St t1—m,) \ any [i— (2) e (10) 
or after calculations in which (6N)* is taken outside of the integral sign we obtain 


at nett uy (11) 
Suk ye mV by ZmA2 (a + 1 — m,)? BEM (a, m,) : 


Zo 


where f , 
M = pe {hac (a + 1) («+ 2) +2 (1 — mo) (+ 1) (2 +2) 
(12) 
2 {os = 
— 5 (1m)? («+ 8) + P| — da at 1) (# + 2)In(1 + ="), 

Thus when the values of the parameters in (11) are known it is possible to determine experimentally the 
fluctuations of electron density in the reflecting region of the ionosphere. Since (10) depends principally 
on the upper limit of z,, 6N frequently characterizes a region of relatively small thickness Az adjacent 
to the point z,. 

It must be kept in mind that here as throughout this paper the dependence of wavelength on height is 
not taken into account. This will be done in a separate paper. 


*For waves scattered backward we obtain under actual conditions ~ e~4°—e-*9 that is, negligibly small 
values of Py. 

{We note that for real ionospheric parameters (12) is the difference between two approximately equal 
quantities, so that the numerical work must be very accurate. 
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When scattered waves are received at the angle @ to the incident wave at frequencies for which the 
ionosphere is transparent, and especially at very high frequencies, the energy Py at the observation point 
is calculated as follows. In such experiments directional antennas are usually employed. When the receiv- 
ing and transmitting antennas have identical directional characteristics fia; Y) (where q@ and y are angles 
measured in the vertical and horizontal planes, respectively) and their maxima are in the direction of the 
midpoint of the scattering region (Fig. 3), the received energy P, scattered by an elementary volume dV 
is 
Prgolf(a, yi? ) A’ 
AP, = op, AQ,dV = 6 |__| “o q 

Po r S | 4nR? R? V, (13) 
where AQ, Aj/ R is the solid angle of reception of the antenna, Ay = A*g)/4m is the cross section, Zo 
= 4n/ftfl (a, y)!?d@ is its maximum gain and 


Po = PrGo|f (#1) |? / 4a Ro- 


Integrating over the entire volume (over the angles @ and 
y of the transmitting point and the angles a’ and y’ of the 
receiving point) we obtain 

ie ke ld Ceo alld CARI 
Pr = coe (\\ | FC ae YI dV. (14) 
ay R 

It can easily be seen that (14) is a generalization of the 
so-called radar formula. Equation (14) can be integrated 
only under certain simplifications which in practice, how- 
ever, satisfy the accuracy requirements of such experiments. 

It is customary in such calculations to move the antenna 
directivity functions outside of the integral sign and, depend- 
ing on their location with respect to the scattering region go, 
to replace them with the effective antenna gain g = 47A/2? 
(or effective area A) which is calculated for a given antenna. 
Also, when the angles of radiation of the antennas are small 
the integrand is determined principally by the dependence of 
all quantities on z, so that in the integrand we can write the 
values of 6, Ry and R along the line 00’, which is the axis 
of symmetry of the scattering volume, we can assume that 


FIG. 3. The geometry for the calcula- 
tion of the energy scattered in oblique 


. Roda dz = 2a 
BECO BEEOO MK la Bliohwadaty A)? he ie. WV = Fn @y Rocosedt =» Ro~R= crap 


and take 6)/2 ~ a@ (neglecting the spherical shape of the earth). As a result, instead of (14) we obtain 


PY gr2 G CC o(z, ae 15 
B, = $e NS) Se? sina cos a da dy dz (15) 
Yi %1 2 
or : 
PS 272 c PEE NG ; “6 (z) 
pina same (ta — 11) \ exp ea ai ) sin? oh dsinta\ sr az, (16) 


where 74, Yo, @4, @, characterize the angular direction of the effective radiation patterns of antennas that 
radiate into the scattering region and 
3 (2) = (8N)? (oy /@)* (Ve / 82) (2x8 / 2)? 
It is easily seen that the integral over z in (16) can be expressed through the integral in (10) which 
was calculated above. Therefore, assuming that z, = Zp) and 2, = Z) + 2Z,,, we have 
i 2 OVE (ey) sane { __ ( ambsinay \2) __ j_ (2n6 sin ap \?)_ (17) 
fe af (28) Eta ewe mae {—( ESE) ene (SEY 
We note that in the calculation of (16) it was assumed that &§/X is independent of z. 


The derivation of (17) is based on the inherent assumption that the region which is irradiated by the 
antennas is quite extensive in height and that the waves scattered by the region as a whole make a con- 
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siderable contribution to the field at the receiving point. Such conditions regarding the magnitude of 

Z_— Z, are realized, for example, in connection with short waves. But is not known whether the entire 

ionosphere then participates in the scattering. For a number of 

reasons it can be assumed that this is not the case, and the en- 

ergy can be calculated more simply by taking the effective scat- 

tering region to be very thin. Such conditions are undoubtedly 

82 realized in the case of very short waves. The solid angles of 
radiation of the antennas used in these experiments are indeed 
very small, as are the dimensions of V, so that we can take 


6, AZ 


FIG. 4. The geometry underlying o ~ const, Ro ~ R and then write (see Fig. 4) 
oer ey calculations at ultra high fre- R2AQ R22 
quencies. ee sin(O) 2) 6. cel sink) 2 


which by utilizing (14) gives 


Ie. > Va N\* / 2ré \3 Ahz Qné () | 
aN)2 J ; aes 
PRT Baie, & (5 R? sin (0 / 2) exp | ( ee r) (18) 


\ 


It is easily seen that (18) enables us to determine 5N and é. Thus, for example, when P,, is measured 
at different distances and fixed frequencies subject to the assumption that under the experimental condi- 
tions (6N)?, ( wn/w) and remain unchanged, we obtain for the ratio of the energies at different points 


(Pe RE sin (0, / 2) es ate eR: vinci Oe 
Ph = Be sin (Gy) SFP {— Fe (sin? — sin? t)} (19) 


in which only & is unknown. It is similarly possible to determine from measurements of P for differ- 
ent frequencies at a single point. Furthermore, from a knowledge of é and the other parameters of the 
ionosphere which characterize the experiments (6N)? can be determined from (18) by measuring P, at 
different distances and frequencies. 

A corresponding analysis of the experimental results is given below. 


3. ANALYSIS OF THE EXPERIMENTAL RESULTS. VALUES OF 6N AND & 
(a) Vertical Sounding of the Ionosphere 


The method described in Refs. 1 and 6 has been used to determine the coefficient of turbidity 8 under 
various conditions. A complete analysis of the data would proceed as follows. For each value of £,, 5Ng 
must be calculated from (11), using in each instance the indi- 
vidual values of Zo, Z,,, w, We and €.. It is thus possible to ob- 
tain distribution curves and the dependence of 6N on height and 
to investigate their variation under different conditions. Such a 
detailed treatment of the experimental results will be the subject 
of a special paper. Here we are primarily interested in deter- 
mining 6N from the measurements of 8. For this purpose we 
shall make use of the theoretical curves of {82 (6N)*} (Figs. 
5,6) which were calculated according to (11) and (12) fora 
number of characteristic parameters of the different iono- 
spheric regions, and we shall also use all of the measurements 
of B (Fig. 7). 


FIG. 5. Theoretical dependence of (f)5N)* on A,/d for the F 
layer of the ionosphere with &) = 200 m and Zp) = 250 km. Curves 
1 and 2 correspond to z,, = 100 km and Ac = 50 m and 25 m; 
curves 3 and 4 correspond to zy, = 200 km and the same values 
of Ac. 


SS 
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The distribution curve of B in Fig. 7 was plotted from extensive 
diurnal and seasonal measurements for the F, region of the iono- 
sphere (z ~ 250 —400 km). These data correspond mainly to condi- 
tions under which w was (0.8 —0.9) We and doublets of magnetically 
split signals were observed, so that the experimental results were of 
the required clarity. Fig. 7 shows that most frequency By) ~ 2—4 so 
that, taking £ = 300 m, we obtain from the curves of Fig. 5 


8N ~ (0.3—1)-107 


(20) 


and similarly for the E region 
(z ~ 100 —130 km) 


ON oe (oe 4102. (207) 


(b) Measurements at Very High 
Frequencies 


No. of events 


ag 10 ce 
ES 2h 4 6 8 0) 12 


FIG. 6. Theoretical depend- Z 
ence of (Bp 6N)? oi MR rOruthie FIG. 7. Distribution of 
E layer of the ionosphere with values of the turbidity 
Ey = 200 m and zy = 110 km. coefficient 8. 

Curves 1 and 2 correspond to 


The experimental results at 
very high frequencies are collected 
in Table 1, The measurements 
were made at noon when the 
“ionospheric” field component due 


Zm, = 10 km and A, = 100 m and to scattering clearly exceeds the pine component, 
75 m; curves 3 and 4 correspond From the tabulated data we obtain by means of (19) 
to Zy = 20 km and the same val- —€=6.2m; 6.9m; 8.0m; 4.8 m; 5.6 m. (21) 
ues of A,. 
The theoretical optimum values of Em are [see (7a)] 
om 7 LO m3'5-8 m5 2.7 an: (22) 

Thus from experiment and calculation we obtain as an average 

é56m. (23) 


TABLE I. Measurements at various frequencies f and 
distances d. 


f = 49.8 Mc (Fig. 16 of Ref. 7) 


d, = 491 km 0,, = 19° (P,),:(P,), = 4.8 and 7.6 
d, =592 ” 0,, = 16.4° (Pp) :(P,)y = 53 
d,=811 ” 6, = 13° 


d = 1243 km (Fig. 19 of Ref. 7) 


f, = 27.775 Mc A, = 10.8 m (P,), :(P,), = 69.(50) 
49.8 ot. 4, =6m (P,), :(P,),; = 1580.(2240) 
(Rea Ce aes A, = 2.78 m 
d = 1243 km (Figs. 8, 9 of Ref. 7) 
fi: = 27.775 Mc E = 28 db (34.5 — db) (P,),-= 2.7 x 107° w 
fp=49.8 ” Bani 16 ”) (P,), = 2.1 x 10 : 
f,=107.8 ” Pee (12-15%), op ni 2 LO 


(In db above | pV; 1 pV corresponds to 4.2 x 107° w). 


Since the scattering of very short 
waves during the day takes place at 
z & 80 km,® our results suggest the pres- 
ence at this level of inhomogeneous 
blobs of electrons a few meters in extent, 
which are able to scatter such wave- 
lengths. If it is assumed, furthermore, 
on the basis of various experimental 
findings, that at this altitude N * 5 
x 10” and we select Az © 10 km, it fol- 
lows directly from Table 1 [see (18)] that 


oN ~(0.1 + 1.3)-10%, (24) 


which is close to the values calculated 
above for the highest altitudes. 

These results are evidently in agree- 
ment with the foregoing hypothesis that 
the principal factor which affects scat- 
tering is the size of the inhomogeneities 
and that a wave “selects” a region con- 
taining the optimum size. This may fur- 


nish an explanation of the fact that in the experiments with very short waves scattering occurred ina 
lower part of the ionosphere rather than at 100 —110 km, to which height most of the energy was radiated. 
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If this explanation is not accepted and, as in Ref. 9, we take = 200 m, we must still account for the fact 
mentioned above and also explain why very short waves are not scattered mainly at still higher altitudes 
where the inhomogeneity size is & ~ 200 —300 m with the electron concentration increasing by a factor 
of about 10°, so that the scattered energy should increase by 108 * 

For the purpose of clearing up these questions it would be particularly interesting to perform similar 
investigations with short waves, accompanied by measurements of the scattering altitude and by altitude 
sounding of the ionosphere in a range including low frequencies and providing the needed information 
concerning N(z). Such complete experiments could, in particular, furnish very important information 
concerning the relation between inhomogeneity size and altitude. 


4, CONCLUSIONS 


It is well to take note of a number of relationships observed in the present work as well as of previ- 
ously known facts which can be of importance for theoretical investigations of the mechanisms involved 
in the statistical inhomogeneities of the ionosphere. 

First, it is well known that from the bottom of the ionosphere (z ~ 80 km) to the height of maximum 
ionization (z ~ 350 —400 km) the electron concentration N changes by a factor of 10° "1043 and that the 
density of neutral particles and the corresponding mean free path changes by 105 — 10°, while the tempera- 
ture changes by a factor of 7 to 8. Also, according to the data obtained here the fluctuations of the elec- 
tron density 6N as well as the known values of inhomogeneity size ) and random velocity vo evidently 
change very little with height.f This is a striking fact which at first glance seems incomprehensible. 

Secondly, in vertical sounding of the ionosphere, when the transmitting and receiving points coincide, 
most of the received field must result from scattering by the largest inhomogeneities. Therefore the 
most frequent experimental values  ~ 200 — 300 m for heights of 100 — 300 km and higher must be char- 
acteristic of the largest inhomogeneities. In addition, estimates of the sizes of small-scale eddies, plasma 
wavelengths, and the mean free path lead to the conclusion that inhomogeneity sizes of 200 — 300 m would 
be “forbidden” above 200 — 250 km, which is also unexpected and difficult to understand. 

Further, the velocity ug of horizontal drift in the ionosphere between z ~ 80 —130 km and z ~ 300 km 
evidently changes from uy ~ 70 m/sec to ~ 100 m/sec. The velocity gradients duy/dz at these altitudes 
are, respectively, about + 3.4 m/sec per km and + 1 m/sec per km, and if their values were of the same 
order of magnitude over the entire range of heights, then at z ~ 300 km uy would be 400 —500 m/sec or 
greater, which does not correspond to reality. It is thus suggested that the velocity gradient has the in- 
dicated values only in limited altitude ranges, i.e., there are very narrow local regions with active wind 
development and large gradients together with extensive relatively windless regions, or that the sign of 
duy/dz changes with altitude. If such conditions exist in the ionosphere the retardation at the “walls” of 
these regions could under certain circumstances result in turbulent streams of particles. 

If thus appears that at the present time the picture of these effects is complicated and obscure. We 
still have no theoretical basis for a profound analysis using definite mechanisms. Since, however, there 
exists a certain tendency, just as in the case of other similar phenomena, to ascribe these effects to tur- 
bulence, we shall briefly summarize estimates based on formulas derived in the theory of turbulence from 
similarity considerations.’ 

It must first of all be understood that the utilization of formulas from the theory of turbulence for the 


*We note here that in Refs. 9 and 10, in addition to the unjustified choice é ~ 200 m, values of N ~ 2 
—5 x 104 are used, which correspond to the electron concentration of the E or sporadic E layer, 
although the experiments themselves yield values of Z below the heights of E and Egporadic: Lt is also 
appropriate to point out that when € is determined from the experimental data by the method described in 
this section and the Booker-Gordon formula?, imaginary values of € are obtained. We recall also that the 
formula for the autocorrelation coefficient p(r) ~ e—r/é which is the basis for the deduction of o in Refs. 
3 and 4 is known to lead to fundamental contradictions because of the finite value of the derivative dp/dr 
at r = 0, with a corresponding discontinuity of the dielectric constant at this point. 

tIt must be remembered that in all of the papers in which £&9, vo, and By were determined the altitude 
dependence of wavelength in the ionosphere was not taken into account. A proper review of these values 
would require some modification of the familiar methods of determining these quantities. It is not known 
what changes would result. The auther is now investigating these questions. 


| 
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purpose of calculating the properties of inhomogeneous blobs of electrons is in itself not legitimate. These 
formulas were derived for media consisting of neutral particles so that without a special analysis they can 
certainly not be applied, especially to calculations for a highly rarefied plasma. This problem can only be 
solved by a study of electron motion in a turbulent flow; thus far this has not been done. 

It is known that the microscale Lg and velocity change Aug of eddies are given by 


Ls=L/Re~, Aus = Au,/Re-, (25) 


where Re = AupL)/v is the Reynolds number, Lo is the thickness and Auy is the change in laminar velo- 
city of the turbulent flow, and v is the kinematic viscosity. 
We can also add the formula 


2 
(Ns)? = Aus /Um , 


me (26) 
which is obtained for homogeneous isotropic turbulent flow based on 


Mp ea (Au;)?, (27) 


where Apg represents the pressure fluctuation of the inhomogeneities, p is the density of the medium and 
ve is the root mean square particle velocity; it is assumed that Ap,/p ~ Ap,/p ~ AN,/N = 6Ng. 

We now assume that Ly is commensurate withthe thicknesses of the layers and that Aug has two possi- 
ble values: the first of these values corresponds to the velocity up of horizontal drift, and the second to 
the assumed change in ug given by Au = (dug/dz) Az. Then from (25) and (26) there are obtained the val- 
ues of Lg, Au, and 6N, listed in Table 2. 

Table 2 shows, first, that the Reynolds number is generally quite large; this is usually a criterion of 
turbulence. But it is not known whether this criterion is valid for the ionosphere and what is “large” in 
this instance. It is therefore hardly possible to draw any conclusions from these values. 

Secondly, up to the height z ~ 200 km the values of L, and Au, corresponding to the minimum (!) 
size of small-scale inhomogeneities are close to the experimental values of £) and vo, but at greater 
heights there is strong divergence. 


And, finally, the electron density fluctuations (5N,)° 


TABLE II are everywhere approximately 103 — 104 times smaller 
than the experimental values obtained above. If, however, 
ae cole o| m 2 it is assumed that the change of electron density | AN,| 
Re dee er ise] Oh tot Ss he, fon AN dz! Lg, thus resulting from the altitude gradient 
y ous e of the electron density, there is obtained for all heights 
80} 400 | 5 |} 70} 4-405 355 4 6 (3N),= | AN, | /N ~ (1 +3) 10°, 
400 | 5 | 18} 2-103 2.6 15 0.8 
ae es 2 ae ag i eae : which is in close agreement with the results obtained above. 
200} 1000 } 30 ne ee ie ee ; It must again be emphasized that although estimates of 
300 io ae 200/ 10—80 | 70—100 | (4—48)-103 | 40 the ionospheric parameters based on turbulence concepts 
4300 |100} 400 70 30-108 | 90 are in some instances consistent with other data, any 
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conclusions based on this fact would be premature. 
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The excitation of rotational levels in the a-decay of non-spherical odd nuclei is considered. 


As is well known, every odd nucleus is characterized by an angular momentum number K that is dif- 
ferent from zero. For this reason the system formed upon a-decay of a nucleus — the daughter nucleus 
plus an a-particle — is characterized not only by the total energy of decay, E, but also by the total 
angular momentum, K, and its projection on a fixed axis, K,. On the other hand, the spectrum of emitted 
particles cannot depend on the orientation of the total system in space. For this reason, without loss of 
generality, we can set K, = K. Thus we obtain for the wave function of the daughter nucleus plus a-parti- 
cle system the following equations: 


VY — A [p—A(A+ 1] ¥+ SG (E—U)¥=0, KP=K(K+1)¥, KY=KY. (1) 


Here { is the operator for the angular momentum of the daughter nucleus, A is the projection of the an- 
gular momentum of the daughter nucleus on its axis of symmetry, I is the moment of inertia of the 
nucleus, m is the reduced mass, and U is the potential energy of the electrostatic interaction of the 
a-particle with the nucleus. The angular momentum of the daughter nucleus can be expressed in terms 
of the total angular momentum K and the orbital angular momentum of the a-particle, 1, through the 
equation: 


2m 


j= (K —1)? = K?— 2K +P. 


It is convenient to solve Eq. (1) in a system of coordinates rotating with the nucleus, Introducing into 
this system the spherical coordinates of the a-particle, namely r, p= cos 3, and g, and likewise the 
Euler angles v = cos @, and ¢, which determine the orientation of the rotating axes relative to the 
stationary ones, we obtain the following expressions for the momentum operators that interest us:! 


Ke < (i) =| mae +77 {a é as 4 — a(A—igc): 
IK=VYi-v a coor TA Fas —(VI-" COS 9: Z + SS sin 9 _ (2) 
Sa Eee + eine gl Neti Pate OS aie 
eer eee 


We will look for a particular solution to (1) which, at large distances, describes an a-particle with mo- 
mentum {f, leaving the nucleus, and a daughter nucleus in an angular momentum state j. This has the 
form 


Pi (A b, ©, vs >) = Nj he" j, (», u, 0) er” 1242, ae (3) 


The factor eiK¢ Yjg represents the angular part of the wave function and, therefore, satisfies the equations 


KK ¥ = K (K+ lez, P¥p=LL+ 1) Vy, Me¥ 2 = (K(K + 1)— 774 ELE De2¥ x. (A) 


The solutions of Rien (4) have the form 


Yin(v ws 2) = Di Am(L + yieeatme (1 —yie—a—mape (weine, ph (p) = YW C=O pe (uy); 
(1 = 2ym|2 gitm (u2— 4)! (5) 
P > >i ea 
The constants Ie are determined from the recursion relations 
i(K—A—m+1)V(l+m)((—m+ 1B) Ah, —(K(K + 1) —iGG +1) +10 + 1) — 2m (A+ my Al! 
K+ Atm 0 VTERUESED Alle, <0) (6) 
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The normalization for the angular functions 
ae - ae Sie 92K+1 4 ne 
Nn=\l¥a, Ys ET oy emea gy Tae D(K + A + m)'(K — Am)! Allie (7) 
is introduced into Eq. (3) for convenience. 
It is reasonable that o should not depend on the angular variables py, y, v at large r. Substituting (3) 


in the first of the equations (1), and taking into consideration (2) and (4), we get 


Vale t5etsei|+(e+ Va ee i ee ee 
Oo 


yi | (90 \2 oY 5 Ba m SS, Ee Oc do 0?o OY 1 Ac OY i, Ac 
+ Yale) + te ee se erala eae rae nie [Yin (e a + aoe es a a ney | 


ie ds Oc 026 OM a Be Ova a 4 pee ao 
—_— COS oO. |); (; Ine il i jl do iK ee 5 We. 
Ve >| "\a9 “av tiem) + ee ea |) 4 ik V1 — cos ¢ Yung, 


e 3 Os v === { do 0 e oY, OY 5, ac) 
-t Sinvous 7, 4 PeOen : [ Cae o | ( jilimeee ; Oo jl Oo | 
Vir we vipat | Vi—w y herafhscls [Vit ap du 090 | - Opa Hy aut Oneal 


tee sine Wu) +a] + 2 SE + av) Ih — [ra (BY +33] + 2G + arn) 
Se 0) — gt vas hyp =o. (8) 


r2 


We will express the quasi classical expansion for o(r, p, gy, v) in the form o = 0_1 + 09 + 0, +...3 we 
then get an infinite set of equations for the successive approximations O_4, %, Oy,... The solution of 
these equations is made easier in the case of a slightly non-spherical daughter nucleus. In this case the 
equation of the surface of the nucleus is represented conveniently in the form 


R(p) = Ro + E(p) = Ro {1 Bane h (»)t (9) 


The quantities o_,, 0) and oj... are expanded in series in powers of é: 

a4 eo ee Ls Greig eh See Ie » Cp =e OS eos 
etc. The electrostatic potential produced by the daughter nucleus is easily calculated in terms of an 
analogous series. As a result we get 


r 
a 


j ERY Re Sar n c R, \n+1 d 
ai Vides = — nV, = Fad Det Paw (BY EL. oe 
aj x M 
Here 
kj = V #2 — GR, /1 1+ 1)/f, = 4mZe/WRyy B= me /w, ee; = E —(#?/ 21/7 G+ 1)—A(AG ID. 
The turning point of aig is determined by the equation 
i (aj) = #2 — GR, fap —L(l + 1)/a% =0. 


The formulae (10) are valid also at r < ai0 if it is kept in mind that in this region 


Reig =i VIALS (inte Re eee 
Further terms of the double series for the function o (r, p, y, Vv) are sufficiently small to be neglected, 
Introducing (10) into(32)and examining the behavior as r ~ © it is seen that the corresponding flux 
through the closed sphere does not depend on j and £, Therefore, if we express the wave function in the 
form VW =2 cig; g» then the relative probability of exciting a rotational level with angular momentum j, 
jz 


accompanying the emission of the a-particle with angular momentum f£, is expressible as wip = | cj¢l?, 
and the total probability of exciting a level with angular momentum j will be Wig = a Qe 


The coefficients cig can be expressed in terms of the values of the wave function at the surface of the 
nucleus W,(p, p» Y, $). Thus we get, in the required approximation, 
eee 
3!) (S) = a!) (Ro) |joa, 1-0 — *ao (Ro) & + Li G+ I -A(AF DI4+— L(+ Ds 


1 
GE (5) "Ar (Rollins, tao; 00 (S) = a (RyVljon, roo. (11) 


In these equations 


do) 
WG = 2 ———_ (Ro) 


1 2% 
Oj (j +1) 


2 R — 
x, Ro x R : R 
t 2 Fie, 6 nt 2 
Te ( rs are g Te + x | {1 2 al (L -- 1) ( o) jahade x? 0 


j=A, l=0 
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; (12 
bak = Ve, cz xno(R) = V O—# - ) 
Substituting (11) into (3) and keeping in mind Eq. (10) we get 
V « Roexp{—o2}| + x — 9) |} Fs, o % 6) 
= Senexp\— G+) —A(AF I+ + Dh Nhe oY (v, 1, 9). (13) 
Ht ! 


The vertical lines to the right of quantities in the equation have the meaning that they should be taken 
at r= Ro, j= A, and£= 0. As is seen, Eqs. (10), (9), (4), and (2), show that the function Vg is not com- 
pletely arbitrary, but satisfies the equations 


K°Fs=K(K+1)¥s, Ke¥s=KY (14) 
and therefore has the form 
Hs (ts ev 6) = elds (v, ph, @), Ys (Ye HO) = Dy Xm (ue) (1 + yiKtAbmI!2 (1 — y)(K—Amm iB gia, (15) 


This result does not depend on the approximations made, but follows strictly from Eqs. (9), (2), and 
the two last equations of (1). Using the orthogonality of the functions Yjg, and likewise (7) and (5), and 
normalizing the probability by the condition w, = 1, we finally obtain 


a2i+41  _. ut xe—o) |, 2 
ate yt i(t-+1) |S se a igh aaah 


ow; = oe TiAD—AGH)] te 1i=K I! = eV {UU+)-AATHI 
ea A-+K 
PTO 6 ces eae) 2 
ate yp UL+1) | ase" “aly dvdude | 
l=|A—K| Al 
re Diet (141) C a aly a 
=e 1 ;]* oa ee 
A eS all KEM! (KAM! | glade pu) ds 
te J Sst ‘ 
Sil a , S (16) 


-++K 
» 2l+-1 —y, \t+1) 
as, é 

f= ee Al 


xE—o) 
>) AM (K-+-A-+m)! (K—A—m)! | senile “1 Py (u) du 
m 1 


where 
Si = (KF A+ m)\(K —A—_m)!| All’. 


Further simplifications can be made if it is assumed that, immediately after the emission of the a-par- 
ticle, the direction of the axis of the daughter nucleus is the same as the direction of the axis of the 
mother nucleus just before the decay. The rotational wave function of the mother nucleus has the form 


eiKo(] L y)(K+Ae)I2 (1 —y)(K-Ad)l2, 


where. Ay is the projection of the angular momentum of the mother nucleus on the axis of symmetry of the 
nucleus. In the absence of dispersion of the direction of the axis of the daughter nucleus relative to the 
original direction of the axis of the mother nucleus, only the term m’ = Ay—A in the sum appearing in 
Eq. (15) will be different from zero.* Introducing, in analogy to the case of even even nuclei,” the nota- 
tion XAo — (wv) = Y(S) and substituting into (16), we get 


i+K All |? 1 4) 2 
AoA I vp E (41) xé—olt Z 
> Pee a cee oe a \ W (S)e 11 yas Madd 
—yj (i+) —A (A+) t= li=KI Mt Sa c 
ij ea A-K te 1 3° (17) 
- | Anal vr, tcty eo ee 
> (Ctr) ES sa ¥ (S) e phe (u) du 
l=|A-K| a pha 


Especially intense are the so-called favored transitions,’ i.e., transitions with A =Ao=K. For such tran- 
sitions it is natural, analogously to the case in even even nuclei,” to assume W(S) = const. It is easy to see 
that in favored transitions the sums in Eqs. (5) and (7) do not have terms with positive m. Substituting 


*The assumption that has beem made has no analogue in the case of even even nuclei.” In that case, 
owing to the complete spherical symmetry of the state with zero angular momentum, the wave function 
does not depend on the Eulerian angles, and the question of the influence of possible dispersion of the di- 
rection of the axis has no meaning. The validity of this assumption is examined below. 
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je igen | J : : pee . 
AL| m| = 2 mp changing signs, and keeping in mind that in heavy nuclei the most important is the quad- 
rupole deformation & = Ry QyPo(u), we get ; 

2 


i+-k 


1 
2 1 ees 
1 a, vy)! (t4a) | 01 p, nye 
w, = evi UA) KK) tet i-K) 0 
: 2K DY 1 2 ? (18) 
ee oot Ea) \ 8s (4) P, (u) du 
ORE 
in which ie sr. ; 
min { i} 
Si= >) m! (2K —m)!| aii p; i (m+ 1)V(l—m) (0 m+ 1) dey —(K(K +1) —fGG 41) 41041) 
m=0 
+ 2m(K — m)} al, —i (2K —m+1)V +m (—m- I afl_, =0; al! = 1. (19) 


The primed summation sign in Eq. (18) means that the summation should be carried out only over the 
values of the orbital angular momentum 2. Just as in the previous work,” we have 


pe [ani A) Mele 


2 
2x5, 


The deformation a» was calculated from the experimental values of Wi4 1 for three odd nuclei with 
K = 5/2. The deformations calculated according to ( 18) are presented in Table I .along with the quadru- 
pole moments, Q) = 6/5 ZR} p10". The results in the table differ but little from the corresponding 
values in neighboring even even nuclei.” 

The assumption made above concerning the absence of “rocking” of 


TABLE I the axis of the nucleus at the instant of a emission can apparently be 
checked experimentally. In fact, from formula (17) it is easy to see that 
Xe Q, syn ayn 

po eR ae eee Wj /Wjr = (Sjn/Sp)exp{— GWG +) —F (+ YU, (20) 

where, for favored transitions, the sums Sj g are normalized according 

Th229 0.25 0.24 40 47 to Eq. (19). In the case of K = 5/2, formula (20) gives, in particular * 

Np?8? 0.20 0,16 Spe 

Np239 0.48 0.15 a. 48 Wojo,0 | Wrja2 = (7/20)e °F . (21) 


In the case of the three nuclei mentioned above, this quantity practically 
coincides with wo /2/W4 /2» Since, according to (18), the calculated contribution 
TABLE I of a-particles with momentum equal to 4 does not exceed 15%. In Table II the 
experimental values of the ratio Wg /2/W4 /2 are compared with those calculated 
from formula (21). As is seen from the table all the calculated values deviate 


Nucleus |»), /1,4| (@*%c/@*/2) somewhat from the experimental ones. The contribution a-particles with £ = 4 
theor. exptl. cannot be important and could only increase the discrepancy. It is possible that 
a this disagreement could be explained by actually assuming some dispersion of 
Th229 0.14 0.44 the direction of the axis of the nucleus to take place upon @ decay. 
Np?” | 0.16 0.10 I would like to express my gratitude to D. P. Grechukhin for discussion of 


Np229 0.16 0.40 : 
this work. 


iL, Landau, E. Lifshitz, KBaHTopad MexaHHKa (Quantum Mechanics) Chap. I., Gostehizdat (1948). 
2V.G. Nosov, Dokl. Akad. Nauk SSSR 112, 414 (1957); Soviet Phys. “Doklady” 1, 48 (1957). 
3A. Bohr, P. Froman, B. Mottelson, Danske Mat. Fys. Medd. 29, 10 (1955). 
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*In the derivation of (20) and (21) it was not assumed that the quadrupole deformation and the behavior of 
the wave function at the surface of the nucleus were not affected. It has only been assumed that there is 
no dispersion of the direction of the axis of the nucleus at the instant of a emission. 
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The distribution of secondary particles in stars produced in annihilation of nucleon-antinucleon 
pairs is calculated, using the statistical theory of multiple production of particles. Exact ex- 
pressions for the statistical weights, taking into account conservation of energy, momentum 
and isotopic spin, were used in the calculations. The calculations were carried out for sev- 
eral magnitudes of the effective volume in which the energy is distributed, and for several 
types of particles created in the annihilation. The mean multiplicity (3 —5) of m-mesons ob- 
tained theoretically agrees with the available experimental data, whereas the number of 
K-mesons predicted by the theory is substantially higher than experimentally observed. The 
momentum distribution of secondary 7-mesons in the center-of-mass system is also com- 
puted. 


Ir has been recently established that antiprotons which are greatly slowed down or stopped in photo 
emulsions produce stars, caused by the annihilation of nucleon-antinucleon pairs.!~3 In view of the 
doubtfulness of perturbation theory calculations, it is of interest to use the statistical theory of Fermi 
in this case 

I, According to the statistical theory, the probability of production of n particles is given by the 
formula 


4 


Sn (Eo) = (VV /87°h?)" 41 gn (T) dQn (Eo) / dE, (1) 


where V is an effective volume in which the energy Eg of the annihilating particles is distributed, g,(T) 
is a factor which takes into account the conservation of isotopic spin® T and the identity of the particles 
produced in the annihilation,® and Qn (Eo) is the volume in momentum space corresponding to energy Ep. 
For the calculation of dQ (E9)/dE) a method propsed by Rozental’ and the author’ was used, which made 
it possible to obtain exact values of this quantity, taking into account conservation of energy and momentum: 
In the present article, calculations are given under various assumptions about the effective volume V 
and types of particles produced in the annihilation. 
A. In the annihilation only 7-mesons are produced: 


N + N—nz. 
The following three variants were considered: 
(1) The volume V was defined as 
V = 4 1}/3, where rp = 4 /po = 14x 1077? em. (2) 


The calculation of such a variant was carried out earlier by Belen’kii and Rozental’;® however, they as- 
sumed that all m-mesons produced were ultra-relativistic particles. 

(2) With the same V the final-state interaction of the t-mesons was taken into account according to 
the ideas of Pomeranchuk,’ which led to an increase of the volume by a factor of (n—1) and to an addi- 
tional factor (n— 1) 0s! in Eq. (1).. 

(3) The interaction of the 7-mesons was also taken into account in accordance with Ref. 9, but Yr 
was taken equal to 1.0 x 107!3 em, 

The calculated distributions of numbers n of t-mesons in annihilation stars are given in Table 1 
(with probabilities of different n given in per cent) for these variants. 

Starting from the law of conservation of isotopic spin and its projection, it is possible to obtain the 
distribution of numbers of charged particles in annihilation stars. The results of the work of Nikishov?” 
were used here, These distributions are given in Table 2 (the probabilities are expressed in per cent). 
The mean number of all particles and the mean number of charged particles from a star were calculated 
on the basis of Tables I and II and are given in Table III. 
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TABLE I TABLE II 
Number of “~_ Number of charged 
particles in particles in 


the star | 2 3 4 5 6 7 the star 


| Variant Vari 
- | 
) A(t) Pp—p or ni—n 10.9]47 .4/35.0) 6.4} 0.3} — A(t) p—p or a—n |10.0 11 9 18.0 0.4 
| pn oO a—p | 7.9\51.3/38.8) 6.7] 0.3] p—n or ni—p 30.6 67.5 4.9 
A(2 P—P or nn 0.3 4 .5/34 2/39 .6)24.3] 0.4 4 eS 
| Ol Gin or B—p | 0.21 5.4l03 7144 125.8] 04 AO) | Pi? RoR ey 2M cose ee Choa mee 
| p—n or n—p 12.4 64,6 22.9)  |~0.05 
| 
A(3)| | p—p or n—n | 3,5:22,5/41,8)/26,2) 5,9) — A(3)| BoP oF fn | 5.4) 55.9) 37.8) 10.9 
p—n or —p | 2-§|24,4/40,3}27,0 5 NO p—n o ip 20.6, {69,0 {40,4 | 


B. In the annihilation, in addition to the process N +N — n7, processes involving the production of 
K-meson pairs are possible i] 
N+N——-2K + ne. 


Two variants for the choice of V were considered: 

1) The effective radius, as previously,is rp = 1.4 x 107! em, 

2) The effective radius is rp = 1.0 x 1073 cm and the correction of Pomeranchuk was taken into ac- 
count, assuming K-mesons to interact just as m-mesons. 

The distributions of various possible final states 
in annihilation stars are given in Table 4; the mean 


TABLE IT 
number of all particles, the mean number of t-mes- 
ons, and the mean number of K-mesons in a star are 
Bapuanut A (A)IA (2)/A (8) in Table Vv 

Recently Sudarshan!! considered analogous ques- 

Mean number of all ‘pp or fin |3,38/4.86/4.08 tions for case B, using approximate formulae for 
Be Pg at ep rene 4" e241) “the calculation of dQ,, (Eo)/dEo. Several details of the 

Mean number of charged —p or n—n |2,17/3.25)2.68 ple, if one goes to a system of units in which h = M 


calculation in his work are unclear. Thus, for exam- 


particles in a star —n or n—p  |2,43}/3.20/2.80 = ¢ = 1, Eq. (1) can be written 
Sn (Eo) = (5:21V / Vo)?! Bn (T) dQn (Eo) /dEo 
SREY (where Vo is defined by Eq. (2), whereas 
, in Ref. 11 the expression 
Final State 
2n 3 4 5 | 6m | 2K ey “ Sn (Eo) oo (0,949V /V)" En (T) AQn (Eo) /dE,. 
ey Mey Les is used. 

The above results can be compared with 
2 nn s—p o Fr | 3,8 | 16,7 | 12,3 }2,2)0,1)6.6 [26.4)27.7) 4.2 — the experimental data obtained by Segré and 

| URES Per en 18,8 | 12,3 /2,5)/0,1)4.9 eee 4.9 collaborators.? They found in photographic 

| emulsions about 30 annihilation stars 
Bi eee eid hy ol A? 7.9 | 14.6 |9.1}2.4]2.2]13.0:32.7/16.9 caused by antiprotons. The mean number of 

pelea "Aap cal pcos ALC a fee 12,2)32.3 \7.9 charged 7-mesons in a star was about 


? 2.5, and the mean number of all 7-mesons 


(taking into account neutral ones), about 5 + 1. A substantial number of K-mesons were not observed 
the particles produced as a result of annihilation. It is also well-known, that in the collision of 
019 ey, the number of K-mesons among the secondary particles constitutes 
not more than 1 — 2% of the number of m-mesons. From this one can conclude that, apparently, variants 
A corresponds more closely to reality than variants B (and, consequently, also the work of Ref. 11), 
in which it was found that K-mesons should be formed in 60 —65% of the cases of annihilation and should 
25 — 30% of the secondary particles. It is possible that, within the framework of the statistical 


among 
particles of energy 10° —1 


constitute 
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theory, K-mesons should be taken into account in a different way than 7—-mesons. Thus, for example, if it 
is postulated that the effective volume for formation of a K-meson differs from the effective volume for 
formation of m-mesons, and an effective radius r = h/Mye = 0.4x10 3 cm (Mx is the mass of the K- 
meson) is defined, then the number of K-mesons, according to the statistical theory, becomes negligible 
compared with the number of 7-mesons. However, there are no sufficiently convincing arguments for the 
introduction in this fashion of two effective volumes. 

As can be seen from Tables I—III,all variants A agree satisfactorily with existing experiments and 
it is not possible to choose between them. 

The data given relate to the case of annihilation at rest. Calculations have shown that the energy-de- 
pendence of the mean number of all particles (n), coming from a star is very accurately given by the 
formula 


in = 2.87 (E / Mc?)'*, 


where E is the total energy of the nucleon—antinucleon pair in the laboratory system. 
II. The momentum distribution of m-mesons produced as a re- — 
TABLE V sult of annihilation was also calculated (only for case A). | 
The probability that a given particle created in the process of | 
multiple production with energy Ep) in the center-of-mass system, © 
has in this coordinate system,* a momentum in the interval from 
p to p + dp, is” 


Variant B(4)| B-(2) 


Mean numb er of Np o A214) 2,73 
7-mesons in ar ie 2416 i eee 
a star tee gion Puanes © ©n (Eo, p) dp = 4np?Sn—a (Ey — Vp? + p#, p) dp. (3) 
Mean number of j=, or —n |1,29] 1,28 Generalizing the formulae of Ref. 7 to the case Py # 0 and neglect- . 
Sea mm \p—n or Ap |1,27| 4,27 ing factors independent of p, we obtain the following formula 
On (Eo, p) dp = p? (Ey — V p? + mrt Do, Ca Dae (4) 
Mean number of |, = 
all particles Doge Ss pela 3,40) 4,01 " (2) 4 Edie; ‘ (2) Le (2) 
in a star p—n or f—n |3,43] 4,05 + Cr Dn ¥4 i= -f- (+ Cra + Cn—1) Dra + 5 Cn Fe,| yit.. +}. 
Here 


N 
4 — p2)V—-2 . 4 PSS Fil pee BYC 
r=0 


=y Ga Cae 
P= (Ah) (NF AP)! } 


QN—r—(A+2)!W +r—(A+%p! 


N 
(jeu Beane A r N—r re a(N + r—A) (2 Nite) N—r r 
Fe Sat) 2 ce{l +e (= 8) | Oe + eS SSS J-tec 8) 


a(N + r—(A+1)) a(2N -—r— A) SS Sue ae —'l2 
eres es) eee Ceara k=p/(Eo—-VeP +e), v=pl(E_y—-VeP+reyP— pl 


(CDF 21 LOM 2 ea ar oer 


0 for z=1 


4 
| (z—1)! 


ee 
»— for 2—23) fae 
f= 


For the special case n = 3, Eq. (4) can be written in the simpler form 
3 (Eo, p) dp = p?(Ey— V p? +u?)? x [1 —1/,k? (1 — 4v2)] W1 — 45) dp. (4°) 
The momentum distributions of r-mesons (case A) obtained according to Eqs. (4) and (4’), are given 
in Fig. 1. . 
In conclusion I should to thank I. L. Rozental’ for continuing interest in this work and for discussion of 
the problems involved in it. I should also like to thank Z.S. Maksimov for carrying out numerical calecu- 
lations. 
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FIG. 1. Momentum distribution ‘1G, Sudarshan; Phys. Rev. 103, 777 (1956). 
W,,(E9, p) of m-mesons for the A [asl Rozental’, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 118 
process N+ N— nz (n= 38, 4, (1955); Soviet Phys. JETP 1, 166 (1955). 


5). Here p is in units Mc = 0.93 
Bev/c. The curves are normalized 
such that f ,(Eo, p)dp = 1. 


Translated by G. E. Brown 
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CONTRIBUTION TO THE PHENOMENOLOGICAL THEORY OF PARAMAGNETIC 
RELAXATION IN PARALLEL FIELDS 


N. K. BELOUSOVA and I. G. SHAPOSHNIKOV 
Molotov University 
Submitted to JETP editor January 25, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 238-242 (July, 1957) 


The role of spin-lattice interaction in the phenomenological theory of complex paramagnetic 
susceptibility is taken into account in the case of parallel fields to a greater extent than was 
previously done in Ref. 3. 


I. Im the first work on the phenomenological theory of paramagnetic relaxation in parallel fields (Casimir 
and Du Pre! and others,(see Ref. 2) considered only the spin-lattice relaxation (see Ref. 2 for or Ruamn te) 
ogy). Later Shaposhnikov® (whose work will be designated hereafter Ne I) presented a phenomenological 
theory of complex paramagnetic susceptibility for the case of parallel fields, taking both spin-lattice and 
spin-spin relaxation into account, while Khutsishvili* has made a general phenomenological analysis of 
paramagnetic relaxation in a constant field using the Onsager principle, and Bas shown in Dar icuar under 
what assumptions the corresponding results of the theory given in I are obtained. Recently Yokota” re- 
peated independently the examination of paramagnetic relaxation, previously carried out in I, general- 
izing somewhat the statement of the problem, and arriving at a final result (coinciding va the results 

of I) in only one particular case. In the present communication the ery of u is generalized with aca 
count of the work of Khutsishvili and Yokota. Here, as in I, we have in mind isotropic non-conducting 
paramagnetic materials in condensed state (for example, polycrystalline powders of paramagnetic salts, 


which are frequently used in experiments). 
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2. The theory of I is not general enough in the following two respects. 

First, the expression given in I for the rate of change of the magnetic moment takes into account 
only the portion of this change that is effected by the interaction resulting in the spin-system from lack 
of internal equilibrium. In fact, however, the magnetic moment can change also by virtue of the action of 
the lattice on the spin system, provided only the various types of spin-lattice interactions include those 
involving the magnetic moment (for example, interaction by modulation of thermal oscillations of the 
spin-spin magnetic couplings or interaction through the spin-orbit couplings by modulation with thermal 
oscillations of the electric field of the lattice). This circumstance is not taken into account in the theory 
of I, making the latter suitable only for substances in which the change of the magnetic moment due ve 
the spin-lattice interaction is sufficiently small compared with the change due to the internal interaction 


in the spin system. At room temperatures this is indeed so in many substances, as indicated by the exper-_ 
iments of Garif’ianov,® Sitnikov,’ and Kurushin,® with which the theory of I is in good agreement, provided! 


one takes into account the quantity Tg, contained in I and called there the spin-spin relaxation time, 
which is independent of the value of the constant magnetic field. One must not however exclude the possi- 
bility of existence of substances in which one can no longer neglect the change in the magnetic OR 
due to the spin-lattice interaction. Calculations of the spin-lattice interaction made by Al’tshuler” for 
hydrated salts of rare-earth elements under the assumption that the basic mechanism of this interac- 
tion is the coupling between the spin, orbit, electric field, and thermal oscillations have shown that at 
room temperatures the spin-lattice relaxation time, defined as the reciprocal of the corresponding 
transition probability, is two orders shorter than the relaxation time of the magnetic moment due to the 
non-equilibrium state of the spin system and caused by the internal interaction in the spin system. With 
such a strong spin-lattice coupling one can expect that the portion of the change in the magnetic moment, 
due to the spin-lattice interaction, will also be substantial. Yokota® took this component of the change in 
magnetic moment into account, but it appears to us in a somewhat inconclusive manner. 

Second, in the theory of I, as in all earlier phenomenological works on paramagnetic relaxation, the 
heat received by the spin system from the lattice was taken into account only by a term proportional to 
the difference in temperature between the spin system and the lattice. In the general case, however, the 
expression for the heat received by the spin system from the lattice should also contain a term due to the 
change in the magnetic moment under the influence of the spin-lattice interaction, as first pointed out by 
Khutsishvili.’ In fact, the heat received by the spin system from the lattice is part of the change in the 
spin-system energy due to the action of the lattice on the spin system. But this action leads, generally 
speaking, to a change in both the spin-system temperature and the magnetic moment (see the remarks 
made above concerning spin-lattice interactions involving the magnetic moment), while the energy of 
the spin system depends in general on both these quantities. In particular cases the above-mentioned 
new term in the expression for the heat may be insignificant; this will occur if the spin-lattice interac- 
tions involving the magnetic moment are insignificant or if the energy of the spin system depends weakly 
on the magnetic moment. 

The theory of I will be generalized below in the above two respects. This generalization consists, 
thus, of a more complete accounting for the role of the spin-lattice interaction. 

3. As in I, we shall assume that the states (generally speaking not in equilibrium) of the spin sys- 
tem of a paramagnetic located in an external magnetic field of constant direction and magnitude 


H = Hy + pet, (1) 


are fully determined by the temperature of the spin system T, by the magnetization M along the field 
(assume that the magnetization has no other components), and the intensity field H. In the presence of 
internal equilibrium in the spin system we would have 


M =f (H, T), (2) 


but generally speaking there is no such relation. The lattice temperature will be assumed constant and 
equal to Ty. 


Let us introduce the symbols 


H—H,=%7, T—Ty=s, M—My=é, (3) 
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where My = f(Hp, Ty) is the magnetization at full equilibrium of the paramagnetic in a constant field Hy 
at a temperature Ty. The quantities n, 3, and € characterize the deviation of the paramagnetic from the 


state of complete equilibrium at Hy and To; we shall assume the quantities small and linearize the 
equations of our problem relative to these quantities. 


In the steady-state mode 
9 = 9eiot, — = Eel (4) 


with complex amplitudes 39 and &). We have to find the complex magnetic susceptibility of the paramag- 
netic 


X = £o/%o. (5) 


For this purpose we use, as in I, the following two relations: an expression for the rate of change of the 
magnetization 


M = M(H,T, M) (6) 
and the first law of thermodynamics for the spin system 
dE =3Q + HdM, (7) 


where 5Q is the heat received by the spin system from the lattice, and E is the energy of the spin system. 
4. For the right half of (6) we use an expression given by Yokota 


M=—+(M—{(H, TH— A IM—f(H, T.)), ©) 


where 7, and T, are certain functions of H and T or of H and Ty respectively. The form of these functions 
remains unknown within the framework of the phenomenological analysis. The first term characterizes 
here the change in the magnetic moment, occurring under the influence of the interaction in the spin sys- 
tem by virtue of the absence of internal equilibrium in the system, while the second term characterizes 
the change in the magnetic moment, occurring under the influence of the action of the lattice on the spin 
system. After linearization with respect to 7, 3, and Eq. (8) assumes the form 


: { of of 4 of \ 
es (: or. — aH 1) alien De (9) 


where the quantities 7,, Tz and the derivatives of f are taken at H = Hy and T = To. The derivatives of 
f contained in (9) can be expressed in terms of the second derivatives of the thermodynamic potential 
@(H, T, N) of the spin system, taken at H = Hp, T = Ty, and M = Mp: 


Of [OH = —ODmun/Dum, Of /OT = — Dyr/Omm. (10) 
Furthermore, since 9f/@H is the isothermal equilibrium susceptibility yp, and @)gy = — 1 (because 
86/9H = —M), we get 
Dum = Yo » (11) 
and (10) can be rewritten 
Of /OH =X, OF /OT = — xoPar- (12) 


Inserting (12) into (9) we obtain one of the equations needed for the determination of the quantity &, 
which is contained in formula (5) for the complex magnetic susceptibility 
m6 + (41/2) & 4- XoOPmrd = Xo (1 /*) % (13) 
where 
Ci Ky Uo / (ty ar T.). (14) 
Since it follows from (13) that it at 7 = 0 and = 0 
xe ab%2 — (0) (15) 


the quantity T characterizes the rate at which equilibrium magnetization is established in a Constant 
field at a constant temperature of the spin system, equal to the lattice temperature (for actual Be 
tion of such isothermal conditions for the spin system it is necessary that its coupling to the lattice be 
sufficiently strong). We shall call this quantity the time of isothermal relaxation of the magnetization 
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(cf. Ref. 10). If the second term of the right half of Eq. (8) is assumed negligible, i.e., if T4/T; « 1, we 
obtain by virtue of (14) in practice T = 7,, so that 7, is the time of isothermal relaxation of magnetiza- . 
tion for that case, when the rate of change of the magnetic moment is determined primarily by the in- 
ternal interaction in the spin system. Then (13) becomes, as it should, the corresponding equation of 
the theory of I, with Tt, taking the role of the quantity Tg, introduced in I and called there the spin- 
spin relaxation time. Thus, 7, coincides with the Tg, of I. 

5. For 6q, which enters in (7), we assume the following expression 


3Q = —addt +8[(M —f(H,T,)] dt, (16) 


where a and Bf are functions of Hy and Tp, which remain unknown in the phenomenological treatment, 
while dt is the time element; here the form of the second term, connected with the change of the mag- 
netic moment under the influence of the spin-lattice interaction (see Sec. 2 above) is taken to conform 
with the form of the second term of the right half of (8). 

Using the thermodynamic relations, it is possible to transform expression (7), after insertion of (16) 
and linearization with respect ton, 9, and &, and after making allowances for (11) and (12), to the follow~ 
ing form 


p19 + 7294 Opp Or r§ —% yy * One ((er/p) — E=|—71 Ome l(er/p) — 11%, (17) 

where 
(=(1—% O77 Our)”, (18) 
0 = Ty (XoP ur — Drr) (« + BYo Par) (19) 
Pr = To (Xo Onur — Orr) «t. (20) 


Equation (17) is the other equation needed to determine &). 

Let the interaction in the spin system be so strong, that it causes internal equilibrium in the system 
to become established practically instantaneously (T, = 0), and let the external magnetic field remain 
constant (7 = 0). We then obtain from (17) and (13), taking (14) into account, 


oo + 9 =0, (21) 


so that the quantity p characterizes the rate at which the spin system and lattice temperatures become 
equalized in a constant field under that condition, that the spin system passes through a state of internal 
equilibrium. This quantity has been called spin-lattice relaxation time (see Refs. 1—3). If B= 0, ive., 

if the energy exchange between the spin system and the lattice depends only on the difference in their 
temperatures, then, as can be seen from (19) and (20), the spin-lattice relaxation time is the quantity p,, 
which coincides with the time of the spin-lattice relaxation employed in I, while Eq. (17) becomes in 
this case the corresponding equation in I, as should be. 

6. To determine the complex susceptibility y given by (5) it is necessary to insert (1) and (4) into 
Eqs. (13) and (17) and determine é) from these equations. We thus obtain 

ee a1 +er/e+ t/t + iver (t/t) (22) 
Xy  —1+e1/e +71 /t —yeyt 0? + i {py + 71+ Yor [t1 / T— t]} @ 
If only the first terms are significant in (8) and (16), then T,/7 ~ 1 and p;/p ~ 1, and (22) goes over into 
the formula for y given in I with relaxation times p, and 7. 

So far we have been unable to use the results of this general analysis to solve any particular problems | 
in paramagnetic relaxation. It is possible, however, that these results will turn out to be useful in the 
evaluation of the recent experiments by Gorter and his associates!! on paramagnetic absorption in par- 
allel fields at high frequencies and at a temperature on the order of 20°K, in which maxima were ob- 
served in the curves for the absorption vs. the constant field at a given alternating field frequency, as 
contrasted with the monotonic decrease in this curve always observed in the previous experiments®™® at 
high and microwave frequencies at room temperatures. 
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ELASTIC COLLISION CROSS SECTION FOR HYDROGEN ATOMS* 


V.S. KUDRIAVTSEV 
Submitted to JETP editor January 26, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 243-250 (July, 1957) 
The method of perturbed stationary states is used to calculate the cross sections for elastic 
scattering of unexcited hydrogen atoms with each other. These cross sections are encoun- 


tered in the kinetic theory of gases. A graph is given for the dependence of the cross sec- 
tions on the energy of relative motion in the energy interval from 0.05 to 3 kev. 


1, INTRODUCTION 


Tus system consisting of two hydrogen atoms moving past each other at a certain distance is examined. 
If the relative velocity of the atoms is small compared to the velocity of the electrons inside the atoms, 
then both atoms are in an almost adiabatic condition, and the wave function can be first approximated 
by the wave function of the stationary states of the hydrogen molecule for given positions of the nuclei. 
In the next approximation the kinetic energy of the nucleus appears as a small perturbation causing 
transition.! Atomic units are used henceforth. 

The Schrodinger equation for the system under consideration has the form (the center of mass is 
at rest): 


an [Neate H (rotis rs) a (tf y,. fo) ES (ee te (1) 


where H is the Hamiltonian of the system for stationary nuclei, i.e., 
H (r, 1, T) = ee Agee Tee =: ro aesr Pore e (2) 
In equations (1) and (2) r is the radius vector of the nucleus of the first atom relative to the nu- 

cleus of the second; r; andr, are the radius vectors of the electrons in the first and second atoms 
relative to the respective nuclei. The mass of the electron is unity and the mass of the nucleus is M. 
Since M >1, the center of mass of each atom may be considered as coincident with that of the nucleus. 
Then the center of mass of the atoms bisects the line joining the nuclei. The reduced mass of the atom 
in relation to the motion, equal to (M+ 1)/2, is replaced by M/2 in Eq. (1), and in Eq. (2) the reduced 
mass of the electron and nucleus, equal to M/M + 1, is replaced by unity. The eigenfunctions Pyl(, Ty, 
Yr.) of the Hamiltonian (2) and the eigenvalues of the energy €y(r) prove to be electron functions and 


electron terms of the hydrogen molecule for a given position of the nuclei, determined by the radius | 
vector r 


A 


ie (Ges YT, To) Gn (r, T}, 12) Sip (r) Pn (r, T1, 12). (3) 
The functions gy represent an orthonormalized system (for any r): 


\\ oe, , dtydtz = 8imn- (4) 


We expand the wave function of the system V(r, rj, rg) in terms of the eigenfunctions Py(T, V4, T2), where? 
the coefficients of expansion yy are functions of r 


Y (01,82) = 2) Xn (0) Sn (Pts Te). (5) | 


Substituting the expansion (5) in (1), multiplying both sides by Om) and integrating over ry and ry 
using (3) and (4), we obtain 


(1/ M) A:%m (0) + [EB — en 1) Xn = — 


nem 


>) Vika \\ o. VrOn dr,dr, Si: > Xn \\ oO", Ar9n dry ars} > (6) 
*This work was performed in 1953. 
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which is exact. On the right side of Eq. (6) the integrand contains derivatives of the electron function yg 
with respect to the nuclear coordinate r. When the relative velocity of the atom is small compared to ae 
electron velocities in the atom, this derivative is small compared to the derivative of the nuclear function 
with respect to the nuclear coordinates, and since on the right side of Eq. (6) there is still a small factor 
1/M, the terms on the right side may, in general, be disregarded and we obtain the equation 


dd /M) AX (r) Se ee, (r)] Ym (r) = @, (7) 


which describes the motion of one particle with mass M/2 in a field with potential energy Em (rv). Thus the 
problem mu the elastic scattering of atoms on each other leads to the problem of the scattering of a parti- 
cle in a field e,,(r). The solution of Eq. (7) should have an aysmptotic form 


X(t) ~elle + F (B) el /r, (8) 


which corresponds to elastic scattering. The wave function of the system for r ~ « corresponds to two 
unexcited hydrogen atoms moving with respect to one another, and consists of the product y(r) W(r4) 
W(re) [WY (x4) = n/t eT is the wave function of the unexcited hydrogen atom], which is symmetric or 
anti-symmetric with respect to the electron coordinates depending on whether the total electron spin of 
the system is zero or one. (The spins of the nuclei are not essential for the given problem since they 
have a small influence on the electron motion which determines the atomic interaction.) For a finite r, 
the electronic parts of the wave function are determined by the eigenfunctions Py (T, Ty, Yq) Of Eq. (3), 
which for r— » have the required asymptotic form, while the corresponding e,(r) determine with Eq. (7) 
the nuclear parts of the wave functions y,(r). The function ¢, (r, rj, Y,), which goes for r — © into the 
wave function 


(Y (ti) ¥ (re) + Or +r) O(/e —45)))/ V2, 


is a function of the ine state of the hydrogen molecule, while the function g2(r, rj, ry) which changes for 
r — © into the wave function 


(Y(t) & (re) — O (Je + ra |) 9 ([r — 12 | V/V, 


is a function of the soy state of the hydrogen molecule. The state of the entire systems is a mixture of the 
singlet state with wave function y g(T)Po(F, ry, Y2) and the triplet state with wave function x ,(r)gy(V, ¥4, 
Y), with probabilities 1/4 and 3/4 respectively.* The cross section for elastic scattering in such a sys- 
tems consists of two parts: scattering in the singlet state and scattering in the triplet state, with 


do =" /rdca-- 3 / doy. (9) 


2. MOLECULAR TERMS 


In order to solve the problem it is necessary to know the energy of the terms 1>¢ and Cs of molecular 
hydrogen as a function of the distance r between nuclei. The term 15* corresponds to the basic bound 
state of the hydrogen molecule. Rydberg” calculated the energy of the term 1y* in the interval 0.78 
<r <3.75 from analysis of the vibration spectra of the basic electronic state. Whe energy of the term 
outside this interval, and also the energy of the term aE are given in the work of Hirschfelder and 
Linnett? where they also give the most probable energy of the term, taking into account calculations by 


previous authors. é 
For dilution of the atoms, i.e., for r — ~, the above molecular term changes to a state of unexcited 


atoms: the term oe to a state with parallel spin, and the term 15+ to a state with antiparallel spin. The 
energy of interaction of the unexcited atoms at a large distance r 29 is determined by the van der Waals 
force, whereupon for the hydrogen atom! 

Us (y= 0.47] 0% (10) 


For increased density of atoms, i.e., for r > 0, the term i+ after subtraction of the energy of elec- 
trostatic repulsion of the nucleus, goes into the ground state Ig, ot the helium atom with energy equal to 
— 1,89 atomic units. Hence, we obtain for the energy of the term “2¢ for small distances 


SESS : : ist 35+ 
*Subscripts g and u will designate quantities corresponding respectively to states Xe and °2y). 
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Ad 

eg = 1/r—1.89. (11)9) 
Term *5} for r > 0, after subtracting the energy of electrostatic repulsion of the nucleus, changes to the 
excited state *P, of the helium atom having an energy — 1.12 atomic units. Therefore, for small distances _ 


= 1.12. (12) 


u 


A table of energies for the terms 'Z$ and *x* up to r = 9 is given in the Appendix. 


3. QUANTUM EFFECTS 


Besides the total cross section o = {do for elastic collision, which determines the departure of the 
particles from the parallel beam, in kinetic theory of gases there also occur the cross sections o* and 
o** which determine the coefficients of diffusion, viscosity, and thermal conductivity. These cross sec- 
tions are determined by the formulae® 


3” =| (1 —cos 6) ds, (13) — 


o** = | (1 —cos* 6) ds, (14) 


where @ is the angle of variation of the relative velocity with respect to the direction of collision. In the 
present work we calculate the cross sections o* and o0** for elastic collision of unexcited hydrogen 
atoms. 

The solution of Eq. (7) with condition (8) can be considered in a quasi-classical approximation. Dis- 
regarding for a while small-angle scattering, which is determined by diffraction effects, it is possible 
to say that approach, at atomic energies on the order of or less than molecular energies, a condition for 
the validity of the quasi-classical approach is the smallness of the de Broglie wavelength of the atom in 
relative motion as compared with the radius of the atom, which in atomic units equals unity, i.e., 


=1/VY2ME<1, (15) 


where E is the kinetic energy of relative motion of the atom. In the usual units for atomic hydrogen this 
means that 


E> 0.01 ev. (16) 


For atoms with energies of relative motion large compared with the molecular energies the interac- 
tion of the atoms is determined principally by the Coulomb repulsion between the nuclei. The condition fos 
the applicability of the quasi-classical approximation in this case has the following form® 


l/us>1, (17 
where v is the relative velocities of the atoms. This introduces a restriction for large energies. 


Applicability of the obtained formulae at large energies is further restricted by the condition that the 
relative velocities of the atoms should be small compared with the electron velocities inside the atom. 


v= VIE/M<1. (1774 


It turns out that the condition of “adiabaticity” (17”) coincides in this case with the condition of applica- 
bility of the quasi-classical approximation for large energies (17’). In the usual units (17’) and (17”) 
give for hydrogen atoms 


E< 25 kev. (18) 


As to the quantum effect, associated with the identity of the atoms, going over to the quasi-classical case 
we obtain for the differential cross section for elastic scattering at angles not too close to zero or 180° 
the classical expressions, and diffraction effects appear for small-angle scattering both forward and 
backward. These effects make a finite contribution to the total cross section o = f do. However, we con- 
sider not the total cross section o, but the cross sections o* and o** for which the contribution of the 
small forward angles is not significant, owing to of the factors 1—cos 6 and 1—cos 26, respectively, 
which vanish for @ = 0. For the cross section ¢** small backward angles are also not important since the 
factor 1—cos*@ goes to zero also for 6 = 180°. The factor 1—cos 6@ in the cross section o* does not go 
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to zero for @ = 180° and even has a maximum value, so that the quantum effects should remain as we go 

over to the quasi-classical case. The point, however, is that the cross section o* determines the coeffi- 
cient of diffusion, and for identical particles diffusion concept has no meaning. Thus, the quantum pheno- 
mena associated with small-angle scattering forward and backward, are insignificant in our case, and for 


the calculation of the cross sections o* and o** it is possible to make use of formulae of classical 
mechanics, 


4, CALCULATION OF CROSS SECTION 


We thus proceed to the calculation of the cross sections o* and o** according to classical mechanics. 
Cross sections o* and o** according to (9), have the form 


= l, a + 3/, 0", (19) 


o** =e Ib o, — Be oie (20) 


where the subscripts g and u correspond to scattering on potentials €g (1) and €,,(r) respectively. The 
angle of deflection 6 for scattering is connected with impact parameter p by the relation? 


g=-—2l edr E (21) 
) 2V1—U()/E—(@/rp’ 


0 


where U(r) is potential energy, i.e., Eg( r) and €,,(r); ro is root of the denominator in the integrand with 
the maximum absolute values. Cross sections o* , and o**_ are therefore obtained from the formula 


g,uU g,u 
* = an | (1 — cos 6 (0) edo, ee) 
0 
AS (23) 
ov = an | (1 — cos? 6 (p)) edo. 


0 
Formula (21), and also (22) and (23), contain only the energy of relative motion of the atoms — energy of 
the atoms in a system of coordinates where the center of mass is at rest. The mass does not enter into 
these equations. 
The values of the cross sections are determined from (21) — (23) 
by numerical integration* for four values of energy (E = 0.00184, 
0.0115, 0.0460, 0.184 atomic units) small compared with the molec- 
3 ular energy (the energy of dissociation of molecular hydrogen from 
0 OLS 110 ‘8 86 aa s the ground state is 0.174 atomic units = 4.46 ev). These four values 
ae ie er Be ee nit es of atomic hydrogen correspond to relative velocities v = 1/500, 
“}>" 1)" 4/200, 1/100 and 1/50 atomic units. For each value of energy we cal- 
culate the cross sections of , and o>"), each for both types of U(r): 
€g(Y) and ¢€,,(r). We obtain the final values of o* and o** from these cross sections by using (19) and 
(20). The results of the numerical calculation are given in the table (in atomic units), and are marked in 
the figure by dots. 

For atoms with energies of relative motion large compared with the molecular energy (for velocities, 
as before, small compared with atomic) it is possible to proceed in the following manner. As the en- 
ergy of relative motion increases, the atoms upon collision gradually come closer to each other. There- 
fore, the atomic interaction at the ever diminishing distances result in angles that are continuously more 
significant for the cross sections. At small distances the energy of interaction is given by (11) and (12), 
and at large distances it tends to zero. At medium distances its order of magnitude is equal to the molec- 
ular energy, which in the given case is small compared with the energy of relative motion. Therefore, 
for large energies it is possible to approximate the energy of interaction by 


Ugur) = Yi/r— Yo: r<l/Us=to Ugu(r)=9, r>1/U )=To (24) 


iE 


ot* 


upon which we get from (11) and (12) Uy = 1.89 and 1.12 for the terms 42+ and *z{, respectively, and 


ie dittsveneés €g(T) —Ug(r) or €y(r) —Uy(r) are considered as corrections. Thus, rpg proves to be a 


*The numerical integration was done by D. F. Davidenko. 
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certain effective radius of interaction. 
The problem of scattering in the field U(r) defined by Eq. (24) is solved rigorously. Carrying out the 
integration in (21) we obtain 


sing =[((1—@)/(1+ a2)", p<ro 0=0, p>ro (25) 


where 
E=p/f), a= (4E/U,) (1+ £/ Uo). 


Integrating (22) and (23) we get 


% Qnr2 74 26 
gu = [In (1 +a)—1], (26) 
ae 4 D bs 

6g, = 8tr5 I +? In (1+ a) —1]. (27) 


The values of rp and a are different for the terms ae and aye It is now necessary to calculate the 
correction that results from replacing the interaction energy according to (24). Let 


Van (7) = &g,u (7) — Ug,u (r)- (28) 


It is possible to calculate the correction to cross sections (26) and (27), necessitated by superimpos- 
ing a linear potential V(r) on the main field U(r), but this leads to very cumbersome expressions. The 
equations become simpler if this correction is expanded in powers of 1/E and the first non-vanishing term 
calculated. It turns out that the first term is 1/E? and, therefore, V(r) enters in this term in a non-linear 
manner. Actually, let us designate the quantity @(p), given by 
(25) and obtained by substituting expression (24) for U(r) 
into (21), by 69(p), and designate correspondingly, the cross 
section in (26) by oF, i.e., 


foo} 


ae \ (1 — cos 9, (¢)) edo. ( 22") 


0 
By @(p) we now designate the quantity obtained from (21) by 
replacing U(r) with the exact energy of interaction e(r) 
= U(r) + V(r) (tabulated in the Appendix). 


as = 2n\ (1 —cos 6 (p)) pd. (222) 


The expansion in powers of 1/E of 69(p) and 6(p), contained 
in (22’) and (22”), has the form 


oo 


U'(r)d 1 
Me el are ee (29) 
e 
al 7 0 100 (000 sv oo 
(py eee \ Ul (r) 4 V(r) ar + 0(4). 
Energy dependence of the elastic colli- ven lames i (30 


sion cross section of hydrogen atoms. 


Substituting (29) and (30) in (22’) and (22”) we find 


* oe oe 2 UN (ry)! (9) + U" (r2) V’ (44) + VV! (71) V’ (ro) 4 
gic, = 2m \ipdo ———— dr,dr, + O( =). (31) 
: " \) V (7? — 2) (72 — 0%) mye (e) 


Analogous calculations give 
a9 = 2(s°— 25). (32) 
It is possible to carry out the integration with respect to p in formula (31) by substituting expression 


(24) for U(r). We introduce in the double integral the variables r, and k = r,/r4, which makes for easier’ 
calculation, and obtain 
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© ik © 


* S72 1 . \ 
oe — 6 =e \V (r) dr + ora \ de (EE int t# — a) dra’ (ry) V" (ery. 


Rk 
0 0 


(33) 


The correction to o** is obtained from (32). The value of the additional potential V( r) is determined 
from (24) and (28) and from the table in the Appendix. 

Numerical calculation of me first integral in (33) gives 0.19 and 0.53; the double integral in (33) equals 
0.23 and 0.22 for the terms !5t+ and oats respectively. Substituting these values in (33) and using (32) we 
obtain the corrections o* Sai and Ot eke, 


The cross sections (26) and (27), with the corrections from (33) and (32) added, are determined by 


* 2rrbg a 0.83 Page etl ks i 
=. , cee ou u 3,68 | 34 
°@ ay | a, In (1 + ag) | BE ies a, [ a, In (1-+4,) —1] + 288; (34) 
he 2 1+a,;2+a 166 s+ eae 
EA ee g g | ares , ae fie u wu 7,36 | 
PP Ee In (1 + ag) ase | 94 Bare |-2z, In (1+ a) — 1] + ie pL 8D) 


with rpg = 0.529; roy = 0.894; ag = 2.116 E(1+ 0,529 E); and ay = 3.776 E(1+ 0.894 E). 

The correction to the cross sections for large energy is of the order of 1/In E. The figure shows the 
cross sections o* and o** obtained from (19) and (20). In the region of intermediate energies the cross 
sections are obtained by graphical joining. 

I wish to thank A. B. Migdal for suggesting the problem and for attention to the work. 


APPENDIX 


Energy of interaction for terms pop and bai of the hydrogen 


lecul 
molecule IN. F. Mott and H.S. W. 


Massey, Theory of Atomic 
Collisions, I.I.L. (Russ. 
Transl.) (1951), Chapt. VIII, 


ég (r) | ey (r) 


~ 


eg (r) | ey (7) | : Eg (r) | ey (r) 


0.4 | 8.485 | 8.910 | 2.6 | —0,0855 | 0.0505 | 5,1 |—0.00270 0.00122 
0.2 | 3.195 | 3.965 | 2:7 | —0,0775 | 0.0440 | 5.2 |—0.00230 0.00403 p. I 

0:3 | 41.600 | 2.360 | 2.8 | —o’0695 | 0.0380 | 5:3 |—0.00195 0.000870 7, . 

0.4 | 0.855 | 1.590 | 2.9 | —0'0625 | 0.0330 | 5.4 |—0.00165 | 0,000740 BR RY G0 Te 
0.5 | 0.450 | 1.150 | 3.0 | —00565 | 0.0285 | 5.5 |—0.00142 02000620 376 (1931). 

0.6 | 0.207 | 0/850 | 3.1 | —020510 | 0.0255 | 5°6 |—0.00120 0000520 3 

0:7 | 0.0590] 0.685 | 3.2 | —0'0460 | 0.0220 | 5:7 |—0.00102 0000435 _~d. O. Hirschfelder and J, W. 
0.8 |—0.0355] 0.555 | 3.3 | —0,0415 | 0.0192 | 5.8 |—0.000860 0000360 Linnett, J. Chem. Phys. 18, 130 
0.9 |—0.0885| 0.460 | 3.4 | —0,0365 | 0.0168 | 5.9 |—0.000750 | 0.000305 a 

4.0 |—014240] 0.390 | 3.5 | —0,0315 | 0.0140 | 6.0 |—0.000640 | 0.000250 ( ). 

4.4 |—0.4475| 0.332 | 3.6 | —0'0275 | 0.0123 | 6.2 |—0.000480 | 0.000165 4 RU Risehachiteand ee 

4.2 |—0.1610] 0.288 | 3.7 | —0,0240 | 0.01075 | 6.4 |—0.000360 | 0.000107 <i 

4.3 |—0.1700| 0.247 | 3.8 | —0.0210 | 0.00920 | 6.6 |—0,000265 | 0.0000680 London, Z. Physik 60, 491 

1.4 |—0:1740] 0.216 | 3.9 | —0.0185 | 0.00810] 6.8 |—0,000195 | 0.0000400 (1930) 

4°5 |—0/1735| 0.490 | 4.0 | —0.0160 | 0.00700 | 7.0 |—0.000147 | 0,0000222 eae 

1.6 |—0.1695} 0.168 4.4 | —0.0138 | 0,00620 | 7.2 | —0,000110 roe S. Chapman and T. G. 

4-7 |—0.1630] 0.150 | 4.2 | —0.0120 | 0.00540 | 7.4 |—0.0000830) 0.0000 4 

1.3 |—o0.1565| 0/134 | 4.3 | —0.0100 | 0,00460 | 7.6 | —0.0000640} —0.0000027 Cowling, The Mathematical 

£8 [ioe] Si | 2 |Site [Som | 23 |S GReis| SSB Theory of Uniform Gases, Ch. 8 
2.0 |—0.1410] 0.1084 | 4.5 | —0.00660 | 0. a4 =: = ——! 

2.4 |—0.1325] 0.0965 | 4.6 | —0.00570 | 0.00280 | 8.2 | 0.000310 —9- 0000114 L. D. Landau and E. M. 

22 |—0.4230] 0.0855 | 4.7 | —0.00490 | 0.00240 | 8.4 | —0.00 Ey ifshitz a 

2.3 |—0'1130| 0:0755 | 4.8 | —0.00420 | 0.00205 | 8.6 | —0.0000200] —0.0000118 Lifshitz, KeBaHToBa 

2.4 |—0.4035] 0.0665 | 4.9 | —0.00365 | 0.00170 | 8.8 | —0.0000165) —0, 0000113 MexaHuka (Quantum Me- 

2.5 |—0.0940] 0.0580 | 5.0 | —0.00320 | 0,00145 | 9.0 —9,0000440] —0,00004 chanics) GITTL (1948), p. 49. 


TL. D. Landau L. 
Piatigorskii, MexaHuka 
(Mechanics) GITTL (1940), 
p. 21. 


Translated by L. B. Leder 
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ON THE KINETIC THEORY OF AN ELECTRON GAS IN THE PRESENCE OF BOUNDARIES 


L. E. PARGAMANIK 
Kar’ kov State University 
Submitted to JETP editor January 29, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 251-255 (July, 1957) 


The kinetic equations of an electron gas in a plane diode are used to show how one can construct 
a distribution function satisfying given conditions of emission and reflection at the electrodes 
for the one-dimensional case, neglecting the collision integral. Corrections to Langmuir’s re- 
sult, important for small anode potentials, are obtained. 


Puysican processes occurring in vacuum tubes are determined by the interactions of charged particles 
and physical conditions on the boundaries (for instance, on electrodes). 

Particles of different energies satisfy different physical boundary conditions and we must thus use 
kinetic onsiderations in our calculations. We give below a method of integrating the kinetic equation for 
charged particles, suitable for one-dimensional problems. As an example we shall consider the flow of 
a direct electron current through a plane diode. The collective interactions of the electrons will be taken 
into account by using a self-consistent field; the individual interactions between electrons — collisions — 
will not be taken into account. 

With these assumptions the distribution function f(x, v) of the electron gas satisfies the kinetic 
equation 


of u' (x) Of =O) (1): 


The potential energy u(x) of an electron in a self-consistent field must be determined from Poisson’s 
equation 


dujdx? = —Anetn(x), n(x)= | f(xo)do. (2) 


—o 


We formulate the boundary conditions for the distribution function for the most typical case, namely, 
a region bounded by two surfaces (in the case of a diode, the anode and the cathode). 

The solution of the kinetic equation in the presence of two boundaries involves well-known mathema- 
tical difficulties. If the boundary values of the distribution function at both boundaries are arbitrary, the 
problem is incompatible. Actually, the kinetic equation together with data on one of the boundaries corre- 
sponds to the usual Cauchy problem, and determines uniquely the solution in the whole region, and in 
particular on the second boundary. 

This problem was solved by Vainshtein! for a particular case (corresponding to no reflection of par- 
ticles from the electrodes), where one can limit oneself to giving the distribution function on part of the 
boundary, for instance, on the cathode for positive velocities and on the anode for negative velocities. 
That distribution function was formulated by introducing discontinuous functions. 

In the general case, the difficulties just mentioned result from incorrectly specifying the boundary 
conditions, The physical processes on the boundaries, viz. emission, reflection, and absorption of the par- 
ticles, are mathematically formulated in the form of functional equations for its boundary values, but not 
in terms of the boundary values themselves. Below it is shown that for such boundary conditions one can 
find a solution of the kinetic equation. 

The boundary conditions in the case of a diode must describe the emission of electrons from the 
cathode [with a distribution function fo(mv"/ 2)] and the elastic reflection of the electrons, characterized 
by a reflection coefficient R(mv?/ 2) that depends on the electron energy. 

Such reflection, indeed, exists and is a quantum effect, connected with the passage of charged particles: 
through a potential jump on the metal-vacuum boundary. Below we shall construct the solution for any 
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function R(mv?/2)* 
The presence of emission and reflection on the cathode (x = 0) leads to the boundary condition 


| (0, 0 > 0)=fe (mv?/2) +R, (mv*/2) f (0, v<0); (3) 


Reflection at the anode (x = a) leads to the condition 


f(a, v<0) = Ra(mv?/2) f (a, 0>0). (4) 


The boundary conditions for the Poisson equation are determined by giving the potentials of the cathode 
and the anode, 


u(0)=0, u(a) = ua (5) 


For a given density of the electron gas (that is, for a given distribution function) Eq. (2) together 
with the boundary conditions (5) determines the distribution of the potential inside the diode; therefore, 
additional data of the field on one of the electrodes is not only unnecessary, but even, in general, incom- 
patible with equation (5). 

Our problem reduces thus to solving the differential-functional equations (1) and (2) with the boundary 
conditions (4) and (5). 

The solution of Eq. (1) is a function of the electron energy. 


f(x,0) =F(e), ©=mo?/2 + u(x). (6) 


It would appear at first glance that f (€) is an even function of the velocity and thus leads to zero current 
and is useless for our problem. To prove the opposite, let us consider the lines of constant energy in the 
(x, v) plane, along which f (e) stays constant (see figure). The form of the function u(x) corresponds to 
a large emission current which leads to a potential barrier of height u,, near the cathode. 

The lines « = constant go for « = u,, continuously from regions of positive to regions of negative ve- 
locities. Since the function f (x, v) = f (e) stays constant along these lines, it is indeed an even function 
of the velocity. However, for € >u,, each line comprises two unconnected parts, one of which lies in the 
region of positive, and the other in the region of negative velocities. On each part f (e) stays constant, 
but the values are not the same, meaning that f (ce) is, generally speaking, not an even function of the 
velocity for € >Um. 

The distribution function can thus be written in the following form, 


i (2), U = 0) s 
fane)jio <0) 
These functions are simply determined by the boundary conditions. Substi- 
tution of f,; into (3) and of f2 into (4) gives 


. fe(e) 
hi (e) As ich re ©” 


fo(e) =0 xD Xm 


fi (©), ¥< Xml 
Le Ee (e), x > XmJ 


SU aU: j (x0) ={ las (7) 


XS Xm 
oe v=—0, SES Were (8) 


Substituting f, and f_ into (3) and (4) yields a set of linear equations with 
a solution of the form 
fe(e) 
1, (©) = TRI Re) 
fe(e) Ra (2 — 44) 
AOR 1—R(e) Ra (€—4,) ’ 


: pee 3 (9) 


»<o| 


Equations (8) and (9) give us the complete solution of the problem of finding the distribution function 
of an electron gas, moving in a given field u(x) with boundary conditions (3) and (4). We emphasize that 


*To get an estimate we use the formula R (ec) = [¥1+ «/W—V «/WI4 (see Ref. 2), mes does not take 
into account the influence of the field at the surface of the metal on the reflection; W is here the total 


work needed to get the electron out of the metal. 
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the distribution functions (8) and (9) which we have found show a discontinuity on the line € = Uy. If we ) 
neglect reflection, Eqs. (8) and (9) go over into the solution given by Vainshtein! for the case when there 
is no emission from the anode.* 

We can construct the function f, for the electrons emitted by the cathode by assuming for the electrons 
inside the metal a Fermi distribution and by taking into account their reflection from the metal-vacuum 
boundary with the same coefficient Rx 


rae. Ae - ™*20[1 — R, (mv? /2)], v>9, (10) 
(3) 7; lo v<0, 
A = (m0 / 2x7k3) e-#0, 


From Eqs. (8) to (10) we obtain the following expression for the current density in the diode, f 


ee ore Ae 
j=SA\ ete Dy (2) dex 4° 


m 


e © [D (Um) + OD; (um) +++], Bi 


D, (2) = {1 —Re(2)][1 — Ra (e — 4a] / [1 — Re (2) Ra (¢ — Ua). 


Here and henceforth we expand the integrals in a power series of the parameter y,, = @/m; the terms 
written out are sufficient for the case yr > 1. 

The distribution functions (7) to (9) are expressed in terms of the potential energy u(x) which must be 
found from Eq. (2). An evaluation of the density of the electron gas from Eqs. (2) and (9) to (11) gives 


n(x) = AV 220 /me™™ D (7)") + na (n),  ©<ami (Mn (2) = Np (0) 


:) —u ee ft ple 2x0 — 1 D, m 
=A V fe Ne "De [tm + O(E—n)]E hdt= Ve Dai les 7m {1 — O(a) + (12) 
n Se 


aye oe 4 1), TG) [{— Ree) [L— Re —w)I 
x|V/ Be 4 ($—n)a—oe'y]}, £ > Lm} (Ge) = 3) A Ds (s)\ = Paine a0) . 


where @ is the probability integral. 

Substituting this expression for the density into Eq. (2) and integrating we find the dependence x(n, 
Ym) of the coordinate on the potential. This dependence differs from Langmuir’s results through correc- 
tion terms, connected with reflection. We calculate also the distance a between the electrodes from 
Ya = —u,/@ and yy (instead of y;, we can introduce as parameter the field on one, of the electrodes). 

In this way we obtain a relation between y, and y,, from which we can find their interdependence y,,(Ya). 
Substituting this into Eqs. (7) to (9), (11), and (12) we can express f (x, v), n(x), u(x) and j in terms of 
two parameters, ug and @, i.e., we have obtained a complete solution of the diode problem. 

The dependence of y,, 0n yg is approximately of the form 

Yn = Ina — 2 — ne E EPI, = (9 /2"ha) etn 6hata* = 6,93-10986"* (eV) a? (om). (13) 
This formula enables us to calculate the barrier height at the cathode for given cathode temperature and 
anode potential; for instance, for a tungsten cathode, @= 2320° K, a= 1cm, Uy, decreases from 1.8 to 
0.5 ev if the anode potential increases from 1 to 160 v. 
The diode characteristic is obtained by substituting expression (13) into (11), 


> am R, (Um a u,) V201 Ws 3 Va SUE 
J the 1 ain R, (Un Le u,) Onm !* a (Ya ar Ym) I at 2 (Ya a Ym) i (14) 


The expression within the square brackets on the right hand side is the series expansion of the function 
D, and D, up to terms of the order (Ya + Ym) aa 

Equation (14) takes the reflection of the electrons from the anode into account only through the factor 
(1—R,)/(1+ R,), and thus differs from the “3/2-law.”* For Um — Ug <W, this factor is nearly equal to 
unity which means that reflection is unimportant. However, for Um —Ug >W, reflection appreciably 


*However, the value given in Ref, 1 for the distribution function on the line of discontinuity is wrong. 
tIf € — ug >Wa, the functions D,(€) and D,(e) will be the transmission coefficients of the cathode. 
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decreases the current; this in the above exam 
value for the “3/2-law” by 20%. 

Equations (13) and (14) enable us to calculate the diode characteristic directly, and not in parametric 
form as is usually done.® 

As we have shown above, the present method of integrating the kinetic equation for charged particles 
makes it possible to construct a distribution function satisfying boundary conditions of emission and re- 
flection on two boundaries and to find the self-consistent field. 


The author expresses his thanks to G. Ia. Liubarskii and Ia. B. Fainberg for a discussion of the results 
of the present paper. 


ple of an anode potential of 1 v the current is less than the 


STG Vainshtein, Collection of scientific papers, Soviet Radio Press, 10 (1948). 


2A. Sommerfeld and H. Bethe, Electron Theory of Metals, Handb. Phys. 24, part 2, 1933, p. 333 (Russ. 
Transl), 


3 2 : 
a D. Landau and E, M. Lifshitz, Keantopaa Mexanuka (Quantum Mechanics) OGIZ, 1948, Sec. 23. 
I, Langmuir, Phys. Rev. 21, 419 (1923). 


TIN Kaptsov, ONekTpoHnka (Electronics) GITTL, 1953, Sec. 39. 


Translated by D. ter Haar 
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CORRELATION OF POLARIZED QUANTA IN THE CASE OF NONCONSERVATION 
OF PARITY 


IU. V. GAPONOV and V. S. POPOV 
a Moscow State University 
Submitted to JETP editor April 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 256-259 (July, 1957) 


The angular correlation between the electron and the circularly polarized y -quantum emitted 
in a cascade £ -transition is considered in the case when parity is not conserved. The effect 
of the nuclear coulomb field is neglected. 


As it has been shown by Lee and Yang! (see also the review by Shapiro’), parity nonconservation in B - 
decay implies an angular correlation between the circularly polarized y-quantum and the electron. We 
calculated of this effect for allowed transitions, without taking into account the influence of the nuclear 
Coulomb field. If the B-decay is followed by a y-transition, the probability for the y-quantum to be 
emitted at an angle @ with respect to the direction of emission of the electron is equal to: 


w (8) = 1 —(p«v/c) cos 4, (1) 
where p = + 1 corresponds to right-hand or left-hand polarization of the y-quantum, v is the election 
velocity, and a a coefficient depending on the interaction constants, on the momenta of the nuclei, and on 
the multipole order of the y-quantum: 


2BViata+ 8, ;, +0 2+ielet)—Alh tM je (ie+ 1) + Li (Ei + 1) mis (is + 1) 
“c= 


Viz (att) (A 8, ;, +) 2 Ly (Lr + 1) V ja (in +1) (2) 


Here jj, jg and jz are the total angular momenta of the initial nucleus and of the excited and of the 
ground-state of the final nucleus, while L, is the multipole order of the y-quantum. The coefficient a 
does not depend on the type of radiation (electric or magnetic), but only on its multipole order. The 
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constants involved in Eq. (2) are 


A= {lcci +] cel® + leol® + leo? + (2me?/ E) Re (ciev + ex¢s)} ale, B= 2Re {(csee + coer — Cova — Cota) 20}, (gy 


C= {ler ler + lcal? + [cal + ZERe (cica + cree) 5), D = 2Re fciee — cuca} [0 
The quantities cgc4 etc. are constants involved in the B-decay Hamiltonian, in which parity non-conserva- 
tion is taken into account (see, for instance, Ref. 1). The primed constants correspond to the terms 
arising because of parity nonconservation in B-decay (if parity is conserved all the c’ are 0), m and E 
are the mass and energy of the electron, while a and b are the nuclear matrix elements and do not 


depend on the magnetic quantum numbers: 


(2j1 +1) (i +1) 


ie } 
= i 
lia my +1) (ji + m4 5| >jo=Hh+ t, 


( 
ly 
a ft a Rss ; ; m, m, iit > eee 
@=Cfrilliy> Syy, 8 = < forma | 92! jatts > ej), 2j.j,= | Edie) I he (4) 
1 
| 


EF A@hn+1) Ve 


lo = — 1 
ja + m1) (js — 11) Jah 


A and B enter Eq. (2) when j, = jy. As seen from Eqs. (3) and (2), the angular distribution is anisotropic 
only if parity is not conserved. 

The experiments of Wu and Lederman (see Ref. 2) confirm the hypothesis of a longitudinal neutrino, 
made independently by Landau? and Lee and Yang.! In this case, the equations in (3) take a simpler form 
‘because c = +’. It follows from Wu’s experiment that c = —c’. 

Then: 


A= 2{|es? +) Cy |? + (2mc? / E) Re cscy} | a?, B= — 4 Re [(c5¢;— C7€a) a 6}, (5) 
C = 2(jez|? +| Cal? + (2me?/ E) Re C/Ca) | 6°, D = —2(|¢¢|? —|Ca |*) | O/?. 
Equation (1) can be generalized to the case when the B-decay is followed by several consecutive y- 


transitions. The probability of emission of the n-th (n >1) y-quantum at an angle 6 with respect to the 
direction of emission of the electron is determined by the same formula (1) where 


ae 2B Vie (jo ar 1)3,3, ae D (2 ae je (je = 1) — fi (hi =F 1)] Ween iene, ain 1) Sey de ae aly fiers (inte = 1) 


2V je (js + 1) (A8;,;,, + C) 2h ens WV tee nee 
J iT jiaa Gia $0) + fige liga t+ — Ly (Li +) (G5 
th 2V dias Gia + Digs Gin, +D , 


Here j, is the total angular momentum of the initial nucleus, which makes a y-transition to an excited 
state of the final nucleus with a total angular momentum j,, emitting consecutive y-quanta with multi- 
pole orders Lj, Ly,... L,, and making transitions to states j3,...j,493 A, B, C, and D are determined, 
as before by Eq. (3) or, for a longitudinal neutrino; by Eq. (5). 

The experimental data indicate that cy = c, = 0 (see Ref. 6), and this yields a considerable simpli- 
fication of Eq. (4). The values of a have been computed in this assumption for a series of nuclei, and the 
results are shown in Tables 1 and 2, Let us note that in the case of transitions with j, = j, + 1 the nuclear 
matrix elements a and b are not involved in the expression for a. In the case jg = jj, a does obviously 
depend on the values of a and b which, at the present time, are known well enough only for light and 
mirror nuclei.’ 

In Tables 1 and 2, A, B, C and D have been computed using Eq. (5) with Cy = Cg = 0. The nuclear deca 
schemes used in Tables 1 and 2 are taken from Ref. 8. 

In conclusion let us note that, although the measurement of the y-quantum polarization involves diffi- 
culties (see Ref. 2), an experimental investigation of the effect considered here would be interesting, 
especially for the case jp = jy, for the following reasons: the value of a depends on the relative phase of 
the constants c, and c; which can, generally speaking, be complex (let us note that the nuclear matrix 
elements a and b, which are involved in q@ in this case, are real). However, if Landau’s hypothesis? 
on the conservation of the combined parity is true, C, and c; have to be either both real or both pure 
imaginary. In this fashion the investigation of the effect considered here can give information on the 
properties of the Hamiltonian for 8-decay, which is very interesting from the point of view of the questioz 
on the nature of parity nonconservation. 
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TABLE I The authors express their gratitude to 
—Gveain lc) cub tena a eS TS I. S. Shapiro, Doctor of Physico-Mathemat- 
nucleus e ip y-transition a Ey (kev) ical Sciences, for suggesting the problem, 
for valuable advices and for constant in- 
a ne oe vhs oe le —0.7U0 373 terest. 
19 fe Ie ie ie i as oe ee Note added in proof (June 25, 1957). One 
2/5 UE 2) te oso ee of the authors (Iu. G.) calculated the effect 
Con 5+ 4t 4+ (E 2) 2+ 0.333 | 4172 of the nuclear Coulomb field on the coeffi- 
| we ; a oe De cient a (1) for allowed 6-transitions. It 
pst “fa 5 /at I/5+ (M 1) 3/5+ 0.167 80 has been shown that the coefficient a@ does 
5] + 1) 3/,+ 5 aye i = = = (OY = 
alee oo 304 not change if cy = Cyr = cg = cf = 0. 
He UE} Soot 
= ' jot (M 4) 5/94 —0.043 | 434# 1T, D. Lee and C. N. Yang, Phys. Rev. 
rs OE GES ees 0.333 | 480 104, 254 (1956). 
Jo” (M 2)*/5* —0.407 206 2 ‘ : 
%/o~ (E 3) 5) 5+ | 0) 959 506 I. C. Shapiro, Usp. Fiz. Nauk 61, 313 
ae Wace sepelt 72, (1957). 
S i wey Sel bed ahee 31, D, Landau, J. Exptl. Theoret. Phys. 


eo ‘ ; Naat (U.S.S.R.) 32, 407 (1957); Soviet Phys. 
Is t in t AdCM eam) osm Got CML art 
eee airtel cadeadelt ee (een rs) LEO JETP 5, 337 (1957). 
47. D. Lee and C. N. Yang, Phys. Rev. 
105, 1671 (1957). 
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LETTERS TO THE EDITOR 


THE PROBLEM OF NUCLEON STRUCTURE* 


B. S. NEGANOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor November 3, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 260-262 (July, 1957) 


Ir it is assumed that the nucleon is not an elementary particle but a system composed of particles which 
are tightly bound by the 7-meson field, the resonance interaction between m-mesons and nucleons can be 
interpreted in terms of an excited nucleon state while the associated production of hyperons and K-mes- 
ons can be interpreted as dissociation of the nucleon into constituent particles. Hence, we propose that 
the fundamental particles are the K-meson and the cascade hyperon (=) and postulate that there exists 
between the K°* and =°~ particles and the corresponding anti-particles K°- and 2% a strong attractive 
force which results in the formation of a bound state with a very large mass defect. This attraction does 
not exist between the K°*, = and Ko- = 0- particles respectively. The K*tand) =°- particles can then 
form the following four bound states (isotopic spin T =0 and T = 1) which can be identified with charged 
and neutral hyperons: 
Pies Kt 
pS peoEi KS 
Vio = (BK + 8 K*)/V2 |! 
Poo = (PK —E Kt) /V2 | A° 


(1) 


If the Coulomb interaction is not taken into account the VW, ,, YW, ,-; and VW, 9 states are energetically 
degenerate if the =° and =” and K® and Kt masses are equal respectively. Because of the Coulomb inter- 
action the mass of the =” should be smaller than the mean mass of =*-particles by an amount which de- 
pends only on the distance between the =- and K-particles. 

If we consider a system consisting of a =-particle and two K-mesons we obtain two groups of states 
with T = 1/2 and one with T = 3/2: 


Ty), Ah — Dae Ga Pia Xs}, ats => See ie. —}, aie V 2/3 Nee ae ? 

Thy, a = Le gta TOE ees) 2 eee (2) 
Katy, 3, cm PI, 12? 719, Up V2/3 Sea vay yo Be is PAI, sue 

Xs}p, =, ee 8 PI, nl oe Xa, = = oat ne Pip, bo V 2/3 ee =1 Ph}, Me” 


Here ~j /2,1/2 and ~4 /2,-1/2 denote the wave functions for Kt and K°-mesons. 
The states 4 /2,1/2 and 74 /2,-4 /2 are to be identified with the proton and neutron in the ground state. 
Then x 3/2 and x4 /2 are excited nucleon states which appear in the interaction of r-mesons with nucleons. 
Thus the structure of the nucleon is as follows: 


poke he (Ee: (3) 
n=KR+E+RSK +(e + K*). (4) 
The degeneracy of states (3) and (4), which holds when the masses of the K* and K°-meson are equal, 


is removed by the Coulomb interaction in (3) between the Kt and =~-particles; this interaction can not 
be compensated for by the repulsion of the Kt-mesons if the mean distance between these particles is 


larger than the distance between the K* and=~. 


*Reported at the All-Union Conference on the Physics of High-Energy Particles, May 22, 1956. 
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It is easy to see that the new “strangeness” quantum number introduced be Gell-Mann can now be in- 
terpreted as the meson charge of the K and = particles which is responsible for the interaction between 
these particles. In contrast with electric charge, the quanta of the meson-charge field are m-mesons and 
this change is not conserved in weak interactions occuring 10! times slower than nuclear interactions. 
As slower than nuclear interactions. As a consequence we have the spontaneous transformation of hy- 
perons into nucleons according to the following scheme: 


y —— 


(Vora an ie eee. (Yeo) eee ON alee. 
(fast) (slow) (fast) 


We now consider nucleon disintegration on the basis of the structural schemes in (3) and (4). The 
disintegration can occur as a result of the absorption of the incident t-meson by a K-meson or =-parti- 
cle. In the first case the K-meson angular distribution [which we denote by f, (@)] should be highly 
peaked in the forward direction. In the case in which the r-meson is absorbed by the =-particle, the 
K-meson angular distribution [which we designate by f,(0) ] should be approximately isotropic with some 
predominance of the K-mesons emitted in the backward direction.! The table lists various nucleon 
disintegration reactions produced by the absorption of a t-meson. To find the relative weights to be as- 
signed to the ratio of the cross sections for the various reactions we have assumed that the absorption 


of the m-meson is equally probable in K and = particles. 


| MPwacinwiey (Walkie Pacule In work with a beam of 1.3-Bev negative pions it has 

Reaction meee te reaction eats: actually been observed that the K°-particles produced 

="~ in the reaction (1- + p ~K° + A°; 2°) exhibit a highly 

ge eee 5 te ton sla "/e Sh + fs pronounced asymmetry in the forward direction in the 

mtn Kit Ae 2 Ko or B | 34%/=7/2 | Gf + fa REM OF SONS system wane Lie angular distribution 

Keer as & 1/s fe of the K’ -particles produced in the reaction 7~ + p 

m+ n—- K0+ 3- Kt or &0 14+1=2 fit fy —-K* + =7 is relatively isotropic with some predomi- 
Pe Rea St Re et 121-2 | j,47, mance in the backward direction.” 

The system which we have formulated is absolutely 


stable against decay into light particles if the =-particle is absolutely stable against the analogous proc- 
ess. It is known that the nucleon lifetime is greater than 10” years.’ From this estimate we can con- 
clude that the lifetime of the =-particle can not be less than 10° years since nucleon decay can occur only if 
the =-particle decay coincides with the decay of one of the K-mesons. The probability of this event is 
approximately 10!4 times smaller than the probability of decay of a =-particle. If the =-particle is not 
the bare core of the nucleon but is itself a system consisting of a heavy hyperon, in whose m-meson field 
we find n K-mesons, this hyperon can undergo in the free state comparatively rapid decay into light 
particles. Thus we arrive at the conclusion that the law of conservation of the number of baryons, for- 
mulated in the form of a conservation law for nuclear charge, may be completely invalid. In this case 
there is a possibility of liberating in individual collisions the total energy corresponding to the nucleon mass. 


13, Schwinger, Phys. Rev. 104, 1164 (1956). 
2 J, Steinberger, Proceedings of Sixth Rochester Conference on High-Energy Physics, 1956. 
3Reines, Cowan, and Goldhaber, Phys. Rev. 96, 1157 (1957). 
Translated by H. Lashinsky 
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POLAR THEORY OF METALS 
I. Z. FISHER 
Belorussian State University 
Submitted to JETP editor November 27, 1956 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 262-264 (July, 1957) 
In the polar model of metals proposed by Vonsovskii one introduces a new parameter of the metal — 


the degree of polarization s, which can be defined as the ratio of the mean number of “pairs” or “holes 
to the total number of valence electrons. In the final analysis the degree of polarization determines all 


” 
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the physical properties of the metal; as yet, however, the theory cannot give the magnitude of this quan- 
tity. We give below an estimate of the degree of polarization s, relating this quantity to fluctuations of 
the electron density in the metal. 

We divide the entire metal into equal elementary polyhedra with centers at the interstices of the crys- 
tal lattice; let z be the valence of the metal atoms. Interpreting the degree of polarization as the prob- 
ability of finding a given atom in the “hole” or “pair” state, the mean number and the mean square of 
the number of electrons in one polyhedron is given by 


W=s(z+1)+s(z2—1)+(1—2e)2z =z, (1) 
N2=s(zt1)y?+s(z2—1) + (1—2s)2=24 2s. 


Whence, for the square of the fluctuation we obtain a value 2s, so that 


s = 1/, (A N)2- (2) 


The degree of polarization of the metal is thus related in a simple way to fluctuations in the density of 
valence electrons in an elementary polyhedron. 

The problem of finding (AN) 2 ig in itself no easier than the problem of determining s directly; 
however, in the alkali metals we can estimate (AN)” by starting from the free-electron model, since 
this model is qualitatively valid in these metals. Thus we have! 


(AN)? =4-+ al) v(\r, —12]) dV, Vs, (3) 


where v(r) is the electron correlation function, n is the mean electron density, and the integration is 

carried out twice over an elementary polyhedron. The calculations can be simplified by replacing the 

polyhedron by a sphere of radius R = (3/47n)! /3. The unity term in (3) is obtained by substituting N=1. 
The correlation function for a completely degenerate ideal Fermi gas can be used for v (r).! 


A oN ea 1 - Po Po Pac 
(fF) = Fare {sin “ail qT COST (4) 


where Ppp = hi(37 2n) 1/3 is the limiting momentum of the Fermi distribution or, using the correlation 
function for a Fermi gas with allowance for the Coulomb interaction between electrons according to the 
Debye—Hiikkel method,! 


v(r) = —(x*/4n)e/r, x? = (4 me*/h?) (3 n/a). (5) 
It is assumed that the positive charge of the metal ions is uniformly distributed over the entire lattice. 


In (4) it is apparent that the quantity n can be completely determined by calculation and by direct 
integration we find s = 0.4145. In (5), in the same way, we find? 


caf y SSD 4 BOE oa) - 


Pais De 


where x = (e/fi) (6m/r) 1/2n-!/6 = 2 x 104n-1/*, In the alkali metals x ~ 4, so that Eq. (6) can be sim- 
plified considerably and 


s =f, +1,875-108-n''s, (7) 


With n= 4 x 10” we find s = 0.361. Thus, taking into account the electronic Coulomb interaction tends to 
reduce s, 

Although both estimates are somewhat lower than the value s = 0.5 proposed by Vonsovskii for alkali 
metals,® they are both still too high. Taking account of the Coulomb interaction between the electrons 
and ions could reduce the magnitude of s_ still further; however, a calculation of this effect is impossi- 
ble within the framework of the Debye —Hukkel approximation. (The calculation itself is not difficult but 
if one assumes point ions the effect becomes so large that s <0.) 

If we assume that the electron gas is not completely degenerate, we must introduce a temperature 
correction for s in the estimate given above. For example, in (5) we must replace the quantity kK 


everywhere by x {1—(1?/48) (kT/)?} where uw is the limiting Fermi energy. A simple calculation leads 
to the expression 


S(T) = 8) + 2,63-10!5. ne 72, (8) 
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where sy is the value of s given before in (7). With n ~ 1022 the temperature effect is insignificant 
. although, in principle, the degree of polarization should increase with increasing temperature. 


1 Madea 
nee Panda and E, Lifshitz. Cratucruyeckaa (usukKa, (Statistical Physics) Gostekhizdat 1951. 
ale Z. Fisher, J. Exptl. Theoret. Phys. (U.S.S.R.) 22,520 (1952) . 

S. V. Vonsovskii, Usp. Fiz. Nauk 48, 239 (1952) 


| Translated by H. Lashinsky 
39 


PROBABILITY FOR CHARGE EXCHANGE IN NUCLEONS WITH ENERGIES OF 3\x,10°—10"ev 
IN INTERACTIONS WITH AIR NUCLEI 


V. A. VOROBIEV 


Institute for Applied Geology, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor October 5, 1956; resubmitted April 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 264-265 (July, 1957) 


In the last several years a number of papers have been published in which the authors, investigating 
nuclear-cascade showers in cosmic rays, have reached the conclusion that in the interaction of high-en- 
ergy nucleons (several Bev and higher) with air nuclei, the main part of the energy (about 70 percent) 
in the stars which are produced is carried off by one of the emitted 
\ nucleons, which in turn also produces stars.! It is of interest to 
examine the dependence of the charge of this nucleon on the charge 
of the incoming nucleon. 

We shall assume that protons and neutrons with the energies 
in question (3 Xx 10°—10!° ev) interact with air nuclei in the same 
way. We shall denote the probability of charge exchange for a high- 
energy nucleon in collision with an 


pulses/min 


15 


Depth | o=0.5 | a=0.8| Experiment air nucleus by Be quantity oak: 1.e., 
f | a@ is the probability that the main 
Le | 06. | oa | 0-35#0414] energy of the star produced by the 
diet Beat) proton (neutron) is carried away by 
14 | 0.99 | 0.94 0 9oE0 bp] a nuclear-active proton (neutron). 


We neglect deviations from the direc- 
tion of the primary nucleon. Then the 
cascade equations which describe the nucleon history can be solved rather simply if it is assumed that 
the nucleon energy spectra are independent of depth. The latter assumption is in satisfactory agreement 
with the experimental data obtained in investigations of high-energy cosmic rays. 

We denote the flux of primary particles incident on the boundaries of the atmosphere by ip(E). Then 
the dependence of the global proton flux P(E, x) and neutron flux N(E, x) on the depth x assumes the 


following form 


WO 00 100 60 200 20 ¢/crt 


P(E, x) = Joi (EVG1 (Ux) + Gx (0D), N (EZ, *) = "ato (FE) [61 (4 *) —Gil)] 


(x is expressed in units of free path = 60 g/cm?) where 7 = 1-(2a—1) (1+) and 6; is the Gol’dovskii 
integral. The absorption coefficient p, found from numerous experiments, is approximately a 

60 g xX em~2/ 120 gx cm~ = 0.5. The presence of multiply-charged nuclei in primary cosmic radiation 
(chiefly He) tends to increase the number of protons and neutrons by an amount which is independent of 


a and equal to 


E ai) (E) (G1 (2 x) — G1 E*)1/(E— 4), 
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where a w 0.2—0.3 and é * 60/45. 

The quantity a can be determined from the results of two independent series of experiments. The 
first is the direct investigation of the absorption of high-energy protons or neutrons as a function of 
depth at great heigths; the second is the change in the ratio of the number of stars produced by neutrons 
and protons as a function of height. 

In the figure we compare the calculated flux of charged high-energy particles with a = 0.5 and a =0.8 
and the experimental data’ taking account of the geometry in approximate fashion. However, the experi- 
mental accuracy is not sufficient for a reliable determination of a. More definite results can be obtained 
from photoemulsion experiments. The Table lists the results of experiments! ° and our calculations for 
the ratio of the number of stars produced by neutrons and multiply-charged particles to the number of 
stars produced by protons. It is apparent from the table that a is 0.7—0.8 rather than the usually as- 
sumed value of 0.5, More exact measurements will be required, however, before definite conclusions 
can be reached. 


1N. L. Grigorov and V. Murzin, Izv. Akad Nauk SSSR Ser. Fiz 17, 21 (1953). 
2G. T. Zatsepin, J. Exptl. Theoret. Phys. (U.S.S.R) 19, 1104 (1949). 

3S, N. Vernov and T. N. Charakhch’ian, Dokl. Akad. Nauk SSSR 69, 629 (1949). 
4U. Camerini et al., Phil. Mag. 42, 1241 (1952). 

5G. D. Rochester, Rep. Prog. Phys. 14, 227 (1951). 

6K. F. Powell and V. Camerini, Usp. Fiz. Nauk 40, 76 (1950). 


Translated by H. Lashinsky 
40 


REMARKS ON THE MULTIPLICATIVE RENORMALIZATION GROUP IN THE QUANTUM 
THEORY OF FIELDS 


V. Z. BLANK,* V. L. BONCH-BRUEVICH, and D. V. SHIRKOV 
Moscow State University 
Submitted to JETP editor January 11, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 265-266 (July, 1957) 


In papers by Bogoliubov and one of us!~* an examination had been made of the renormalization group in 
quantum electrodynamics and meson dynamics. In these papers the group relations were obtained within 
the framework of perturbation theory. Having in view the practical usefullness of the renormalization 
method, it is of interest to obtain the group relations without the use of a series expansion — directly 
from the Schwinger equation for the Green’s function. This approach is all the more important because 
it makes possible a true picture of the origin of the renormalization group. We shall see that the latter 
is not necessarily connected with the existence of a divergence and can occur in “finite” theories, for 
example, in the theory of the electron-photon field in a solid body. 

We consider a quantum field in which the interaction Lagrangian (in the interaction representation) 
is of the form (f = 1) 


L (x) = {g 9 (x) Ty ¥ (x) + J(x)} A(x). (1) 


Here g is the coupling constant, % Wand A are Fermi and Bose operators, I is the “elementary” 
vertex part, x= x Xo, and J is the “external current.” The tensor dimensionality of Ty, J and A are 
not specified; we may note only that A may contain coordinate derivatives of the elementary Bose-field 
operators. The contractions of the free fields, the total Green’s function, and the vertex part are deter- 


*Deceased 
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mined by the relations* 


Go(%, y) =i <T {9 (x) ¥(y)} >, Do (a, y) =i XT {A (2) A(y)})o | (2) 
G (x,y) = 1 T {9 (2) ¥ (y) S}>0/<S Yo, (3) 
D(a, y) = ba (x) /8J(y); T (x,y,z) = 8G (a, y)/8(ga(z)], a(x) = —iIN¢S)_/aJ (x). (4) 


In this case the Green’s function equations become ( they are easily derived, for example, by the method 
developed by Polivanov’) : 


G = G, + ig’G,T,GTDG + gG,GT,a, (5) 
Di D727) UGG, (6) 


It is immediately obvious that Eqs. (5) and (6) are invariant under the following multiplicative trans- 
formation of the quantities which appear in them: 


Gere, G ee) 23D D2 Te eee et (7) 
Here z;, Z and 23 are continuous finite parameters; it should be kept in mind that we are transforming 
not only the total functions G, D and I but also the eiementary functions Gy, Dp and I. The relations 
given in Eq. (7) determine in general form the renormalization group in the quantum theory of fields 
with an interaction Lagrangian of the form in (1). 

It should be kept in mind, however, that if the theory includes additional conditions (such as gradient 
invariance in quantum electrodynamics) , some of the constants which appear in Eq. (7) may be interre- 
lated. Thus, for example, in a gradient transformation of the electromagnetic field potentials the fermion 
Green’s functions transforms according to® 


G(x, y) > G (x, y)exp (Ug? {Fs— 9) —F (0)}), F(x) =(2ay*\ eld (h) Ge, (8) 
A 0 : : : ; P 
where the function af Ney determines the longitudinal matching; it is apparent that F transforms in the 
same way as D. The invariance condition for this relation with respect to a transformation of a type 
given in (7) yields 


2, = 2p. (9) 


The relation given in (8) is nothing else than Ward’s identity. In this case the relations given in (7) be- 
come the well-known renormalization group of quantum electrodynamics. 

Thus, the renormalization group actually expresses only the “self-similarity” property of the 
Schwinger equations. In conclusion we may note that similar analysis can be carried out in theories 
with an interaction Lagrangian different from that given in (1). 


1N.N. Bogoliubov and D. V. Shirkov, Dokl. Akad. Nauk SSSR 103, 203, 391 (1955). 
2D. V. Shirkov, Dokl. Akad. Nauk SSSR 105, 972 (1955). 

3N. N. Bogoliubov and D. V. Shirkov, Nuovo cimento 3, 845 (1956). 

4M. K. Polivanov, Dokl. Akad. Nauk SSSR 100, 1061 (1955). 

5A, V. Svidzinskii, Dissertation, L’vov University (1955). 
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*As is customary, the Green’s functions and vertex part considered here do not contain divergences. 
They are either finite at the outset (in the case of a solid) or the divergences are removed by an ap- 


propriate subtraction procedure. 
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RADIO-FREQUENCY METHOD FOR MEASURING THE MASS OF RELATIVISTIC 


ELECTRONS 


V. N. LAZUKIN 


Moscow State University 


Submitted to JETP editor January 31, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 267-269 (July, 1957) 


Tue Einstein-Lorentz formula 


m = mg (1 — $y", 


(1) 


which describes the velocity dependence of the mass of a moving body has been tested experimentally 
many times.!~ It is usually maintained that Eq. (1) has been verified, with a high degree of accuracy, 
both by these direct experiments and by certain indirect conclusions based on analyses of accelerator 
operation. Although there is no reason, at the present time, to doubt relativity theory and its conse- 
quences, it cannot be said that the validity of the formula given above has been established absolutely. 
Without exception, all efforts at the direct verification of Eq. (1) have met with serious difficulties. 
An analysis of the most accurate measurements indicates that Eq. (1) has not been rigorously verified; 


FIG. 1. Diagram of an ex- 
periment for measuring rel- 
ativistic masses in the range 
0 =p < 90.7. (1) to UHF, gen- 
erator, (2) to detection sys- 
tem. 


indeed, it is impossible, on the basis of these data, to make a choice bet- 
ween Eq. (1) and, say, the Abraham formula.’ A similar critical analy- 
sis of these experiments has recently been carried out by Farago and 
Janossy® in work as yet unpublished to the best of our knowledge. These 
authors conclude that measurements of electron mass carried out up to 
this time can not be used to verify Eq. (1) since even the most accurate | 
experiment has inherent errors which are comparable to the difference 
in mass which results from the use of Eq. (1) and the Abraham formula. 
Without dwelling on the remarks of these authors concerning possible 
deviations from Eq. (1) and the effect of these deviations in certain the- 
oretical problems, we wish to emphasize the desirability of further at- 
tempts to verify Eq. (1) by present-day methods. In this connection it is 
interesting to discuss the possibilities offered by electron-physics tech- 
niques. The high sensitivity and accuracy of radio-frequency techniques 
indicate that it should be possible to measure the mass of electrons over 


a wide region of velocities with an accuracy exceeding the accuracy of the well-known methods. This 
type of experiment can be carried out using a scheme very similar to that employed in radio-frequency 
mass-spectrometers based on the application of the cyclotron resonance or the diamagnetic resonance 


of charged particles. 


Suppose that a diverging electron beam (Fig. 1) with a given energy enters a cylindrical resonator 
in which transverse electric oscillations are excited (for example TE); or TE,, mode). Because of the 
fixed magnetic field H, parallel to the axis of the resonator, the electrons in the resonator move in an 
helical trajectory, the radius and pitch of which are respectively: 


op =mo,cleH, |=v, T, 


(2) 


where v, and vy are respectively the velocity components perpendicular and parallel to the H field 
while T is the period of the high-frequency field in the resonator. When the field frequency coincides 
with the cyclotron frequency resonance absorption of the high-frequency power occurs; this effect can 
be observed by ordinary radio-frequency spectroscopy methods. Using the values of v and H at which 
strong absorption is observed, it is possible to calculate the mass with an accuracy which is limited 
only by the accuracy with which these two quantities can be measured, 

In principle the above scheme can be used to measure the mass of electrons with any energy; in prac- 
tice, however, this scheme is usless for values of 8 greater than 0.6—0.7. It follows from Eq. (2) that 
fixed value of H the diameter and length of the resonator must be increased in proportion to B V1—f2 
and 8 respectively; an increase in these dimensions requires a larger homogeneous field and leads to 
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greater losses in the walls of the resonator. Hence this arrangement becomes 
exceedingly cumbersome and less sensitive at high electron velocities 
(Bs 07) . 

It would appear that there are greater potentialities in a system based on 
the so-called inverse cyclotron; this scheme is somewhat more difficult but 
still realizable in practice (Fig. 2). 


A half-wave cylindrical (or coaxial) resonator, in which H is paralled to 


PIG ON Diaetan of the axis, is placed inahomogeneous field between the pole pieces of an electro- 
Me sreriment tor meas= meena. me electron beam, accelerated to any desired value of 8 (up to 8 
Rring relativistic mas- #1), is introduced into the resonator through a narrow slit in the cylindrical 
ses in the range 0 <8 ce Inside the resonator the electrons ee along a spiral, which asympto- 
Peo. the macncticticld ically approaches the periphery as the field gradient falls off. 
Bre nendicuiax to the The merit of both schemes is approximately the same; specifically, both 
plane of the diagram. can be Bece to measure the mass ou ihe electron at practically zero values of 
iio UNE cenerator® 6. Assuming that an accuracy of 10°*—10~ is easily attainable in the meas- 
iS tieidetection Bys- urements of v and H, the electron mass should be determined with an error 
in. of less than 0.01 percent. This accuracy makes it possible to detect a relativ- 


istic change in mass corresponding to an energy variation of the order of a 
hundred electron volts. It is apparent that good results can be obtained only by achieving narrow reso- 
nance lines. In this sense the second scheme is preferable to the first. 

Equations (1) can be verified using the above scheme without measurements of the absolute values of the 
frequency or accelerating potential; if Eq. (1) holds, the relation AT = (27/cH)AU, which expresses the 
change in frequency as a function of the corresponding potential change, also holds true. To verify the 
above relation we require only the appropriate stability of the field H and accurate measurements of 
AU. These requirements are easily satisfied. 

The intensity of the resonance line, a quantity which is extremely important from the point of view of 
realizing the best signal to noise ratio, is determined basically by two factors: the charge density of the 
beam and the ratio of the electron time-of-flight in the resonator to the period of the high-frequency 
field; if either of these quantities increases the intensity also increases. It is undesirable to increase 
the current strength of the beam because of possible effects on the width of the resonance line and unde- 
sirable secondary effects, namely x-ray radiation and resonator heating. Hence, it is more expedient to 
increase the number of orbits traversed by an electron in the resonator before it is no longer affected 
by the effect in question. 

There are two effects which might complicate the experiment being discussed: (a) radiation from 
fast electrons in the magnetic field, which can broaden the resonance line and lead to (in the case in 
which the electrons move in a volume bounded by conducting walls) the appearance of spurious lines and 
(b) the effect of the electric field in the resonator on the cyclotron resonance absorption frequency. It 
has been shown experimentally and theoretically that the intensity of the indicated radiation is inconse- 
quential up to energies of several megavolts and that its effect on the resonance line can be neglected. 
However, the effect of the electric field on frequency must be taken into account; this correction can be 
evaluated by measurements at two neighboring frequencies at two values of the magnetic field with the 
same accelerating potential. 

The author is indebted to Ia. P. Terletskii for calling his attention to Ref. 8 and for many valuable 
discussions. 
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4R. A. R. Tricker, Proc. Roy. Soc. (London) A109, 384 (1925). 

5C. T. Zahn and A. H. Spees, Phys. Rev. 53, 357 (1938). 

6. J. Williams. Phys. Rev. 58, 292 (1940). 

7m. Abraham. Ann. Physik 10, 105 (1905); Physik. Z. 5, 576 (1904). 


208 LETTERS TO THE GED OF 


8p, Farago, Janossy. Review of the Experimental Evidence for the Law of Variation of Electron 
Mass with Velocity. Budapest, 1956. 


Translated by H. Lashinsky 
42 


GENERALIZATION OF GAUGE INVARIANCE AND COMBINED INVERSION 


Vv. L. POKROVSKII 
West-Siberian Branch, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor February 15, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 269-271 (July, 1957) 


Art the present time it is generally believed that certain particles (t-mesons, K-particles, hyperons, 
etc.) can exist in different charge states. The appropriate wave functions may be written in the form 


d 
v= 21¢0 2, (1) 


where YQ is the wave function associated with the state with charge Q and the summation is taken over 
all possible values of the charge (including zero). A description of particles of this type requires an 
extension of the notion of gauge invariance. In particles which exist in only one charge state a gauge 
transformation leads to the multiplication of the wave functions by a trivial phase factor ei@Q, In the 
general case (1) the gauge transformation is obviously given by the formula 


= 
1’ =a Dice el4Qbo, ; (2) 
Q 


We may note that the function depends parametrically on a. 
The invariance requirement for infinitely small gauge transformations (2) leads to the law of con- 
servation of charge; this relation is written in the form of the continuity equation for electric current: 


ja = DQeg 0% (05 Fa bo— Pols 29): (3) 


Here, we have used the orthogonality of the different charge states YQ and the usual Lagrangian, which 
gives a first order equation for the wave functions y. We may note that the current jy is independent of 
the parameter qa, as is to be expected. 

Charge conjugation 


nse tf 
%0 = YO) (4) 


in the theory of particles which have only one charge state is defined so as to make the current and 
charge change sign. In the theory of bosons, with several charge states, the following transformation 
must be carried out for a change of sign of the current and charge. 


, / 


Whar (On OO: (5) 
for the case of a single charge state this expression leads to Eq. (4). We may note that charge conjuga- 
tion (5) is equivalent to the transformation a’=— a, 

As is well known, the wave functions of particles which exist in only one charge state can be sub- 
jected to a gauge transformation in which a is an arbitrary function of the coordinates. In the extension ° 


of this transformation to the general case (1) the parameter a is replaced by the quantity a’ which is an 
arbitrary function of coordinates and, in general, the parameter a: 


def (cry) (6) 


In a theory of particles which are free to assume different charge states we must require invariance 
under generalized gauge transformations (6) and the Lorentz group 
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SIE Sh (7) 
In this connection the problem arises of assigning the transformation laws for quantities which are 
transformed by (6) and (7), which we will call the general group. 
Let f(x, a) be an arbitrary numerical function of coordinates x and the parameter a. Then, under 
transformations of the general group, the quantity 0 f/da’ is a linear function of the quantities 0f/8@ and 
0f/0x;,. Hence, we will define a tensor of the general group as a quantity that transforms like products of 


6f/Ox, and df/8a@. The quantity 8f/8a appears in the theory since —id/da@ is essentially the charge oper- 
ator. 


Any tensor of the general group transforms as: 


To o...0 ik ~ (Of/O%)$ (Of/Ox,) . . . (OF/OXn). (8) 


—— 


In particular, in tensor analysis of the general group there is a totally anti-symmetric “tensor,” one 
component of which we designate by e. It is well known that in the transformations of the general group 
it is multiplied by Jacobian J of the transformation. Furthermore, from a tensor of the second rank T 
we can form det T which under transformations of the general group is multiplied by the square of the 
Jacobian J’. Hence, a quantity of the type 


P=s/V det T 


is multiplied by the sign of the Jacobian under transformation of the general group and plays the role of 
_a pseudoscalar of the general group. 

In the theory of particles which exist in only one charge state we require invariance under the Lorentz 
group with positive Jacobian and under infinitely small gauge transformations; from this requirement 
follows conservation of charge. In the theory considered here this requirement is extended in a unique 
manner: it becomes a requirement for invariance under transformations of the general group with posi- 
tive Jacobian. 

If we require from the theory invariance under transformations of the general group with any sign of 
the Jacobian, the Lagrangian must be a scalar with respect to the general group. However, experiments 
on K-meson decay indicate that in decays of this type the theory need not be invariant under space inver- 
sion, i.e., under the transformation x’= — x, a’= a. Whence it follows that in a theory which describes 
K-mesons we cannot require invariance under the transformations of the general group with negative 
Jacobian. In this theory the Lagrangian must be the sum of two terms: a gauge scalar and a gauge pseu- 
doscalar L=S + P. Thus the Lagrangian will not be invariant under the transformation a’ = — a, i.e., 
under charge conjugation the sign of P is changed. 

Thus, we may formulate the following general statement. A theory which is not invariant under a 


change of the orientation of space directions will not be invariant under a change of the sign of the charge. 


However, such a theory is invariant with respect to the Landau combined inversion, i.e., under the si- 
multaneous transformations x’‘=— x anda’=—aQ. 

We now see that the combined inversion hypothesis, suggested by Landau, is equivalent to the require- 
ment that the theory be invariant with respect to the group of generalized gauge transformations with 
positive Jacobian. 
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TAKING ACCOUNT OF d-STATES 
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P. N. Levedev Physics Institute, Academy of Sciences U.S.S.R. 
Submitted to JETP editor February 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R) 33, 271-273 (July, 1957) 


I. Awealth of experimental data has been obtained recently on the angular distribution of mesons* prod- 
uced by photons on nucleons (cf. for example Refs. 1 and 2). To interpret the experimental data it is 
necessary to have a theoretical expression for the differential cross section o)(%) for photoproduction 
of mesons on nucleons. Since there is, at the present time, no consistent analysis by which this problem 
can be examined, special interest attaches to those methods which are based on general considerations. 
Using two such relations — conservation of momentum and conservation of parity — expressions for 
Op(9) have been obtained by various methods in several papers.®® 

In the present note we wish to call attention to a more refined expression for the meson-photoproduc- 
tion differential cross section in nucleons® (details are given in Ref. 2). Using this expression we have 
calculated op(3) for cases in which mesons are produced in s-, p- and d-states. This formula contains 
as particular cases all the expressions for gp(3) (without d-states) which have been obtained earlier .** 
Using this expression for op(3) it is possible to compute the relative yield due to the d-state in meson 
——————— production at various photon energies and to establish the y-ray energies for 
Transition! L j VV which this process must be taken into account. The interest in this analysis 
is explained by the fact that the experimental data!»* indicate the necessity 
for taking account of meson production in the d-state even at energies 


Ey, 1 a ae 0 

Exe 4 cla 2 E,, = 300 Mev. 

ae : tae ; 2. We now consider the photoproduction of mesons in s-, p- and d-states. 
Eas : sail ; All the possible transitions associated with this process are given in the 

Mos 2 ae 2 table. The symbols in the first column denote the matrix elements of the cor- 
E35 3 - 2 


responding transitions; E denotes an electric transition while M denotes a 
magnetic transition. 

If one takes account of all the transitions which have been enumerated and the interference between 
them, the photomeson angular distribution in the center-of-mass system is written as follows:T 


ft ' 2 ‘ 2 12 | 2 H 
oy op (8) = Po {cos ) [| Eur |? + 2| Ey3 |? + | Mir}? + 2| Mis? + 2| Eos |? + 2| Mos 


* + 3| Mos? + 3 Ess |7] 


+ P, (cos 9) Re [= QEyWMy + 2EyMys + 2 V3 EnE os — 2EigMy, + 2E 33M 13 — 0.692 EjsEo3 + 2V 3 MMos 
18V3 


5 


+ 0.692 MisMo, + Myo Mig 2 BeeMag Ore EssMys| +(P, (cos ®) \- | Eqs |? —| Mig 2 + | Eos? 


‘9 18 5 * = * * * = * 
+ | Mos3|? + 1.711 | Mos? -+ = E35 |? + Re [2EnE ss —2V3 EyMo, + 3.462 EyMo; + 4.884 EnE;, —2V 3 Ey3Mo5 
PO. 409M, — 399E Fp 9M, Mi, 2 VS Me, OM en ON Ee MipMo5 — 2.423 Magog 


+ 2.424 Ms,Eys]} + P (cos 9) Re| 4. 148 E,Ey5 — 3.453 Mi,M— — 4.894 Mi, Eo — ra 3 MisMoy — 2.772 Mi4Myq 


* 24 * 24 * _ i 
+ 4.87 MysE95 — = EssMoy +S ExsMz5 + 1.692 ExsEss| + P, (cos 9) {— 1.707 | Mg, 2 + 0.426| Ey, 2 
+ Re [6.301 EjsE35 — 6.835 Mz,My5 — 6.056 MagE55 + 6.013 Mi, Egs]}, (1) 
where Py(cos 3)is the Legendre polynomial; N = 1/16k? and k is the photon wave number. It can easily 


be shown that if all transitions associated with the production of mesons in the d-state are neglected 
(that is, if we set Ey3 = Mos = Mos = E35 = 0 the expression in (1) goes over to the expression for Op(9) 


*In what follows the term meson will always mean mmeson. 
T The calculations are simplified considerably if use is made of the tables of numerical values for the 
Racah coefficients® and the Z coefficients.® These coefficients are considered in greater detail in Ref. 7. 


LETTERS TO"’THE EDITOR 211 


obtained earlier* [cf. Ref. 10, Eq. (27) ]. Similarly, we can obtain the particular forms for o (9) found 
by Feld.! ar 

3, An analysis of the experimental data on the angular distribution of mesons produced by photons on 
nucleons in the energy region Ey = 400 Mev has been carried out in a paper by Watson et al. (this work 
is considered in greater detail in Ref. 2). This analysis has shown that in the indicated energy region it 
is impossible to obtain good agreement between the theory and the experimental data if meson production 
in only s- and p-states is taken into account. In this connection it would be of interest to analyze the 
indicated experimental data using the method used in Ref. 1 but taking account of meson production in 
d-states using the expression given in (1). 


In conclusion the author wishes to express his gratitude to M. A. Markov for discussion of this 
material. 
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*It is necessary to make the following substitutions for the unknown matrix elements Ey; > E41, 
My; — — Myy, Myg + — My gs Eg3 — Eq3/2 V3. 


PHASE OF A SCATTERED WAVE 
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Submitted to JETP editor February 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 273-274 (July, 1957) 


W: consider here the application of one form of the method of variation of constants for determining 
the phase of the scattered wave in a spherically-symmetric one -particle problem in quantum mechanics. 
We have the equation 

@G / de? + [1—1(L+ 1)/e? —U (0)] G =9, (1) 


fos} 


where 1=0, 1, 2..., while U(p) satisfies the condition \ U(e) dp < C and may be given as U(p) 


= y(p)/p, where y(P)=Yo+ViP t+.--- 
We seek a solution of Eq. (1) which may be represented in the following form when p — 0 


G= Agi (2) 


and which takes on the following asymptotic form at large values of p 


(3) 


. 1 a % a 
G = const-sin (c — > ++ >) 2 Oy = CONS, 


————— 
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If we try a solution of Eq. (1) in the form 
G = A(p) sin (p + 4 (p)) (4) 
imposing the additional condition 
dG / do = A(p) cos (p + 8 (p)), (5) 


on the functions A(p) and 6(p), we obtain from Eq, (1), in view of Eqs. (4) and (5), the following ex- 
pressions for A(p) and 6(p): 


dA [dp = A{l(L+ 1)p°? + U ()|sin(o + 8)cos(p + 8), (6) 
dd /do = —[1(L+ 1)p?% + U (p)] sin? (ep + 8). (7) 
We may note that since dlnG/dp = cot [p + 6(p)], in view of Eq. (2), when p ~0 


sin (e + 8(9)) =¢/ (1+ 1). (8) 
Using the last expression and Eq. (7) we find 


‘ l M 
5 (o) = = TRAD py (p) do. 


Using Eq. (8) we find the following expression from Eq. (6): 


A (p) = Ago! (1 + yop /(2 +1) +--+) 
which applies for values of p close to zero. 
If the limitations imposed on the function U(p) are satisfied it is obvious that 


8 (9) ~>—al/2+ 6; for poo. 


It should be noted that in the case y(p) = yo, inview of the fact that sin? (p + 6) is bounded, it follows 
from Eq. (7) that at large values of p 


3 (p)i= —al/2+5,—alnp, 


where ais a constant. 

Because of the monotonic variation of 6(p) at large values of p it is possible to integrate Eqs. (6) 
and (7) numerically with high accuracy and to determine the quantity 6] — the phase of the scattered 
wave. It is obvious that this form of the method of variation of arbitrary constants can be easily ex- 
tended to the case in which the function U(p) is complex. 
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NUCLEAR SUBSHELLS AND DEFORMATION IN THE REGION PAST LEAD 


N. N. KOLESNIKOV and A. P. KRYLOVA 

Moscow State University 

Submitted to JETP editor March 11, 1957 

J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 274-277 (July, 1957) 
Nucuzar deformation causes a change in the bs ee of the nuclear potential well. As a result the usual 
sequence for filling levels, Aeecree by Mayer,! becomes inaccurate and the scheme proposed by 


Nilsson must be employed.? An interesting feature is the fact that nuclear deformation is not a gradual 
effect; rather, it is found that the onset of deformation occurs suddenly at certain critical nucleon num- 


POLE RS LO THER DITOR 213 


bers. There is a sharp increase in deformation in the region of the lanthanides after N = 88. There is 
evidence that the collective properties of the nuclei become important at Z= 64.3 The reverse trend, that ‘ 
from highly-deformed nuclei to spherically-symmetric nuclei, is not so sharp (this change probably 
takes place at N = 112 and Z= 743), The sudden depression of the lowest levels, which are of rotational 
character, after Z= 86 indicates that the abrupt increase in deformation in the region of the heavy nuclei 
sets in after Z= 86.4 

At the present time the scheme by which the levels are filled in the heavy-nucleus region has not been 
determined. The energy classification of a-decay indicates the presence of irregularities at N = 152° and, 
to a lesser extent, at Z= 96 but it is still not clear whether or not these numbers are to be associated 
with a nuclear deformation effect. We have set ourselves the problem of determining: a) with which N 
and Z numbers nuclear deformation effects are to be associated, b) whether or not any of the subshells 
are filled in the heavy-nucleus region, c) the energy associated with filling of the subshells and the effect 
of deformation. 

We consider this problem from the point of view of energetics, assuming at the outset, that any irreg- 
ularity effects are to be associated only with an even number of protons or neutrons. For this purpose we 
compare the energy increments required to add neutrons and protons. We are interested not in the abso- 
lute values of the energy increments for adding neutrons but in their difference. Provisionally we assume 
that no energy is required for adding neutrons in the nuclei Pu2*® and Pu?” and assume that the difference 
is 0.2 Mev in Pu?” and Pu4!, Using the energetics of a— n and B — n chains® we have calculated the en- 
ergy involved in adding neutrons to almost all the known heavy nuclei.’ As has already been indicated by 
one of us,® the energy Ey(A*, N) required for adding a neutron to a fictitious nucleus (A*, N), lying on the 
B-stability curve Z*, is in general different from the energy E,(A, N) required to add a neutron to an- 
other nucleus with the same number of neutrons N (but naturally with a different number of protons Z 
and which does not lie on the Z* curve) by an amount which is proportional to Z—Z* (A): 


E,(A", N)=E£,(A, Z)—«{Z—Z*(A)}, (1) 


where a= 0.425 Mev and Z* (A) is the value of the fictitious isobar which can have the smallest mass 
for a given A. In the region of heavy nuclei, which is being considered here, the dependence of Z* on 
A is given approximately by the empirical formula® 


Z = 0.856 Ao, (2) 


not taking account of the small fluctuations that odd-even effects and periodic effects produce in the em- 
pirical curve Z* (A). 

According to Eqs. (1) and (2), the quantities En(A* N) computed from the empirical values of Ep(A, Z) 
for different nuclei with the same parity and with the same N should be approximately the same. Ac- 
tually, as is apparent from the figure (in which we have plotted En(A*, N) vs. N), points pertaining to the 
same N are almost coincident. In order to show with greatest clarity the discontinuity points in the 
curve Ey(A*, N) = f (N), this curve is drawn through the mean (for each N) value. It is apparent from 
the figure that the curve of “reduced” incremental neutron energies goes through a number of discon- 
tinuities (which are found in the same places for nuclei with all four types of parity) which indicate sin- 
gularities in the energies at N = 130, 136, 144, and 152. 

A similar investigation of the energies required for adding protons leads to singularities at Z = 86, 92 
and 96. 

To evaluate the significance of these numbers we have examined the positions of the lowest rotational 
levels; it has been found that a sharp drop occurs at N = 130, particularly after Z = 86; this effect ex- 
tends, in a less pronounced manner, to N = 136 and Z = 92, after which the levels become stabilized. It 
may be assumed in any case that the numbers Z = 86 and N = 130-are to be associated with a sharp 
change in deformation. The forbidenness factor in a-decay in even-even nuclei in which the ground state 
of the initial nucleus is the ground state for the final nucleus, in particular, in transitions to the second 
level of the final nucleus, is reduced sharply after Z = 86 and N= 130 and then increases following 
7, = 92;° subsequently it is reduced somewhat after Z = 96. In nuclei with an odd number of neuen 
there is a sharp increase in the forbiddenness factor for a-decay with neutron number following the num- 
bers N = 136, 144 and 152; Z = 92 and 96. Comparing these results with data on the position of the levels 

we may conclude that the numbers Z = 86 and N= 130 are to be associated with a sharp increase in de- 
formation. The decrease in the forbiddenness factor for a-decay following N = 130 and Z = 86 is due to the 
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bers around the points indicate the number of protons Z; the val- 
ues of Z are enclosed in brackets when interpolated values of 


Eq have been used for calculating En. 


reduction of the potential barrier 

in the direction of nuclear elonga- 
tion. The particular numbers N 

= 144 and N= 156, Z = 96 are, how- 
ever, not connected exclusively with 
deformation. To what has been said i 
should be added that: (a) the proba- 
bility of spontaneous fission in- 
creases sharply following the numbe1 
N = 152'° and the numbers Z = 92 
and Z = 96 are somewhat fissionable, 
(b) the total cross sections for slow- 
neutron capture increase sharply 
after N = 152'! and become weaker 
after N = 144, and (c) if one of the 
nuclei between the ground states of 
which B-decay occurs has N = 145, 


N = 137, or Z = 95, it is found that log ft is larger than in other neighboring nuclei. 
It is interesting to note that all the sub-magic numbers which have been found N = 136, 144, 152 and 
Z = 92 and 96 are included in the usual Mayer scheme if the order of neutron levels is taken as (Ref. 5): 


‘ | i 
8h |és9), A 2 2), (136) 3 ds), (142) 4 S1}p (154) 81), 


and the proton order is taken as: 


ssa 1), i hy), 


! l 


92 D2 96 torrie 


Deets 


In reality, however, both situations are much more complicated; for example, in some cases the known 
spins of the heavy nuclei are not even remotely in agreement with the described schemes. 

The total effect of nuclear deformation, as it is apparent from the figure, is about 0.7 Mev for neu- 
trons and for protons. The subshell effect is only about 0.2 Mev except for N = 152 in which the effect 


is of the order of 0.4 Mev. 


The authors wish to express their gratitude to Professor D. Ivanenko for his continued interest in 


this work. 
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CONSERVATION OF PARITY IN THE THEORY OF ELEMENTARY PARTICLES 


V. L. POKROVSKII and IU. B. RUMER 
West-Siberian Branch, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor March 14, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 277-279 (July, 1957) 


Tuere have been a number of recent experiments which indicate that parity is not conserved in the 
decay of elementary particles. In view of the fact that the requirement for invariance of physical effects 
under spatial reflections does not now seem to be self-evident it is natural to wonder why parity is con- 
served in one class of effects (strong and electromagnetic interactions), while in another (weak interac- 
tions, following the Gell-Mann designation) there is the possibility of parity non-conservation. 

We wish to call attention to the fact that the system of five-dimensional optics! proposed by one of the 
present authors gives a natural method for classifying effects in which parity is conserved and is not 
conserved. 

Five-optics starts from the recently discovered deep-lying symmetry of the equations of classical and 
quantum mechanics in space, time, and action. In 5-optics the coordinates, time, and action are combined 
in a five-dimensional metric space which is topologically bounded in the action coordinate with a period 
equal to the Planck constant h. Correspondingly, the momentum energy, and charge are combined in a 
five-dimensional vector for which a single conservation law is formulated. In five-dimensional optics the 
action, like a coordinate, is an algebraic quantity. A change in the sign of the action is equivalent to ordi- 
nary charge conjugation. 

The interaction Lagrangian in five-dimensional optics, as in four-dimensional optics, must be formed 
from wave functions of the interacting particles. We consider all possible products of the components of 
the spinors Egé g and Ea nB- All these can be broken down into irreducible groups.” 

(1) Scalars: &€ and EQy.7. 

(2) 4-Vectors: Ey, and EQysy 17). 

(3) Anti-symmetric tensors of the second rank Eviv és EQy;v 1 (6 components). 

(4) 4-pseudovectors: Eygy ck and Qy},7. T 

(5) Pseudoscalars Eysé and §Qn, where the matrix 2 is defined by the relation: Yk = Qy,2Q7, 

In five-dimensional space a spinor is also a four-component quantity and the products &q £B and é alg 
can be broken down into the following irreducible groups: 

(1) Pseudoscalar éys5é; scalar EQy5n. 

(2) 5-vector (Ey,é, ££), 5-pseudovector (EQy_n, EQN). 

(3) Anti-symmetric pseudotensor of the second rank (éyjy,&, ¥57, 6), anti-symmetric tensor of the 
second rank (EQyjyK & EQYsyKé) (10 components). 

In particular, we wish to emphasize that in five-dimensional space it is impossible to form a bilinear 
- conbination having the properties of a scalar and pseudovector from € and and that it is impossible to 
form a pseudoscalar and a vector from é and 7. 

Following Pauli? we designate the following wave functions for bosons: ® scalar, g pseudoscalar, ®, 
vector, ~, pseudovector. 

We now consider two types of effects. 

A. Emission of a boson by a fermion (pair production). The interaction Lagrangians for pseudoscalar 
and vector bosons are respectively: 


L =o (ist) L = On (Ent) + Ps (€ 8) 


(we do not consider interaction Lagrangians which contain derivatives). We see that parity is conserved 
in the emission of a pseudoscalar or vector boson in the five-dimensional theory. This fact is of partic- 
ular interest in connection with the emission of a m-meson by a nucleon and a photon by an electron. The 
interaction Lagrangians can be pseudoscalar only for scalar and Dee ieeye con mesons. Hence, if scalar 
and pseudovector mesons exist, parity cannot be conserved in cue ns processes. ? 

B. Decay of a boson into two fermions. The interaction Lagrangian for a sess son = ee 
L= y*(EQy5n) while for a vector boson it is L= &},.(EQy,_n). We see that parity cannot be conserv 


216 LETTERS TO THE EDITOR 


the decay of a pseudoscalar or vector boson into two fermions. In particular, parity is not conserved in 
the reaction nm — p* + v. If there are scalar and pseudovector mesons which can decay into two fermions, 
parity cannot be conserved in this decay. 

Since the action coordinate is on equal footing with the other spatial coordinates in five -dimensional 
theory, simultaneous spatial reflection and change of sign of the action leave the Lagrangian invariant in 
all product combinations. 

Consequently, even a theory which is not invariant under spatial reflection becomes invariant with 
respect to the combined inversion proposed by Landau,‘ i.e., simultaneous spatial reflection and charge 
conjugation. 


1Tyu, B. Rumer, ccaezoBanua no 5-onTuke,( Investigation of 5-Optics), GTTI 1956; Usp. Mat. Nauk 8, 
6 (1953). 

2. Cartan, Theory of Spinors (Russ. Transl.), GIIL 1948. 

3W, Pauli, Exclusion Principle, Lorentz Group and Reflection of Space-Time and Charge. (In the col- 
lection “Niels Bohr and the Development of Physics,” London, Pergamon Press, 1955). 

4y,. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 405 (1957); Soviet Phys. JETP 5, 336 (1957); T. 
D. Lee and C.N. Yang, Phys. Rev. 105, 1671 (1957). 
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POLARIZATION IN DOUBLE SCATTERING OF ELECTRONS 


IU. V. ANISHCHENKO and A. A. RULCHADZE 
P. N. Lebedev Institute of Physics, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor March 19, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 279-280 (July, 1957) 
As is well known, B-decay electrons are polarized longitudinally. This effect can be observed in double 


scattering of B-electrons. The differential cross section for double scattering of a longitudinally polarizec 
beam of electrons is given as follows:! 


1) = (|fy® + |g, [*) (fz +[ gz) (1 +8,c0s 9 + 8, sin»), () 
where 
8, = (F181 — 81) (fe — fae) / WA? +1 er 2) (fel? + lee), (2) 
ripen sin 9 (| gi |? — | fi 2) + cos % (fra + fig;) (3) 
So ; 


fei — ei 


where f, = f (91), fo = f (92) etc. and the angles 9, and 9, are the angles associated with the first and sec: 
ond scattering respectively, gy is the azimuthal angle measured from the plane of the first scattering, and 


n is the degree of longitudinal electron polarization. In the Born approximation Eqs. (2) and (3) assume 
the following form: 


Neer aeee 7 ee (1 o ) sin* al / 2) Sub (S2 / 2) In cosec? (9; / 2)-In cosec? (95/2) , (4) 
(hc) c eo: sin 9, -sin d, [1— (u/c)? sin? (9 / 2)) [1 — (0 /c)? sin? (9 / 2)]’ 


ae erat he ¢ cot? (1/2) 
8, /6, = 2% Z\e uv Incosec? (9/2) ° “ 


It is apparent from Eq, (5) that 6) <> 6,, so that the effect of azimuthal asymmetry is much greater 
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in double scattering of a polarized electron beam than scattering of a non-polarized beam.!”2 

If we neglect recoil of the nucleus for a two-component neutrino the B-electron longitudinal polariza- 
tions is n=Vv/c. 

Experiments on double scattering of a polarized beam are difficult because of the relatively low ac- 
tivity of B-active samples. However, experiments of this type are of great interest both for verifying the 
calculation given above as well as for understanding the phenomenology of B-decay. At the present time 
attempts are being made to verigy this effect experimentally. 

On the other hand, neglect of the azimuthal symmetry in double scattering of decay electrons may lead 
to its own experimental error. The first scattering is over small angles (5 — 15°) and is likely to be lost 
in the cover which protects the sample. It should be noted that the factor in the expression for 6) which 
depends on 9; is changed by only a factor of three as the angle varies from 10 — 90° so that even for a 
first scattering at small angles, 5) in Eq. (1) remains large. 

It is of interest, in this regard, to point out a possible connection between double scattering and the 
so-called “anomalous” electron scattering which has been observed by a number of authors.**4 These ob- 
servations refer to a discrepancy between the experimental and theoretical electron distribution over the 
angle 9. It is of interest to note that the “anomalous” scattering has been observed in investigations of 
B-radiation of radioactive materials while, on the other hand, there has been good agreement with theory 
in investigations using accelerator beams.” 

We wish to express our gratitude to Academician I. E. Tamm for valuable discussions in connection 
with this paper. 
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THEORY OF THE PRODUCTION OF ELECTRON-POSITRON PAIRS IN COLLISIONS OF 
SLOW UH -MESONS WITH NUCLEI 


L. M. AFRIKIAN 
Institute of Physics, Academy of Sciences, Armenian S.S.R. 
Received by JETP editor March 30, 1957 
J. Exptl. Theoret. Phys. 33, 280-281 (July, 1957) 


In Refs. 1—5 several approximate formulas have been obtained for the cross sections for the production 
of electron-positron pairs in collisions of non-relativistic heavy charged particles. The most complete 
analysis of the problem has been given by Okun’® who has derived expressions for the pair-production 
cross sections in Born approximation as well as the quasi-classical approximation. Thus, almost the 
entire non-relativistic region of heavy-particle energies has been investigated; the only exception is the 
small region near threshold. 

In the present report we present the results of calculations which have pee care Eeiiens the 
threshold region for the production of electron-positron pairs in the:collision of negative H -mesons with 
nuclei. The calculations have been carried out in the framework of quantum electrodynamics; two cases 
have been considered: the first corresponds to the condition: 


T, —2m<2m, (1) 
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where Ty is the initial energy of the y~-meson and m is the mass of the electron. 
In the second case it is assumed that the following condition is satisfied: * 


22Z/137 > By, B, BB; 25/137 <By, (2) 


where 8p, 8, By and B- are correspondingly the velocities of the y-mesons and the pair particles with re- 
spect to the nucleus, 6, is the relative velocity of the particles of the pair. 

In this approximation the total cross section for the production of electron-positron pairs by y~-mes- 
ons on nuclei is: 


oa 8at(Z (LY 2 (MEeMY (ee (1h) ai (ay t ronexp(—aexr {—Ge)}- 
Here: p is the mass of the p-meson, 


1 3 
Oy (— 1) * (—1)@nt 9 ZT —2 2 \—he 
RO) oD a reenter sierra * 1 = Taz ( 2m ) : 


The function Ei(— 7) is the exponential integral, the values of which are tabulated in Ref. 6. 
The second case corresponds to the Born approximation for the pair particles: 


2nZ/ 137 <By,B-,B4; 2Z/ 137 > Bo, 8. (4) 

In this approximation the total effective cross section for pair production is 
2 PE NAREO i8. f M mZ (2 y\'h (5) 

== (im) Ge) (Pam) oP tiai(7) J 


The formulas in (3) and (5) do not go over directly to Eq. (11) of Ref. 5 which pertains to a region of 
considerably higher energies. We may note, however, that the exponential factor in Eq. (11) of Ref. 5 
becomes approximately the same as the exponential factor in Eqs. (3) and (5) when Ty ~2m. 
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*Here and in the following we will not specifically state the condition 


2n/137 KX Be-p 


[where Be-p is the relative velocity of the scattered y-meson and electron (positron)] since it is easily 
satisfied. 


SOFT COMPONENT IN AN ELECTRON-NUCLEAR SHOWER AT ENERGIES OF 10!4 EV 


I, M. GRAMENITSKII,G. B. ZHDANOV, M. 1. TREM’IAKOVA and 'M. N. SHCHERBAKOVA 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 2, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 282-233 (July, 1957) 
In an earlier note! we presented a short report concerning an investigation in an emulsion of the angle- 


uorey characteristics of the rare case of a nuclear interaction between an a-particle with an energy of 
(8-3) x 10 ev and a nucleon, The observation conditions were such that it was also possible to develop 
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the electron-photon component in the emulsion over a region of two cascade lengths. 
The results of the study of the 


TABLE I TABLE I soft component can be given in the 
Space-Energy distribution Space distnibanen form of a space-energy distribu- 
of electron pairs. of electrons. PS cee es SAN: it 
electron-positron pairs (Table I) 
Hx<0.6-40-* | 0.6-10-*< 9, < 5-10- ee, fl ee Uaox F and an electron space distribution 
ame “>| 79-5 30 | 1250] 10 é e (Table II and figure). In this anal- 
ysis the quantities which charac- 
oes nla a oe is | f3) 14  terize the spatial distribution have 
Poor ri 2 : us Sie tO ieTTS: (ESO been chosen as the distance t 
1.6<1t<2.1 |] 0 0 0 0 0 io ie 3 2 Oraee along the axis of the cascade (ex- 
RS eed 34 pressed in cascade units) 


and the deflection angles of the 

pairs and the particles with respect to the same axis in space $ or in projection on the plane of the emul- 
sion 3,. The photon energies hv were determined from the opening angle of the components of the pair 
@ in accordance with the formula given in Ref. 1 in which use was made of the relations between the en- 
ergy hv and the mean-square value of the angle a. 

The distribution of electrons along the axis of the cascade (Table II, right half) makes it possible, 
using the usual cascade curves, to verify the energy estimates given in Table I. 

As is apparent from the figure, the spatial distribution of particles of the soft component in the direc- 

tion perpendicular to the axis of the shower at a depth t = 2, can be 

WMG) O75. approximated by the power function f(r) ~ r~Y where y = 1.62 + 0.05, 

0 : r = t* (solid line in the figure). 

An analysis of the data given in Tables I and II and in the figure 
leads to the following conclusions: (1) the total number of photons is 
approximately equal to the number of penetrating particles emitted 

N within the forward cone (in the c.m. system) within the limits of the 
statistical errors; (2) the energy flux carried by the photons is ap- 
proximately 0.1 (with an error of approximately 0.05) of the energy 
of one nucleon of the primary particle; twice the mean energy carried 
by one photon is approximately equal to the mean energy of one pene- 
trating particle if it is assumed (cf. Ref. 1) that the mean energy as- 
sociated with the transverse momentum component of the mesons is 
lyn -30 40 \gr 1.5 pe; (3) the concentration of photons and associated energy flux 4 
: g : : close to the axis of the shower is considerably higher than that which 
Electron spatial distribution would be expected on the basis of the angular distribution measure- 


Dees opti cere ne ments and the transverse momentum of the penetrating particles of 
arbitrary point). 


=/) 


the shower. 

It is extremely probable that the last feature of the soft component of the shower is related, at least 
to some degree, to fluctuations, in view of the fact that the major part of the energy flux is carried by 
a small number (1 — 2) of n°-mesons. It is also possible that part of the effect is due to differences in 
the efficiency for pair detection at different distances from the axis of the shower and the “addition” of 
a small number of pairs of bremsstrahlung origin. 

There is still one other possible origin of this effect; this is the presence of an additional proton 
source in the form of bremsstrahlung produced (cf. for example, Ref. 2) as a consequence of the rapid 


deceleration of the quickly-moving electric charge of the primary particle. ; . ts 
The authors are indebted to Professor S. N. Vernov and Professor N. A. Dobrotin for illuminating 


discussions of the results of this work and to technicians R. M. Gryzunov and M. I. Pachkov for assis- 
tance in processing the experimental data. 
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CALORIMETRIC METHOD OF DETERMINING THE OPTICAL CONSTANTS OF METALS IN 
THE INFRARED REGION AT LOW TEMPERATURES 


N. E. ALEKSEEVSKII and E. V. POTAPOV 
Institute for Physical Problems, Academy of Sciences U.S.S.R. 
Submitted to JETP editor, April 3, 1957 
J. Exptl.Theoret. Phys. (U.S.S.R.) 33, 283-284 (July, 1957) 


Measurements of the optical constants of metals, as has already been noted,! are extremely impor- 
tant since these measurements, under certain conditions, afford the possibility of determining conduc- 
tion-electron density.* 

In the low temperature region it is convenient to determine the optical constants by calorimetric 
methods because these methods are simple and because the small heat capacities of metals make it pos- 
sible to achieve high sensitivity. The calorimetric method has already been used by a number of au- 
thors;”*? in these experiments, however, only the absorption was measured i.e., A=1—r, where r is 
the reflection coefficient for normal incidence on the surface of the sample. 

Measurements of this kind cannot be used to calculate both optical constants of 
a metal. Two independent measurements are required. For this reason we have 
used an instrument with which both quantities can be measured. A schematic dia- 
gram of the apparatus is shown in Fig. 1. 

A plane-polarized beam of infrared radiation is incident on the surface of the 
sample 1 at an angle g close to the principle incident angle of incidence. The 
sample is located inside a vacuum calorimeter A on thin caprone rods 2. The 
calorimeter is suspended in a liquid-helium Dewar. The sample is cooled by heat | 
exchange with helium with which the calorimeter is filled. During the measuremets 
the helium coolant is removed by the carbon pump B (Ref. 4) located in a separate 
chamber under the calorimeter and the sample is slowly heated by the absorbed 
radiation. 

The temperature of the sample is measured by the thermometer 3 of phosphor 
bronze which is in good thermal contact with the sample. A thin-walled copper 
coil, which acts as a black body, is soldered to one side of the sample and is used 
to determine the intensity of the incident radiation. 

By carrying out measurements of simple heating in a given time for two orien- 
tations of the polarized radiation (in the plane of incidence and perpendicular to 
the plane of incidence) it is possible fo find A,,) = 1—r ar and A,oyp = 1-7. erp’ 
Then, the quantities 7 and k can be computed graphically using Eqs. (5) and (1) of 
Ref, 1. 

This method was used to determine the optical constants of bismuth for wave- 
lengths from 1 to 7y at an angle of incidence y= 70°. In this case, at Ty the 
values of 7 and k were found to be respectively 2 and 2.5, whence |«]| = 2.2. An 
estimate based on the assumption that in this region | «| ~ 1/w? gives for bismuth 
N 23x 10”, This assumption can be verified at longer wavelengths; however, 
“pump,” (5) dia- hecatise - the low intensity it is extremely difficult to Heiss the SEE ETI), 
phragms, (6) window Phe intensity of the maniacs incident oo the sample can be increased by using a 
of KRS—5, (7) mir- wider beam and by introducing the radiation into the calorimeter through an 

optical window in the side wall of the Dewar. It is convenient to use a metal Dewar 
with one side window for this purpose and to place the samples in the general vac- 


FIG... 1. (A)vac- 
uum calorimeter, 
(B) carbon “pump,” 
(1) sample, (2) cap- 
rone rods, (3) bronze 
thermometer, (4) 
valve for carbon 


ror, 


*As has been pointed out by Ginzburg and Motulevich, if the dielectric constant of a metal ¢« = n? 
—k* ~ 1/w’, then 
N = (n? — x?) mw?2/4ne?, 
where N is the number of conduction electrons per unit volume, n is the index of the refraction, kK is 
the absorption index, m is the mass of the free electron, e is the charge of the electron, and w is the 
frequency of the incident radiation. 
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uum space of the Dewar on a fixed heat conductor. A detailed report on work being carried out will be 
published in the near future. 


'v. L. Ginzburg and G. P. Motulevich, Usp. Fiz. Nauk 55, 469 (1955). 
PEGs Ramanathan, Proc. Phys. Soc. A65, 532 (1952). 
iM. A. Biondi, Phys. Rev. 96, 534(1954); 102, 964 (1956). 

P. G. Strelkov, J. Exptl. Theoret. Phys. (U.S.S.R) 24, 248 (1953). 
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CONVERGENCE OF THE PERTURBATION- THEORY SERIES FOR A NON-RELATIVISTIC 
NUCLEON 


A. G. GALANIN and IU. N. LOKHOV 
Submitted to JETP editor April 4, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 285-286 (July, 1957) 


In the quantum theory of interacting fields the perturbation-theory series is an asymptotic series.! On 
the other hand, the problem of a non-relativistic nucleon interacting with a neutral scalar-meson field 
(n.s. theory) has an exact solution.” In this case the exact Green’s function of the nucleon is an analytic 
function of the coupling constant with an infinite radius of convergence (in the coordinate representation; 
in the momentum representation the radius of convergence is finite’). 

The problem of a non-relativistic nucleon which interacts with a symmetric pseudoscalar meson field 
(s.p.s. theory) does not as yet have an exact analytical solution. In spite of this fact an analysis of the 
convergence of the perturbation-theory series can be carried out. 

For the interaction 


(0/2 v) ¥"[(ov) (ti i] ¥ (1) 


there is a definite rule for writing the Feynman diagrams. The rule can be completely stated if we write 
only one matrix element, corresponding to the self-energy diagram in the first approximation 


( 2 k)t, (ok) t,d?kdk 
= aie 1 (ok) 7, (ok) 7; é (2) 
es AG ee Ae: 


where E is the nucleon energy (we neglect the kinetic energy of the nucleon), and the integration ex- 
tends to some upper limit. We go around the poles in the complex plane Ky by infinitesimal increments 
€ > 0 and n > 0. The symbol 7 corresponds to the appropriate Green’s function in the non-relativistic 
case.‘ In the upper half plane of k, there is only one pole ky = — Vv k? + p2. Closing the integration path 
in the k, plane in an upward direction, it is easy to calculate the integral over ky in (2). After integrat- 
ing over the angles we have 

A 


2 5 
M(E) Fes) 371%; | idk (EVP +e) VE +e (3) 
0 


where A is the cut-off momentum. In what follows we neglect the meson mass; going over to dimension- 
less variables of integration we have 


4 
M (z) = d (S ai Aaetjazt;\ x8dx "i 
0 


(z=E/A). The rules for forming more complicated diagrams can be obtained easily by generalizing this 


example. wn 
Similarly, in n.s. theory with the interaction g; wow, we obtain in place of (4) 
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4 gpa | ee (5) 


In this case the theory can be renormalized and the cut-off momentum A can approach infinity after 
renormalization. However, since the expressions under the integrals are positive (for a given diagram), 
by introducing a finite cut-off momentum we reduce the magnitude of the integral and improve the con- 
vergence of the power series in nee We now compare (4) and (5) and the more complicated diagrams. 
We denote an arbitrary diagram of order n s.p.s. theory by 1p) and the same diagram in n.s. theory by 
12”, Inasmuch as all the variables of integration in (4) and in the more complicated diagrams are less 
than unity, we have 1?) < ik An if gf = 1/3 (goA/2u)* and Ap denotes a combination of the matrices o and 
T. Since the matrices o and T have the same properties, 


Az =\(Cipoijoreone) (6) 


in which the indices contain n identical pairs for which we carry out a summation from 1 to 3. Hence 
the expression in the parentheses in (6) consists of 3" terms. We consider one of these terms. Let the 
first matrix be ox while the next successive matrix after 0, stands in the k’th position. Having made 
k—2 substitutions we change sign k—2 times and, further, since oe = 1, we have reduced the number of 
matrices by 2. Carrying out this operation n times, we calculate one of the terms in 0j,...0j,,,. The 
quantity Ay, increases only if we drop the factor ( —1)k-2 which arises from the fact that the 0 matrices 
do not commute. Since the number of terms is 3", An < 32 and 


PP<Ie, (7) 


if now g? = 3(goA/2y)?. 

Thus, the power series in g? in n.s. theory is the majorant for s.p.s. theory. 

In n.s. theory the Green’s function has, in the p-representation, a finite radius of convergence (cf. 
Ref. 3) if the cut-off momentum A — o, If A remains finite, however, (the inequality in Eq. (7) is ob- 
tained specifically in this case), the radius of convergence in n.s. theory also becomes infinite for a 
Green’s function written in the p-representation. Hence, from Eq.(7) it follows that the perturbation- 
theory series in s.p.s. theory has an infinite radius of convergence. 

The convergence of the perturbation series in non-relativistic theories is due to the fact that the 
integral which corresponds to a diagram of n’th order, has a denominator of the following form: 


(E +8) (E +8 +a)... (E+ hy + ... + Rn), 


where k; is the energy of the i’th virtual meson (k; > 0). 

This denominator leads to a very rapid, factorial reduction of each diagram of n’th order with in- 
creasing n. This means that the n’th term of the power series in g? falls off with increasing n in spite 
of the fact that the number of diagrams of n’th order increases as n! 

Thus, in non-relativistic theories it is assumed that the energy of a nucleon in virtual states increases 
with an increase in the number n. It is obvious that relativistic theories, in which pair production is pos- 
sible, will differ in a fundamental way from non-relativistic theories at this point. Hence, in the example 
of a relativistic theory chosen by Thirring each matrix element of n’th order does not fall off factorially 
with increasing n and the perturbation theory series becomes asymptotic. 

The authors wish to express their gratitude to B. L. Ioffe for some illuminating discussions. 


‘Ww. Thirring, Helv. Phys. Acta 26, 33 (1953). 

2S, F. Edwards and R. E. Peierls, Proc. Roy Soc. (London) 224, 24 (1954). 

*TIpo6.1embi coppemeHHOM (u3HKH, (Problems of Contemporary Physics) IIL 3 (1955) p. 119. 
AReF. Feynman, Phys. Rev. 76, 749 (1946). 
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THE INFLUENCE OF PRESSURE ON THE MAGNETIC PROPERTIES OF ZINC SINGLE 
CRYSTALS AT LOW TEMPERATURES | 


I. M. DMITRENKO, B. 1. VERKIN, and B. G. LAZAREV 
Physico-Technical Institute, Academy of Sciences, Ukranian S.S.R. 
Submitted to JETP editor April 5, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 287-289 (July, 1957) 


An investigation of the magnetic properties of metals at low temperatures and under pressure if of in- 
terest in connection with the possible effect of the pressure on the structure of the electron energy spec- 
trum in the metal. For metals in which the de Haas-van Alphen effect is observed, such an investigation 
is of particular interest in connection with the presence of different types of binding forces between the 
atoms of the lattice. It is possible that this may explain one of the fundamental magnetic properties of 
this group of metals, namely the presence of anomalously small groups of electrons.! 
; Eaieg _ i; 1 The influence of pressure on the magnetic properties of Bi 
os at low temperatures has already been communicated.’ It is of 
interest to perform a more detailed investigation of this effect 


| | ih 
| ae [Venom on zinc, a metal whose magnetic properties at low tempera- 
a 
ik as 


tures have been investigated in detail by several authors.?® 

3 Monocrystals of Zn were prepared in glass by the Obreimov- 
pan bet | Shubnikov method, using “Hilger spectroscopic” metal. The 

c method for creating a pressure of about 1500 kg/cm? and meas- 
uring the differences in the principal specific susceptibilities 

q of a monocrystal were the same as those used previously.?”® 
The crystal was oriented in the field so that the suspension 

0 S axis was perpendicular to the binary crystal axis. The princi- 
pal axis of the crystal makes an angle 9 with the magnetic 

a rm 6° field vector H in the horizontal plane. The curves shown in 
Fig. 1 were then obtained for the angular dependence of the torque 
Lx acting on the crystal at T = 4.2° K and H = 8400 oersteds, 
and those of Fig. 2 were obtained for the function y(1/H) at 

two values of @ (20° and 80°). 

As is seen from Fig. 1, the application of pressure causes 
a significant decrease of the amplitude and increases the pe- 
riod of the oscillations; the amplitude decreases most in the 
region of high 0, while the period changes most at small val- 
ues of 6. 

When the pressure is removed, the initial curve is re-es- 
tablished with some amplitude hysteresis. Repetition of the application and removal of pressure repro- 
duces the first cycle, except that the amplitude hysteresis is much less after the second application of 
pressure. 

Figure 2 verifies the data obtained from the rotation diagrams. The period is increased both for 
6 = 80° and for 6 = 20°, with the increase being 52% in the latter case and 43% in the former. The am- 
plitude decreases in both cases, the decrease being greater for 80°. At this value of @ the amplitude 
hysteresis is also larger, being about 60%, while at 20° it is only 6 — 8%. Removal of the pressure leads 
to complete re-establishment of the periodicity within the limits of experimental error. The slant of the 
median line in the y(1/H) curves, together with the noncoincidence of the zeroes in the zotaon dia- 
grams, is explained by a torque component lie to the weak magnet anisotropy ‘of Mee cylinder. 

The pressure effect in zinc is thus found to be quite large. It has the following interesting property. 
Although pressure makes the zinc lattice moye isotropic, causing it to approach dense hexagona) packing, 
gular dependence of the periods (or the anisotropy of the Fermi electron surface, 


FIG. 1. The torque acting on a zinc 
crystal in a homogeneous magnetic 
field as a function of the angle @ be- 
tween the field vector and the hexago- 
nal crystal axis; T = 4.2° K, H = 8400 
oersteds. (a) P = 0 kg/cm’; (b) P 
~ 1500 kg/cm?; (c) pressure removed; 
(d) pressure P ~ 1500 kg/cm? reap- 
plied; (e) reapplied pressure removed. 


the anisotropy of the an 
which causes this effect) increases. 
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FIG, 2. The differences of the prin- 
cipal specific susceptibilities of a zinc 
crystal as a function of the applied 
magnetic field strength at T = 4.2°K. 
At 6 = 20°; (a) P=0 kg/cm?; (b) P 
~ 1500 kg/cm’; (c) pressure removed; 
(d) pressure P ~ 1500 kg/cm? reap- 
plied; (e) reapplied pressure removed. 
At 6 = 80°: (a) P=0 kg/cm’; (b) P 
~ 1500 kg/cm’; (c) pressure removed. 
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Using the data obtained, one can estimate the number of 
electrons in the group responsible for the investigated longest- 
period component of the de Haas-van Alphen effect in Zn. If n 
is the number of electrons in the given group, and © is the vol- 
ume bounded by the corresponding Fermi surface in momentum 
space, then n= QV/h?, where V is the volume of the metal 
and h is Planck’s constant. The equation Q = as?/2 gives the 
relation between the volume Q and the extremal cross sectional 
area of the Fermi surface, and S = A/A [where A is the period 
of the y(1/H) curve]. Here a is a form factor that depends in 
general on the orientation of the field vector relative to the 
crystal axis. From these formulas we obtain 


B nin =8V/V —%p(6A/A) + baja. 


In our case, in spite of the significant anisotropy of the com- 
pressibility of Zn, the fractional changes of the periods for @ 
= 20° and @ = 80° are close (0.52 and 0.43 respectively). We 
can thus assume that the shape of the Fermi surface changes 
but little, and set 6a = 0. Taking next (6A/A) gy = 0.47 and 
(6 V/V) ® 3.107%, we obtain 6n/n % —0.7. In other words, the 
number of electrons responsible for the long-period component 
in the y(1/H) curve for Zn is about 70%. For comparison, we 
note that a similar evaluation undertaken for Bi [taking 6A/A 
= 0.13, obtained from the y(1/H) curves for 9 = —70°] gives 
only a 10% decrease of the number of electrons responsible for 
the de Haas-van Alphen effect at a pressure of about 1500 
kg/cm?. This estimate is much rougher than the one performed 
here for zinc, owing to the way the anisotropy of the Fermi 
surface of Bi changes under pressure.” 

Finally, it is interesting to note that the work per atom 
done by the external forces in compressing the crystal is 
2x 10-8 ev. To some extent this value characterizes the mag- 
nitude of the change of the binding forces in the Zn lattice un- 
der a pressure of about 1500 kg/cm’. It is interesting that such 
a small change in the binding forces leads to so large a change 
in the parameters of the de Haas-van Alphen effect, owing to 
the anomalously small group of electrons in zinc with the 
Fermi energy Ey ~ 107 ev. 


In conclusion the authors consider it their pleasant duty to thank I. M. Lifshitz for discussing the re- 


sults of the work. 


Belk, Verkin, Doctoral Dissertation, Kharkov State University, 1956. 
2Verkin, Dmitrenko, and Lazarev, J. Exptl. Theoret. Phys. 31, 538 (1956); Soviet Phys. JETP 4, 432 


(1957). 


3B, I. Verkin, Dokl. Akad. Nauk SSSR 81, 529 (1951); B. I. Verkin and I. F. Mikhailov, J. Exptl. 
Theoret, Phys. (U.S.S.R.) 24, 342 (1953). 

4S. Sidoriak and D. Robinson, Phys. Rev. 75, 118 (1949); J. Marcus, Phys. Rev. 84, 787 (1951); F. 
Donahoe and F. Nix, Phys. Rev. 95, 1395 (1954); T. Berlincourt and M. Steele, Phys. Rev. 95, 1421 (1954)... 

°B. I. Verkin and I. M. Dmitrenko, Izv. Akad. Nauk SSSR, ser. fiz. 19, 409 (1955). 

6 B, I. Verkin, I. F. Mikhailov, J. Exptl. Theoret. Phys. (U.S.S.R.) 25, 471 (1953). 
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USE OF THE HARTREE-FOCK EQUATIONS FOR A SYSTEM OF QUASI-PARTICLES 
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V.M.ELEONSKII and P. S. ZYRIANOV 
Ural’ Polytechnic Institute 
Submitted to JETP editor April 6, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 289-291 (July, 1957) 


Tue state of a system of many strongly interacting particles in states close to some ground state can 
be described in terms of a set of quasi-particles. In a weakly “nonideal” system, the number of quasi- 
particles in states close to the ground state may be considered insignificant, and their interaction can 
be ignored. In strongly “nonideal” systems, the number of quasi-particles may be quite large and their 
interaction can no longer be ignored. We present an attempt to account for the interaction between 
quasi-particles by means of a self-consistent field. 


The time-dependent Hartree equations for a system having on the average N quasi-particles per 
unit volume can be written 


: f tii p ry [2 Day 

ih = — FAY + \ G(Ir—ri) Deir Par’ y, (1) 
where G(|r—r’ l) is the interaction kernel for quasiparticles. Writing Yj = p; exp {i8;/h} , these equa- 
tions can be written in the hydrodynamic form 


n? AVe, 
4m ej 


C 4 2 , , / : 
Sit sq (VSP + | GUr—r]) Dest’) ae Alpe mech Genres. (2) 
This system has an exact solution with ps = const = 1/V (where V is the volume of the system, assumed 
equal to unity) and 


S§ =m (Wey) i eyt -+ const, (3) 


where <$ is the energy and p is the momentum of a quasi-particle in a state of constant density. For 
a weakly “nonideal” system, Vg can be set equal to the velocity v’. The energy spectrum of a system 
in a state close to the constant-density state may be found by linearizing Eqs. (2). Calculations similar 
to those performed previously! lead to the dispersion equation 

ay 


1 
1=— Gee p2 [(o—kyps9)* — aa 


(4) 


where G(k) is the Fourier component of the interaction kernel, and k is the wave number. For small 
k this equation has the solution 
N ————— 
wo? = — G (hk) k? + (K+ ype). (5) 
Suitable choice of the dependence of «; on p; makes it possible to account for nonlocal interactions. 


If exchange interactions are Penton for within the framework of the Hartree-Fock equation, we 
obtain instead of (4) 


1—£ G(@ DF (@, kp) + (Ber) 39 (lev + eel) Fee, kod es = 0, F(o,kp) =|[(S oY — Fay. 6) 


When w >> <kp/m>nay, the function G(|p; + pj!) can be taken outside of the summation over j and 
evaluated at some intermediate point p’ between zero and the maximum value of the Fermi momentum. 


The last term in (6) then becomes 


— (k2 /m) >)G (|p: + P’|/%)- 


The maximum and minimum values of the correction for the exchange interaction differ from each other 
by a factor of two. For small k the maximum value of this exchange correction leads to 


wo? = 09 + (p? | m?) hk? Eo 3.05 (hk | Dmax)*> 
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This equation was first obtained by Silin? with a somewhat different numerical coefficient on the last term. 
The method here described is generalized by indicating a general way of finding the quantity ( Vpe)*s 
which enters into the dispersion equation (5). Since this quantity is given in terms of quantities charac- 
terizing the ground state, it is sufficient to write the energy « = (1/2)m(V pe) of a single particle for 
this state as a function of the momentum, accounting for all possible interactions by single-particle wave 
functions (which are plane waves in the constant-density state). 
We take this opportunity to thank V. P. Silin for correcting a serious error in the first version of this 
communication. 


1p. §. Zyrianov and V. M. Eleonskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 592 (1956); Soviet Phys. 
JETP 3, 620 (1956). 

2. P. Silin,Du3uKa MeTaJJIOB H MeTaoBeeHHe, (Physics of Metals and Metal Reseach) 3, 193 
(1956). 
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NEW FORM OF ISOMERISM IN Eu’”” 


L. K. PEKER 
Library of the Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 7, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 291-293 (July, 1957) 


Experimenta data on the B-decay of Eu’™ indicates that the 8 and y spectra of its ground state 

(T =18 years) and isomeric state (T =9.2 hr) are very complex.! 4 Certain details of the decay schemes 
however, are quite well established and can be used to determine the spin of the isomer. These are shown 
in Fig. 1. The log tf value of 7.6 for the 9.2 hr 8” transition of Eu!® to the ground state 0+ of Gd!® is 
characteristic for singly forbidden 8” transitions and indicates that the spin of the Eu! isomer is 1—. 
The value 0— is excluded, since K-capture is observed to 


Pals the 1537 kev 2— level of Sm‘®*, The value 2— is less likely 


rN chr t- 
Byear 3(-) 


2- 1530 


2 2+ 


since in this case the 8B” transition would be “unique” and 
one would expect to have log tf = 7.6. 

The spin of 13-year Eu'®? was directly measured by 
the paramagnetic resonance method,° and was found to be 
3. These experimental values of 3(—) and 1— for the spins 
of the ground state and isomeric state of Eu'®™ lead to 
several serious difficulties: 

1. The spin difference of these two states is 2. There- 
fore the y-transition between the isomeric and ground 
states of Eu’? must be* E2. Nevertheless, this transition 


2+ 122 ° ° is never observed. If it does exist, it is retarded by a fac- 
0+ 0 =m TE oY B tor of more than 10%” compared to the usual E2 transitions 
629 One is not able®’® to explain this in terms of the selection 


FIG, 1 


rules for any of the known quantum numbers (for deformed 
nuclei) I, K, N, n,, A, or 2. The isomerism of Eu!® 


*From a more detailed analysis of the decay scheme it follows that the parity of 13-year Eu!®? would 
seem to be the same as that of 9.2-hour Eu'®*, It is, however, impossible to eliminate completely the pos- 


sibility that 13-year Eu! has positive parity. 


LETTERS TO THE EDITOR 227 


must thus be of a new type which cannot be explained in terms of the previously known ones (which are 

easily explainable in terms of selection rules for the above quantum numbers) ; 

v ene 

PE MSBEX oD) FIG, 2. Dependence of the nuclear potential energy V _ on the deformation £. 

Curve A represents nuclei with almost filled shells and with a spherical equi- 
librium shape (8 = 0). Curve D represents nuclei with ellipsoidal equilibrium 
shapes (8 #0). Curves B and C represent nuclei close to the transition point 
between spherical and ellipsoidal equilibrium shapes. Curve B refers to the 

B spherically symmetric 9.2-hr isomer of Eu!®, and C refers to the 13-year 
ground state (ellipsoidal equilibrium shape). 


2. The singly forbidden B~ decay of 13-year Eu!®™ to the first and second 2+ levels of Gd! has a log 
Tf value of 12, which means that it is slower than ordinary transitions by a factor of about 10°, K-tran- 
sitions to the Sm!*? level are about equally slowed down (log Tf ¥ 10), No K-capture is observed?’ to the 
123 kev (2+) and 366 kev (4+) levels, which belong to a rotational band of the ground state. 

3. Comparison of the probabilities for B- and K-transitions of the same type, as well as the values for 
the total ratios K/8~ for the ground state plus isomeric state of Eu!®? show that 9.2-hr Eu!®2 decays pri- 
marily to Gd'®? levels, and that 13-year Eu!” decays to Sm! levels. 

In order to understand the properties of Eu!®? decay, let us consider the question of the equilibrium 
shape of the nucleus. It is known that all nuclei with 88 neutrons are spherical, whereas those with 90 
neutrons have an ellipsoidal equilibrium shape. It is natural to assume that nuclei with N = 89 are in 
“neutral” equilibrium and can be either spherical or ellipsoidal depending on the number of protons. 
Analysis shows that nuclei with N = 89 and Z = 60 or 62 are spherical, whereas that with Z = 64 is 
ellipsoidal.® 

Thus the nucleus with N = 89 and Z = 63 is in “neutral” equilibrium with respect both to the neutrons 
and protons. Such a nucleus should have unique properties. The potential vs. deformation plot in Fig. 2 
shows that for this nucleus (curves B and C) the states with B = 0 and 6 £0 are almost equally stable, 
and transitions between them may be caused even by weak excitation of the nucleus. 

The nucleus with Z = 63 and N = 89 is Eu”, In agreement with the above, let us assume that its ground 
state (T = 13 years) has an ellipsoidal equilibrium shape, and that the isomer is spherical in equilibrium. 
In this case the isomeric transition in Eu’ is related to the change of the equilibrium shape, and there- 
fore to a realignment of the nuclear levels. Such a realignment can explain the factor F > 10” in slowing 
down the y transitions. It is natural to assume that the equilibrium deformation parameter 8 for Eu!®2 is 
minimal and therefore® equal to about 0.2. In ¢,G43" the deformation parameter f = 0, and in goSmge" it has 
the value 8 = 0.3. The B-transitions to the Gd!52 levels and the K-transitions to the Sm!*? levels are ac- 
companied by a large change in the deformation parameter (the B--decay causes a change in the equilib- 
rium shape). The significant realignment of nuclear levels which takes place in these transitions may 
strongly decrease the decay probability, thus explaining the fact that F ~ 10°— 10°, 

In these processes, the B~-decay is accompanied by a larger change in the deformation parameter 
(AB = 0.2) than the K-capture (AB = 0.1). Thus in the 13-year Eu!®? we have K/B~ > 1, ang log Ti, < log 
tfp_. The possibility of K-transitions to the 122 kev and 366 kev rotational levels of Sm‘? is reduced not 
only by the change in the deformation parameter, but also by forbiddenness with respect to the quantum 
number K, which decreases the probability® by a factor of 104 when Av = AK—L= 2. Such K transitions 
should be practically unobserved. 

These conclusions, as we have seen, are in agreement with the experimental data. No change pane 
equilibrium shape takes place in the B~-decay of the spherical nucleus Eu!* (T = 9.2 hr), ee Gd’** is 
also a spherical nucleus. In complete agreement with this, log tig- has the usual value for singly for- 
bidden B-transitions, as already mentioned above. ; . 

The probability for K-capture should be much lower, since it is accompanied by a change of the equi- 
librium shape. This is in agreement with the general features of the experimental data, since K/B~ < 1 
in 9.2-hr Eu", The observed probability for g* and K-transitions, however, is more Jaa could be ex- 
pected. It should be noted that the existing experimental data on the intensity of 6" -transitions is con- 

i AY further study of these transitions is necessary. 
“ae ata note that Ruane that the equilibrium shape of Bu (T = 13 years) is Paul 
soidal is supported by data on its spin and magnetic moment. They agree exactly with the data for the 
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Eu!4 nucleus (I= 3, p = 2.0 nuclear magnetons), which is known to be ellipsoidal.®*!! The spin of the 
Eu!® isomer, namely 1—, is in agreement with the hypothesis that the nucleus is spherical. 

Thus Eu!® is a rare (if not the only) example of a nucleus located intermediately between states with 
known spherical and ellipsoidal equilibrium shapes, and must thus have several unique properties (other 
than those considered above). Therefore further experimental study of this nucleus and the establishment 
of its complete decay scheme is very important for the development of concepts on its structure. 

I offer my deep gratitude to L. A. Sliv for detailed discussion of the work. 
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SMALL-ANGLE SCATTERING OF FAST NEUTRONS BY HEAVY NUCLEI 


IU. A. ALEKSANDROV 
Atomic Energy Institute 
Submitted to JETP editor April 10, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 294-296 (July, 1957) 


W: have studied the angular distribution of fast neutrons elastically scattered from Pu, U, Pb, Bi, Sn, 
and Cu nuclei in the interval of angles* from 4 to 25°. This work may be considered an attempt at the ex- 
perimental investigation of the possible “polarizability” of the neutron in the strong Coulomb field of the 
nucleus, which is of interest from the point of view of studying the internal structure of the neutron. As 
has previously been noted,!”? the “polarizability” of the neutron would be observed in the anomalous be- 
havior of the differential elastic scattering cross section at small angles. 

A fast neutron beam is extracted from the reactor with the aid of a collimator previously described.! 
The detector was a cylindrical chamber filled with He* to a pressure of 15 atmos. In order to improve 
the characteristics of the chamber, as well as to determine the energy scale, 5% of Ny was added to the 


*The angular distribution of fast neutrons in the interval of angles from 0.7 to 5° will be published later. 
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' chamber. The chamber diameter was 4 cm, and the operating length was 
approximately 45 cm. The counting efficiency was several percent for 
neutrons of energy on the order of 1.3 Mev. 

The operation of the chamber was tested by the N'4 (n, p) c' reaction 
with thermal neutrons, which gives 600 kev protons. The differential pulse 
amplitude distribution is shown in Fig. 1. 

In measuring the angular distribution, the analyzer separated the band 
from 680 to 890 kev. The energy spectrum of neutrons counted by the 


chamber was found by calculation, and 


is shown in Fig. 2. The spectrum was 


calculated using the data of Adair? and 


Seagrave & 


The scatterers were 1 cm thick 


plates of the substance being investi- 


gated. The absolute magnitudes of the 


: 
: 
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FIG. 3. Experimental results. All exper- 


imental points are corrected for the 


Schwinger scattering cross section. Curves 
1, 2, 3, 4, 5, and 6 refer to Pu, U, Sn, Pb, 


Bi, and Cu, respectively. The vertical 


scales for curves 4 and 5 are decreased by 


factors of 1.5 and 2. 
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cross sections were found by compar- 
ison with the paraffin cross section, as 
well as by the method previously de- 
scribed.! The mean effective energy, 
as found from the paraffin cross sec- 
tion, was about 2 Mev. 

The experimental results are shown in Fig. 3. The or- 
dinate gives do/dQ in barn/sterad. The points indicated by 
circles were obtained from the angular distribution in the 
vicinity of 0.5°. To obtain these points, an additional paraf- 
fin collimator with an opening 0.5 cm by 2 cm was placed 
between the chamber and the scatterer. The length of this 
collimator was 1.5 m. The other points were obtained with- 
out this additional collimator. The angular resolution was 
then about 2.5°. 

In obtaining the experimental points of Fig. 3, we have 
subtracted the quantity 7 cot? (6/2), which is the Schwinger 
scattering cross section [Eq. (10) of Ref. 5]. Nevertheless, 
Pu (with Z = 94) and U (with Z = 92) have sharp rises in 
the cross section for angles less than 11° (or for cos 6 
> 0.982). In the other elements, the increase of the cross 
section is within the limits of experimental error. 

The increase of the cross section mentioned above may 
be due to the “polarizability” of the neutron. Calculations 
performed on the assumption that the nucleus can be ap- 
proximated as a solid sphere for the scattering problem 
give a coefficient of polarizability a = (8.0 + 3.5) x 10°“ 
cm®, In this calculation the amplitude of pure nuclear scat- 
tering was found by extrapolating the curves from the high- 
angle regions (dotted curves of Fig. 3). It is also possible 
that the increase in the cross section at angles iess than 
11° for Pu and U is due to some other reasons. In any 
case, no final conclusion as to the “polarizability” of the 
neutron can be made until a careful theoretical analysis 
has been performed on the experimental data. It is also 
desirable to perform investigations with monoenergetic 
neutrons. 

The author expresses his deep gratitude to A. I. 
Leipunskii, Active Member of the Academy of Sciences, 


Ukranian S.S.R., and O. D. Kazachkovskii for their interest in the work, to I.I. Bondarenko for much advice 
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and many remarks, to V. S. Barashenkov, L. N. Usachev, and I. P. Stakhanov for helpful discussions, as 
well as to the reactor maintenance personnel for aid in setting up the experiment. 
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DECAY PROBABILITIES OF THE L-HYPERON WITH PARITY NONCONSERVA TION 


I. IU. KOBZAREV and L. B. OKUN’ 
Submitted to JETP editor April ll, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 296-297 (July, 1957) 


SEVERAL works!" have investigated the relation between the Z-hyperons 
Lt>p+-7°(w), Lon+n Ww), Oont+nc w) 
and it was shown that the quantities 
| X =w/w*.and Y=w /(w+o)ac/o 


(where T* is the lifetime of the >*-hyperon) should lie on a curve depending on the spin and parity of 
the 2-hyperon. This conclusion is based on the assumptions that in the decay of the Z-hyperon (1) the 
selection rule AT = 1/2 (where T is the isotopic spin) is valid, (2) invariance under time inversion 
is maintained, and (3) parity is conserved. 

It has been shown! that data of the Sixth Rochester Conference (X = 1, Y lies between 0.1 and 0.2) 
are in agreement with the theoretical curves. Later, however, Alvarez and co-workers obtained w’/wt 
= 1.04 0.2, T~ = (1.86 + 0.26) x 107" sec, r+ = (0.86 + 0.17) x 107° sec, and t-/T+ = 2.2 + 0.5. The 
corresponding X, Y point (X = 1+ 0.2, Y = 0.45 + 0.10) does not lie on the theoretical curves, whence 
Alvarez‘ concludes that assumption (1) is not valid. 

We should like to indicate that this conclusion is not inevitable if assumption (3) is dropped. Parity 
nonconservation in the case of hyperon decay follows from parity nonconservation in Ky, and Ky, de- 
cays, since the hyperon decay can always go through a virtual decay chain with K —7 decays. 

We shall assume as before that assumption (2) is valid in the sense of Wigner,° i.e., with respect to 
the combined inversion CI.® This assumption, from which one can derive the fact that the S matrix is 
symmetric, makes it possible! to express the phases of the matrix elements for decay in terms of the 
scattering phases in the final state, 


PT + Aad . : rate 2 rant . ge 5 a 5 
a, = /s (nse + o3e!43) + 17/5 (pei + oe'%1), ay =i (V2 / 3 (ose + o,e3) —i (V 2/3) (pei + oe ), 
a_ =i (oge!% + axe! ) 


(p3 and py here correspond to V3p3 and ¥3/2p, of the previous work referred to’). Here the parameters 
p and o are real, and a and a’ are the phases of t-meson—nucleon scattering. For a D-hyperon spin of 
1/2, the values of (p, a) and (o, @’) correspond to transitions in the -meson—nucleon system to the 

Sj/2 and P;/, states, and for 2 spin of 3/2, they correspond to the P, /2 and D3/2 states, respectively. The 


indices 3 and 1 refer to isotopic spin states with T = 3/2 and T = 1/2. The scattering phases a and a’ 
are known and such that a’ # 0. 
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To calculate the ratios of the probabilities, we make use of the fact that the total probabilities for tran- 
sitions to states with different parities do not interfere, since their wave functions correspond to orthog- 
onal Legendre polynomials. We then obtain 

. 2(e3 + 03) + 2 (9% + 6°) — 4 (o9, COS (%3 -— 41) + oaa;) Ps Bae) 
(°3 te 33) Gia (e7 == ov) + 4 (e391 COs (a3 —a.,) + 636}) j Lowe (p3 ai 33) if 
Introducing the notation 


= 2 2 2 2 Rh ee Cae a Pl 
The ai aa rr 
we obtain ; teres 
— 2 22? — 42 [xy cos (a, — 01.) + VI — w)1 — )] 3 
1 + 422 + 42 [xu cos (a3 — a) + V(l — 2) (1 p2)] ” ~ 44 222° 


This expression differs from the previous one! in that cos (@3;—a,) is replaced by 


Q = xp.cos (% —a) +Y (1p) , 


which can take on arbitrary values with |Q| < 1. It follows from this that the X, Y point lies in a region 
bounded by the curve 


X = (24 22°F 42)(1 + 422442), Y= 3/(1 +222), 


which corresponds to curve (1) of the previous work.! This region is the same as that obtained by Gatto! 
in investigating the restrictions following only from the selection rule AT = 1/2 without accounting for 
invariance under time inversion. 

It is easily seen that the data of Alvarez lies in the allowed region, and thus does not contradict the 


assumption of the validity of the selection rule AT = 1/2. 
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A “SYMMETRIC” CIRCULAR SYNCHROCYCLOTRON WITH OPPOSITELY DIRECTED BEAMS 


A. A. KOLOMENSK II 
P, N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor April 15, 1957 


J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 298-299 (July, 1957) 
Tue possibilities of using the collision of intense beams of particles accelerated to relativistic energies 
have recently been considered.! The energy used directly for a physical Cha moiabintsy ls (for instance for 
particle production) is then greater than that available when a Pea hits a etationa ey target by a raceen of 
about 2E/myc’, where E is the energy of each beam. The suggestions so far made in this regard involve 
the use of two adjacent or concentric annular accelerators having a common section or sections in which 


' the collision is to occur.! 


The present note suggests a means for achieving the collision of beams travelling in opposite direction 
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in a single accelerator, a “symmetric” circular synchrocyclotron. This instrument is a variation on that 
suggested by the author together with Petukhov and Rabinovich,” a strong-focusing accelerator with a 
magnetic field constant in time and composed of sectors with oppositely directed fields (see also Refs. 
3—6). 

Let 04, 04, 02, and 092 be the azimuth angles of sectors with fields H, > 0, Hoi = 0, Hy < 0, and Ho, = 0, 
which taken together add up to an element of periodicity @per- The suggested “symmetric” circular syn- 
chrocyclotron should be made of sectors 6; and 62 having a common point at the center O of the appara- 
tus and having the same geometric and magnetic characteristics (except for the sign of the field), i.e., 

64 = 09, Hy (r) = — Hy(r), H~ r7®, and ng = const. The mean field along a circle of radius r about the 
point O will obviously be zero. However the closed orbits about which beta- 
tron oscillations take place are not circular, being wave-like curves which 
pass through the sectors with H,> 0 at higher absolute values of the field than 
through the sectors with H, < 0, or vice versa (see figure). Therefore the 
mean field along the orbit is either positive or negative, depending on the ini- 
tial direction of motion. It is clear that ina “symmetric” circular synchrocy~ 
clotron the two directions of motion (clockwise and counterclockwise) are 
equally possible for a particle. Therefore with such an accelerator one can 
simultaneously accelerate particles of the same kind (for instance electrons 
or protons) in opposite directions. The closed orbits of these two oppositely 
Part of a “symmetric” directed beams are of the same geometric shape, but are rotated with respect 


circular synchrocyclo- to each other by an angle of Oper/2. 

tron. 1 and 2 are the or- Our calculations,® which account for edge effects, show that with appro- 
bits of the oppositely di- priate choice of the parameters (in particular when N lies between 6 and 7 
rected beams (schemat- times V [nj], where N is the number of elements of periodicity) one can sat- 
ically drawn).. isfy the simultaneous conditions for stability of radial and vertical betatron 


oscillations in the “symmetric” instrument. A disadvantage of this accelera- 
tor, which is a general characteristic of circular synchrocyclotrons,* is the increase of the radius of the 
instrument compared with the radius of curvature of the orbit in the sectors (by a factor between about 
5 and 6). 

For acceleration in resonant (synchrotron) operation, both of the beams will obtain energy from the 
same rf accelerating system. The equilibrium phases of these beams, obviously, will be out of phase by 
an angle 7, and it follows from the general theory of resonant self-phasing accelerators that such a 
simultaneous acceleration of oppositely directed beams will be essentially the same as that of a single 
beam in an ordinary synchrotron or synchrocyclotron. When the particles attain the necessary relativis- 
tic energy, the accelerating voltage is turned off, and the free beams continue to rotate in opposite direc- 
tions undergoing head-on collisions for a time determined by scattering on whatever gas remains in the 
chamber of the accelerator, and by similar phenomena. The accelerating cycle can then be repeated. 

We note that the use of resonant operation makes it possible, in principle, to collect particles in beams 
of the required orbit during several accelerating cycles. This makes it possible to increase the efficiency 
of the method of colliding beams. 

The case of induction (betatron) acceleration as applied to “symmetric” equipment differs from the 
resonance method. In each half period of fluctuation of the betatron magnetic flux, the beam moving in one 
direction accelerates, and that moving in the other direction decelerates. One can, true, obtain in this 
case head-on collisions of the beams, one of which is accelerated and the other decelerated in a given cy- 
cle, the latter having been accelerated in the previous one, but the efficiency would then seem to be much 
less than in the case of resonance acceleration. Nevertheless, betatron, operation in a “symmetric” cir- 
cular synchrocyclotron may also, in principal, be of definite interest. 
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SECOND ORDER PHASE TRANSITION IN SODIUM NITRATE 


I.E. DZIALOSHINSKII and E. M. LIFSHITZ 
Institute of Physical Problems, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 16, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 299-301 (July, 1957) 


In the theory of phase transitions! a body is usually considered isotropic with respect to its elastic prop- 
erties, and is characterized by a single modulus of compressibility. But the behavior of the elastic con- 
stants of a monocrystal may exhibit various properties in a second order phase transition which are 
strongly related to specific types of structural changes of the crystal lattice at the transition point. It 
would hardly be reasonable to investigate this problem in general, in view of the very large number of 
possibilities that may arise. 

We here consider a second order phase transition in sodium nitrate. Kornfel’d and Chudinov? have 
recently measured the temperature dependence of the elastic constants of this substance in the neighbor- 
hood of the transition point. 

The NaNO; crystal is rhombohedral. Below the transition point its elementary cell contains two mol- 
ecules, and the NO; groups have two different crystallographic orientations (symmetry group Dia: see 
Wyckoff 15° description). Above the transition point there is no difference between the NO; groups, each 
of which can have one of two possible orientations with equal probability.‘ This reduces the elementary 
cell by a factor of two (Symmetry group 1) Thus the transition is related to ordering the NO; groups. 

In the present case the density function p(x, y, z), which enters into the general theory of second or- 
der phase transitions, can be thought of as the density distribution of oxygen atoms. Using the general 
methods?!’® one can show that the change 6p(x, y, z) of the density function corresponding to the given 
transition has the same symmetry as the function sin m(x + y + z), where x, y, and z are the coordi- i 
nates relative to the axes of the rhombohedral cell. Therefore the transition being considered in sodium 
nitrate is described by a single parameter 7 which transforms as the functions sin m(x + y + 2) under all 
transformations of the symmetry group Diy of the high-temperature phase (including translations) .* 

From this it follows immediatedly that in the series expansion for the thermodynamic potential there 
will be no term proportional to n°, so that the transition may indeed take place as a second order 
transition. 

To determine the change of the elastic constants at the transition point, we write the thermodynamic 
potential in the neighborhood of this point in the form 

© =O, (T) + A(T — Te) a + Yo Bat + an? (Sex + yy) + bPoze — 44 (T — Te) (Sex + %yy) — X(T — Pe) ee 
— eS (ea: + Shy =p Vey) — "fy 833922 — */o Saa (87 ate Sy2) — Sip (SxxFyy —ozy) — $13 (Sxx + Syy) O22 


— Sy4[(Sxx — Syy) hy 292x5xyl, 


where 0j), is the elastic strain tensor, and T, is the transition tombetatnie in the absence of strain; we 
have here accounted for the rhombohedral symmetry of the elastic properties of the crystal, and the 
specific symmetry of the parameter 7. The phase transition occurs at the point at which the coefficient 
of rn? vanishes, i.e., at the temperature 
Te = Te —(a/ A) (Sex + yy) — 0822 / A. 
*The parameter 7 may be defined as (wy — W2)/(w, + We), where wy and wy are the probabilities for 
the two orientations of the NO; group at some lattice site. 
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Determining 7’ from the condition that the thermodynamic potential be a minimum when T < T¢, and 
inserting this into the expression for 4, we obtain the potential of the low-temperature phase, namely 


D' =, (T) = (A?/ 2B) (T —T 2)? — (ere aA / B)(T —T-) (Sxx+ Syy) + («3 + bA/B) (T= 7 .) S32 > 
—"/2 (Su + @”/B) (six aE Syy 7 2ozy) — "Yo (S3g + 0? / B) Siz — "/o Saa (ci + Syz) — (Syp + @?/ B) (Sxx5yy — oxy) aad 


— (Sy3 + ab / B) (sxx + Syy) $22 — Sia [(Sxx — Syy) Szz — 292xFxy], 


from which we can immediately determine the discontinuities in the elastic coefficients at the transi- 
tion point, 
As,, = As,,=a?/B, Asgg=6?/B, Asys=ab/B, As\ = As, =0, 


and the discontinuities in the coefficients of thermal expansion 
Ao, =aA/B, Ao, =A) B. 


Although the coefficients s,4 and sy, have no discontinuities at the transition point, they have a break at 
this point when considered as functions 6f the temperature. The magnitude of this break can be found if 
we include terms proportional to the product of n* and quadratic combinations of the strain tensor com- 
ponents in the series expansion of the thermodynamic potential. 

According to the measurements of Austin and Pierce,® in the temperature region we are here con- 
cerned witha, ~ 0.1la 3. It is reasonable to assume that the discontinuities Aa, and Aas are in at least 
the same ratio, so that a < 0.1b. Then for the discontinuities in the elastic coefficients, we obtain 


~ 


AN Sig, SUN Bs ee OHO IN Gin. NSig =. OF ASaa, 


which would seem to be in agreement with the results of Kornfel’d and Chudinov. 
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A MEASUREMENT OF THE DEPTH OF PENETRATION OF A MAGNETIC FIELD INTO 
MERCURY FILMS 


I, S. KHUKHAREVA 
Moscow State University 
Submitted to JETP editor April 17, 1957 
J. Exptl, Theoret. Phys. (U.S.S.R.) 33, 301-303 (July, 1957) 


Measurements of the critical temperature and critical magnetic field were performed for mercury 
films whose thickness varied from 3.7 x 10 to 95 x 10~* em so as to determine the depth of penetration. 
The first attempts to measure this depth of penetration were those of Appleyard, Brostow, H. London, 
and Misener! in films, Shoenberg” in colloidal samples, Desirant and Shoenberg? in thin wires, and 
Laurmann and Shoenberg4 in a bulk sample. Recently the depth of penetration was measured by Whitehead! 
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in colloidal mercury, and Prozorova* in thin films at a frequency of 9400 Mc. 

The relatively high vapor tension of mercury made it possible to ob- 
tain films up to a micron thick at temperatures of liquid helium, without 
using a heater of more than 0.4 w. 

The films were obtained by the Shal’nikov-Zavaritskii method® of 
7.6 condensation on the plane polished surface of a container with platinum 
3.8** leads soldered through it. To obtain a more homogeneous film, the sides 


Method and author 


Thin films! 8 
Thin wires? 


Bulk sample* 


4 S*** ; 
: of the container 7 
Bike (abode mark) ear : aes Covered by a screen. An evaporated drop oF mer 
ES aoe ury was placed in a thin-walled glass tube about 10 mm long with an 


opening about 1.5 mm, on which was wound a platinum wire half embed- 
* According to Ginzburg 8p = 6.6 x 1076 ded in the glass for better thermal contact. 


cm a ne K. a Before the start of condensation, the apparatus was evacuated with 

pe a enetic ield parallel to the crystal diffusion pump, and its upper part was treated in an oven at a temper- 
***Magnetic field perpendicular to the ature of about 300°C for three hours. The lower part of the apparatus 

crystal axis, containing the vaporizer and mercury was placed in liquid nitrogen. The 


unsoldered apparatus was then mounted within a helium-filled Dewar 
flask. Condensation of the film continued from 
15 min to 1 hr. and its thickness was calculated 
from the weight of the evaporated mercury. The 
inhomogeneity of the film thickness from the 
side of the container to the center was no 
greater than 0.3%. 

The resistance of the film was measured by 
an ordinary potentiometer circuit, and in the 
case of the thickest films it was measured di- 
rectly in terms of galvanometer deflection. First 
the temperature dependence of the film resis- 
tance was measured, and then at several tem- 
peratures the transition curves from the super- 
conducting to the normal state was measured as 
the external magnetic field strength, parallel to 
the plane of the film, was increased. The prop- 
erties of the films were measured both imme- 
diately after condensation and after annealing to 
the temperature of liquid nitrogen. 

On the basis of the R(H) curves obtained, we 
found the critical magnetic field strength H, of 
the film (at which R = Ry/2) as a function of 
T = Ty — T. The films satisfied the law H, 
~ (AT)! 2 in a completely satisfactory way, 
with the thickest films indicating a character- 
istic break in these curves, on one side of which 


ai 
a ef 4 Fs the above law remains valid. 
. : ; -¢ Using the Ginzburg-Landau formula’ Ay / Hig 
The film thicknesses for the various points (in 10 MG heih a tomer cantoneim hetiepih onpenet re 
em) are O—3.7, A—4.5, 0—8.3, V—21, @— 31. The tion 6(T) from the experimental results. 
solid line is calculated from the formula 6 = 6p It is seen from the figure that the tempera- 
[1—T/ Th))/?, with the following values of n. ture dependence of 6 is not in contradiction to 


(I) n = 3, (II) n= 4, (III) n= 5. 


3(T) =b[1 —U— T/T)". 


The table gives values of 5) as obtained by various authors. ; 
In conclusion I express my sincere gratitude to Professor A. I. Shal’nikov for di 
V. Zavaritskii for participating in discussions of the results. 


recting the work and 
constant attention, and toN. 


*Reported at All-Union Conference on Low-Temperature Physics, Leningrad, 1956. 
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a, 


For the article by Mandzhavidze, N. N. Roinishivili and 
G. E. Chikovani entitled “Anomalous Decay of a Charged 
Particle Observed in a Cloud Chamber.” 


ANOMALOUS DECAY OF A CHARGED PARTICLE OBSERVED IN A CLOUD CHAMBER 


Z. SH. MANDZHAVIDZE, N. N. ROINISHVILI, and G. E. CHIKOVANI 
Physics Institute, Academy of Sciences, Georgian S.S.R. 
Submitted to JETP editor April 19, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R) 33, 303 (July, 1957) 


Tue unusual event whose photograph is shown in the figure was recorded among the decays of charged 
hyperons and K-particles observed in a cloud chamber at the El’brus Laboratory. 

A slow particle with an ionization multiplicity factor greater than twenty enters the chamber through 
the front window and decays emitting at an angle of 95° a positive particle with momentum 352 e4 Mev/c 
and close to minimum ionization. The transverse component of the secondary particle momentum is 351 
Mev/c, which is much larger than the maximum momentum of the decay products in the rest system for 
all known decay schemes of hyperons and K-mesons. 

The anomalously large momentum of the secondary particle is hard to explain in terms of experimen- 
tal error. It is true that the track passes close to a small vapor cloud, but this does not interfere with the 
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measurement of the curvature and does not distort the track. On the other hand, kinematic analysis ex- 
cludes the possibility of interpreting the given event as the decay of a A°, 6°, or V3-particle. 

All this gives reason to suppose that we have observed the decay of a particle heavier than a K-meson. 

A detailed analysis of this case will be published later. 

The authors consider it their duty to express their gratitude to Professor E. L. Andronikashvili for 
directing the work, as well as to their colleagues at the Tibilisi State University, L. D. Gedevanishvili and 
EK. I. Tsagareli and those at the Institute of Physics of the Academy of Sciences, Georgian S.S.R., R. I. 
Dzidziguri, A. I. Tsintsabadze, and V. D. Tsintsadze for aid in the work, 


Translated by E. J. Saletan 
61 


APPLICATION OF THE EINSTEIN-FOKKER EQUATION TO FINDING PARTICLE LOSSES 
DUE TO GAS SCATTERING IN ACCELERATORS 


B.M. BOLOTOVSKII and A. P. FATEEV 
P. N. Lebedev Physics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 22, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 304-306 (July, 1957) 


Tue influence of multiple scattering on betatron oscillations of particles was first investigated by 
Blachman and Courant,' who used the Einstein-F okker equation to describe the scattering process. Some- 
what later, in 1951, one of the present authors’ used the Einstein-Fokker equation in studying the influ- 
ence of inelastic scattering of electrons on synchrotron oscillations. This method has also been used by 
other authors.**4* 

Let P(y, t) be the probability that the betraton or synchrotron oscillation amplitude of a particle is 
y attime t. Without accounting for damping of the oscillations, the Einstein-Fokker equation for 
P(y, t) is 


OP (yt) _ 
— = 


o2 


age (AYP), 


Oe ae 4 
mer (AyP) +5 (1) 
where ie 


ae : 1 
Ay? =lim x \ Q(y, Ay, At) (Ay)"d (Ay), 
NEOeU ey 


in which Q(y, Ay, At) is the probability that the amplitude y changes by an amount Ay in a time At — 0. 
In our case Q is found from the interaction cross section between the accelerated particles and the re- 
maining gas in the chamber. Furthermore, Q(y, Ay, At) = Q(y, Ay) At. As was shown by Kolmogoroy,° 
Eq. (1) is valid if 


(Ay)? < (Ay), Ay. (2) 


Equation (2) means that for large Ay, the probability Q(y, Ay) should rapidly approach zero. 

Let us investigate whether this conditionis fulfilled by the process of exciting betraton oscillations by 
elastic scattering. In this case Ay is the increase of the amplitude of free vibrations due to scattering 
through an angle 0, and Q is the cross section (up to a lo oa sate as factor) for Ruthertord CEDURES 
through an angle ©. Since this cross section is proportional to 6™, it is clear that (2) is satisfied and the 
results of Blachman and Courant! are valid 

The situation is different if Q(y, Ay) has no sharp maximum at small Ay. As an example, let us one 
sider the excitation of synchrotron oscillations due to inelastic collisions between accelerated particles 


~_*Note made in proof. See also D. G. Koshkareva, IIpuOopbi H TexHHKa 9KCIepHMeHTA, (Instr. and 


Exptl. Tech.) 2, 15 (1957). 


238 LETTERS TO THE EDITOR 


and the gas in the chamber. For high-energy electrons, the fundamental process leading to excitation of 
synchrotron oscillations is bremsstrahlung,* while for heavy particles this process is ionization loss. 
The change Ay of the synchrotron oscillation amplitude y is linearly related to the energy loss of a 
particle. In this case, Q is the cross section for collision with energy loss (to within a factor). For 
inelastic collisions, a particle may lose a significant fraction of its energy with measurable probability, 
which corresponds to large values of Ay. The maximum value of Ay which is consistent with stable ac- 
celeration is given by the equation (see, for example, Bolotovskii? or Rabinovich‘) 


(A y)max = (2 eV) sin %% K/nEyh, K= 1 + n/p? (1 —n), (3) 


where eV Cos @p is the increase in energy per revolution, E is the particle energy, wo is the frequency 
of rotation, n is the magnetic field index, and B = w/c. A change of y by an amount (Ay)ma x corre- 
sponds to an energy loss of 

(A E) max = (2 €Vo Sin % E/x K)'. (4) 


If the energy loss of a particle on collision is greater than this amount, the particle immediatedly stops 
being accelerated. The probability for such a single loss due to inelastic collision is significantly large. 
For instance, in the case of bremsstrahlung the energy loss is of the same order of magnitude as the 
energy of the particle, whereas (AE), is several orders of magnitude lower. 

If we are interested in the excitation of oscillations, we need account only for small losses no greater 
than those given by (4). Then in calculating Ay and (Ay)2 the integration should be in the interval 
0 = Ay < (AY) max- Only in this case will Eq. (1) describe excitation of oscillations due to small multiple 
losses. Large single losses must be treated separately. Separation of losses into classes according to 
AE (such that AE < (AE)max corresponds to multiple losses, and AE > (AE) max corresponds to single 
losses) is only approximate, since strictly speaking losses for which AE « (AE) max are multiple. How~ 
ever, the separation we are using would seem to give the correct order of magnitude for multiple and 
single losses. . 

On the basis of the above concepts, we have calculated the losses due to multiple inelastic interactions 
for a 250 Mev synchrotron and for a 10 Bev proton synchrotron. 

Let the solution of Eq. (1) satisfy the conditions 


P(y;, 0) = Po = const (O = Y= Yas); ~Poltinaxs t) ee0: (5) 


The first of conditions (5) means that at the initial instant of time the amplitude distribution of particles 
is uniform on the phase plane, and the second that a particle whose amplitude of vibrations is greater 
than Ymax stops being accelerated. Thenf , 


Ply, 2) = 2P, Vie st! Yas) ae a: 6 
(, ) Fi , a3 ASA) ey {- 24 max +} eae \( my sis : 
Here Jy and J, are Bessel functions, and ), is the s’th root of Jo(x). The quantity (Ay)2 is related to 


the mean square energy loss of a particle per unit time by the expression 
(Ay)? = (&K /eVy sin) (AE)?/E; (AE)? = | Be (E) dE, (7) 


where w(E) is the probability that the energy loss will be E per unit time. The limits of integration 
with respect to E are 0 and (AE) max, the latter being given by Eq. (4). If the integral is not cut off at 
this upper limit, (AE)2 will contain losses which lead to cases in which the particle stops being accel- 
erated only momentarily. Therefore the final result would be incorrect. 

Knowing T, Eq. (6) can be used to find the fraction of particles lost. For instance, in a 250 Mev syn- 
chrotron (taking ymax ~ 1/2, eV) COS gy ~ 10° ev, and K = 3), Tmax lies between 107° and 1074 at a 
chamber pressure between 10°° and 10° mm Hg, so that losses are negligibly small. 

In the case of ionization losses in a 10 Bev proton synchrotron (eVy cos gp ~ 104 ev, K ~ 3) Tmax is 


*The necessity for accounting for bremsstrahlung in electron accelerators was pointed out by V. I. 
Veksler. 


+ It can be shown? that for synchrotron oscillations (Ay)2 = 2yAy, which simplifies Eq. (1). 
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-2 —| 
about 10° at a pressure of about 10-* mm Hg, which corresponds to particle losses of several percent, 


We express our gratitude to V. I. Veksler, M. S. Rabinovich, and A. A. Kolomenskii for aid and inter- 
est in the work. 
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CHARGE-EXCHANGE CROSS SECTION OF NITROGEN IONS IN GASES 


V. S. NIKOLAEV, L. N. FATEEVA, I. S. DMITRIEV, and IA. A. TEPLOVA 
Moscow State University 
Submitted to JETP editor April 23, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 306-307 (July, 1957) 


Ws: have determined the cross sections for capture and loss of electrons by Nt*, Nt3, and N* ions in 
nitrogen, argon, and hydrogen. The ions were accelerated in the 72-centimeter cyclotron to energies be- 
tween 1.3 and 9.7 Mev. The extracted and focused beam of ions with charge i passed through a 0.1 cm 
by 1 cm channel 3 cm long and entered into a cylindrical chamber about 40 cm long. The exit channel of 
the chamber had a cross section 0.3 cm by 1 cm and a length of 3 cm. After passing through the chamber 
the beam was analyzed in a magnetic field and recorded with proportional counters. The pressure was 
measured by an ionization manometer, which was calibrated for the different gases with an oil compres- 
sion manometer. When the gas was admitted into the chamber, the pressure was increased from between 
1 and 2 x 107° mm Hg (pressure remaining after evacuation) to between 4 and 10 x 10-4 mm Hg. When this 
was done, the relative numbers nj, and nj-j of particles with charges i+1 formed as a result of 
loss and capture of a single electron were increased from 3 — 5% to 8 — 15%, respectively. In calculating 
the cross sections Oj i+] for loss and capture of an electron, we accounted both for interactions with the 
gas remaining after evacuation and for the small deviation from linearity in the relation between nj, 1 and 
the gas pressure. The error in the value of oj, j41 was between 10 and 20%. We also evaluated the cross 
section for loss and capture of two electrons (0; j+2)° This cross section was found to be one order of 
magnitude smaller than the corresponding value of 0; ;,;. From the values obtained for oj, j4 and the ex- 
perimental data on the equilibrium distribution of nitrogen ions in gases! we calculated the cross sec- 
tions 0j41,j- 

The results of the determination of the electron capture and loss cross sections for nitrogen ions in 
nitrogen are shown in the figures. These same figures give the values obtained | previously.”*" The value 
of o; ;-1 (Fig. 1a for doubly, triply, and quadruply ionized ions varies as v “i, where v is the velocity 
of the ion. It is seen from the figure that the exponent k is close to 5, and that m ~ 2.5. When ions pass 
through argon and hydrogen, the charge dependence is the same as in nitrogen (m & 2.5), een k is 
somwhat larger (about 6) only in hydrogen. The absolute magnitude of oj, j-1 with v ~ 6 x 10° cm/sec in 
argon is about 2 times greater, and in hydrogen is about 4 times less than in nitrogen. The values ob. 
tained for the capture cross section of an electron by nitrogen ions in nitrogen and in argon can be writ- 


ten approximately in the form 
Of east Qnag (Vp / v)>iBZ"s, 
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where ap and vo are the radiu 


Guy em of the first Bohr orbit and the 
od BS ht velocity of the electron in the hy 
an drogen atom, and Z is the aton 
é S number of the medium. (The val 
d a / | ty } ues calculated according to the 
a l | i bs formula are shown in Fig. la by 
K a i: the solid lines.) 
a : : : k ey A theoretical calculation of 
a as ; ; the electron capture cross sec- 
Mp t # tion performed by Nikolaev?" 
ae gives a dependence of oj, ;-1 on 
as v,i and Z which is close to the 
aS ae a Ms TT a i, d tS og ak tarts BS joeo @XPerimental one. The electron 
CEC See ‘ capture cross sections in argon, 
a 


as calculated by Gluckstern,° 
FIG. 1. Cross sections for (a) electron capture and (b) electron loss differs significantly from the ex 
by nitrogen ions in nitrogen. The blacked-in symbols indicate directly perimental values. According te 


measured values, and the symbols not blacked in indicate those calcu- these calculations, the cross d 


lated from the data on the equilibrium charge distribution. sections are proportional to v~ 
V—i=1, @—i= 2, @—i= 3, A—i= 4; +, *, @—results of and are 1.5 times greater than 
Nikolaev’; x —the values of Oi, obtained by Korsunskii et aly? the experimental values for 


v~7x 108 cm/sec. 

The cross sections 0j, {+4 for electron loss (Fig. lb) in the velocity region investigated hardly depend 
on v. This is in agreement with the assumption that oj j+ ] have maxima close to these velocities, since 
at high velocities the cross sections for loss should decrease,” and at velocities less than those of the 
removal electrons, they should also be small due to the adiabatic character of the collisions. The value 
of Oj ,it1 in argon is between 2 and 2.5 times greater than, and in hydrogen is between 6 and 10 times 
less than, the cross section for loss in nitrogen. 


1 Teplova, Dmitriev, Nikolaev, and Fateeva, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 974 (1957); Soviet 
Phys. JETP 5, 979 (1957). 

2V. S. Nikolaev, Dissertation, 2nd Sci. Res. Phys. Inst., Moscow State University (1954). 

3Korsunskii, Pivovar, Markus, and Leviant, Dokl. Akad. Nauk SSSR 103, 399 (1955). 

4vV, S. Nikolaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 534 (1957); Soviet Phys. JETP 6, (in press). 

°R, L. Gluckstern, Phys. Rev. 98, 1817 (1955). 


®N. Bohr, Passage of Atomic Particles Through Matter (Russ. Transl.) IIL, 1950. 
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CAPTURE OF POLARIZED wu--MESONS BY NUCLEI 


Boebolorre 
Submitted to JETP editor April 25, 1957 
J. Exptl. Theoret, Phys. (U.S.S.R.) 33, 308-309 (July, 1957) 


As has been shown by Lederman’s! experiments, yw. -mesons coming from the decay of m~-mesons are 
polarized to a large degree, and this polarization is maintained to a measurable extent even after the 
y.~-meson is captured into a Bohr orbit. A theoretical examination of the capture of polarized y-~-mesons: 
by nuclei is of definite interest, since a comparison of the experimental and theoretical results would thei 
make it possible to arrive at certain conclusions on the character of the weak interaction between 
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et ue consider the capture of a completely polarized #.~-meson by a nucleus. The interaction 
Hamiltonian can be written as the sum of all five types of interactions, namely 


A =')/, 2g: (2,0: %») (9 (1 — 75) O; 2.) + Hermitian conjugate (1) 


(i= 8S, V, T, A, P). We shall consider the neutrino a two-component particle.2-4* When a w.--meson is 

captured, the nucleons in the nucleus gain an energy no greater than a few Mev, so that for the S, V, T, 
and A interactions we may go over to the nonrelativistic approximation for the nucleons. The pseudo- 
scalar interaction, which vanishes in the nonrelativistic approximation, then gives a contribution only if 


the coupling constant 8p is much greater than the coupling constants for the other interactions. 
The matrix element calculated from (1) is 


M ="/z uy (1 —y5) (gs! + gvlB + grSo + gaSoB + gpP} Up, > 
I= ee Wie- ide, Sa We, OV je-iade, P= \ i 1s ¥ e~ de, @) 


where wy and Wj are the final and initial wave functions of the heavy particles, and q is the neutrino 
momentum. Let us denote the mean value of the y-meson spin by oy. We now calculate the square of the 
matrix element of Eq. (2), obtaining (setting v = q/q): 


2|M/? = | (gs + gv) I + geP (1 + ov) + | gr+ gal? {|S (1 — oy) + SiSk (ve 301 + Yion) + é[SS*] (Y — F0)} 
+ 2Re {(gr + ga) (8s + gv)"l* + gP*] (Seo + Sv — iS [y95])}. 


Let us consider the most common case, when capture of the .~-meson leads to a neutron and a recoil 
nucleus. Quadratic combinations of the matrix elements I, S, and P, after they are averaged over pro- 
jections of the nuclear spin, can depend only on two vectors. These are the unit vector n directed along 
the neutron momentum p = np, and the unit vector v. Further, we shall select only those cases in which 

= — v, which can be done by selecting neutrons whose energy lies close to the upper bound of the neu- 
tron energy spectrum. The products of matrix elements that enter into Eq. (3) can then depend only on v. 
It follows from this that after averaging over projections of the nuclear spin, IP*, [SS*], and 1*S must 
vanish. Indeed, IP* is a pseudoscalar,t and [SS*] and IS* are pseudovectors and can therefore not be 
constructed with the aid of a single vector v. Let us write 


|7P =| CrP, ee al (Clee alee |) Gs) 2 


(3) 


The most general forms for S;Sj and P*S are 


rea (4 -Oin + avi¥n P*°S ='Ci.Csyy, (4) 
where a > — 1/3. Inserting (4) into (3), we obtain 
2|MP={|gstavlP| P+ | geP | Ce? + 2Regb (gr + 8a) Cr Cst} 
{ 1—3a 
x (1+ 9%) + | grt+ gal? | Cs PC Ta see a0). 


From Eq. (5) one can conclude that when the capture process gives rise to neutrons whose momentum 
is in the direction opposite to that of the neutrino, these neutrons are directed primarily along (or 
against) the y-meson spin, and their angular distribution is given by the expression dW/dQ = 1 — 6 cos@, 
where @ is the angle between the direction of motion of the neutron and the p.-meson spin. For the scalar, 
vector, and pseudoscalar interactions (and their cross products) B = 1. For the tensor and axial vector 
interactions (and their cross products) # cannot in general be calculated from (5). (It follows from (5) 
that B= — (1 — 3a) /3(1+ a), where —1/3 < a < «, so that —1<f <1.) For y~-meson capture by pro- 
tons, a = 0 and B= — 1/3. Since nonzero values of a are due to trapping of the neutron in the nucleus, 
one may expect that in lighter nuclei a is almost zero, so that for these, B is close to —1/3. 

If we select neutrons whose energy lies in the upper part of their energy spectrum, where the inten- 
sity begins to decrease (the neutron energy is greater than, or of the order of Ey, the binding energy of 


(5) 


*The factor 1 — ys in Eq. (1) corresponds to the creation of a neutrino whose spin is directed along 


its momentum; ys = ( 04). 
+The bar indicates avera 
the final. 


ging over spin projections of the initial nucleus and summing over those of 


242 LETTERS TO THE EDITOR 


the neutron in the nucleus), their angular distribution will be confined to a relatively narrow cone about 
a direction opposite to that of the neutrino momentum. The width of this angular distribution is of the 
order of A cos 3 ~ mE)/pq ~ 0.4. a 

Thus an experimental measurement of the angular distribution of the high-energy neutrons arising 
from the capture of polarized 4 ~-mesons by light nuclei may make it possible to distinguish between two 
classes of interaction between .~-mesons and nucleons. One class comprises the scalar, vector, and 
pseudoscalar (8 = 1) interactions, the other the tensor and axial-vector (B * — 1/3) interactions. 


1Garwin, Lederman, and Weinrich, Phys. Rev. 105, 1415 (1957). 

21, D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 407 (1957); Soviet Phys. JETP 5, 337 (1957). 
3T, D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 

4.4 Salam, Nuovo cimento 5, 299 (1957). 
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ON THE POSSIBLE EFFICIENCY OF THE CATALYSIS OF NUCLEAR REACTIONS 
BY MESONS 


IA. B. ZEL’DOVICH 
P. N. Lebedev Physical Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor April 29, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 310-311 (July, 1957) 


Tuere exists at present experimental evidence! of the ability of negative mesons to catalyze a nuclear 
reaction between two singly charged ions (p, d, t) by bringing the reacting nuclei closer together (see 
Zel’dovich and Sakharov,” where additional references are given). The meson is not lost in the nuclear 
reaction. 

For p-mesons in a liquid mixture of p and d, the reaction probability is no greater than several 
hundredths per meson entering the mixture. This small probability is determined by the ratio between 
the mean time for creating a mesomolecule (pd, ddy) and the lifetime of the ~ meson, which is 2x10 ® 
sec. One is naturally led to enquire whether there exist in nature some long-lived mesons, and whether 
such mesons may not in practice make possible a self-maintaining nuclear reaction of hyperon isotopes. 

The second of these questions can definitely be answered in the negative. For all imaginable reac- 
tions there exists the probability that the meson will be bound to the helium nucleus produced in the 
nuclear reaction. Owing to the positive charge of the Hey system, other nuclei, including those of hy- 
drogen, cannot come very close, so that the bound meson leaves the reaction and can no longer perform 
its catalyzing action. 

The probability of binding was calculated by a method developed by Migdal?® in treating the probability 
that an atom is ionized during B -decay. At the time the nuclear reaction is taking place, the two nuclei 
involved are close together and the wave function of the meson in the adiabatic approximation is that of 
the mesohelium ion -y;(r), where r is the distance between the meson and the point at which the two 
nuclei meet. 

The helium nucleus produced in the reaction has a definite energy Ey (which is 0.8 Mev ford+ d 
—He® + n, and 3.5 Mev for d+ t ~He! + n) and a corresponding velocity. To account for this, the 
meson wave function should be multiplied by eipz/ h, where the z axis is along the direction of motion 
of the nucleus, and the momentum p is the product of the nuclear velocity by the reduced mass 
m = Myp/(M+4), where » is the meson mass and M is the mass of the helium nucleus. Expanding 
;(r) eipz/f in meson eigenfunctions in the field of the helium nucleus, we obtain the probability for one 
or the other final meson states after the nuclear reaction. 
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In particular, 
K= |{ 2 (r) ef2lh du |? 


gives the probability that the meson remains bound to the helium in the ground state inserting ; ~ e~PY, 
we obtain 


K = (1 + p?/4 2262). 


Writing p* in terms of Eo; ial 
ote a he EM; b = mZe? /i?, where Z = 2. WI 


We note that p?/fi*b? does not depend on the meson mass, and is equal to the ratio of the recoil nucleus Wl 
energy Ey toe = MZ?e4/2h? = Ry Z’M?/me. For He’, « = 0.3 Mev, Ey = 0.8 Mev, and K = 0.13; for He’, 
€ = 0.4 Mev, Ey = 3.5 Mev, and K = 0.01. Thus a nondecaying meson could give on the average 8 neu- 
trons from the d + d reaction, or 100 neutrons from the d + t reaction. Ind + t mixtures, however, in 
addition tod + t ~He! + n, there would also be the reactions d + d —He® + n, andt+t —-He! + 2n, 
which would decrease the neutron yield. 

The binding of a meson to helium can easily be observed in a hydrogen bubble chamber, since singly | 
charged (Hep)* should give a longer track with lower ionization and smaller curvature (in a magnetic | 
field) at a given energy than does Het, | 

It is easy to see that , mesons (or heavier mesons) will not be stripped from the helium nucleus by 
electron collisions. 

The probability that a meson enters an excited state (with a wave function Wr) near the helium nucleus 
is small compared with the probability that it remains in the ground state. 

Since the integral | WF pyeip2z/ hdy contains the rapidly oscillating function eiPz/f, its magnitude is 
determined by the singularity of Wey. The Coulomb functions W¢ and w; have a singularity at the origin. 
The formation of excited mesohelium in a state with £ # 0, for which wW¢(0) = 0, has a probability which | 
is inversely proportional to a higher power of the momentum p than the probability for states with 2 = 0. | 
States with 2 = 0, n > & have probability proportional to |y¢ (0) |? ~ 1/n’, and therefore contribute less | 
than 20% to the probability of forming the ground state with n= 1. ' 

Finally, inthe pdy case, Alvarez! observed a process in which the total energy of the reaction was 
given to the meson. Calculation,” however, leads to the result that emission of this energy in the form of 
a photon is equally probable. In this case the energy of the recoil nucleus is only 5 kev, and the meson 
must remain with the He® nucleus. It would seem that the tracks of such nuclei could not be observed in r 
bubble chambers. 


’ 

17, W. Alvarez et al., Phys. Rev. 105, 1127 (1957). 4 

21a. B. Zel’dovich and A.D. Sakharov, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 947 (1957); Soviet Phys. 
SIP 5, 775 (1957). 

3A, B. Migdal, J. Exptl. Theoret. Phys. (U.S.S.R.) 9, 1163 (1939). ; 
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BREAKUP OF H,, HD‘, AND D; IONS BY SINGLE COLLISIONS WITH HYDROGEN, 
DEUTERIUM, AND AIR MOLECULES 


S. E. KUPRIIANOV, V. K. POTAPOV 
L. Ia. Karpov Physico-Chemical Institute 
Submitted to JETP editor April 30, 1957 
J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 311-312 (July, 1957) 


When a beam of accelerated molecular ions passes through a gas at low pressure, the ions are found 
to break up without a measurable change of the initial velocity.!*? The study of such processes® ° has show 
that breaking up is caused by single collisions of the ions with gas molecules along their path. 

When H}, HDt, and Ds. ions are scattered, they may break up in the following ways:* 


1) Hi —p+H, 2) D} ->d+D, 
3) HD+ —> p+D. 4) HD+—>d+H. 


We have determined the relative probabilities q for these processes when Hy, HDi and Da ions accel- 
erated to 3000 ev are passed through hydrogen, deuterium, and air at pressures of about 5 x 10-4 mm Hg. 

The measurements were performed on a modernized MS-1 mass spectrograph. The ions were ob- 
tained by using 70 ev electrons to ionize hydrogen enriched to 82% D. 

The results are presented in the table. The probability for process (2) is in all cases taken as 1.0. 
The experimental error is + 15%. 

The table gives the ratios between the ion currents of the molecules 
that have been broken up and the ion currents of the original molecular 
qa ions. These ion currents were in all cases measured at the maxima of 
the respective peaks. This accounts only for those ions which are prac- 
0.9,| 10, | 0.4°1 0.9 tically unscattered by the collision processes. | 
¥ a Be It is seen from the table that the general character of the breaku 

is independent of the scattering molecule within the experimental 
limits. The probabilities for processes (1) and (2) are the same, ¢ 
fact which had been found previously,° and the total probability for process (3) plus (4) is somewhat large: 
It should be noted that the probability for process (4) is, as may have been expected, much greater than 
that for process (3). 
We express our gratitude to Professor N. N. Tunitskii for discussing the results of this work. 


Molecules used for 
scattering 


1 qa qs 


Hydrogen 
Deuterium (82% D) 
Air 
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*For the conditions of our experiment it is less likely that breaking up will occur with the simultaneo 
formation of two ions. 


